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Let X = (xn)
∞
n=1 be a sequence of real numbers satisfying linear recurrence

xn = a1xn−1 + a2xn−2 + . . .+ akxn−k + . . .+ ad−1xn−d+1 + adxn−d.

We consider the case when the characteristic polynomial of X is an irreducible polynomial in Z[x]
which is the minimal polynomial of a Pisot number α.

Let
L(X) := sup

ξ∈R
lim inf
n→∞

||ξxn||, L(α) := sup
ξ∈R

lim inf
n→∞

||ξxn||.

It's easy to see that

L(X) =

{
0, if xn → 0 as n→∞,

L(α) > 0, if xn 9 0 as n→∞.

The inequality L(α) > 0 holds since the sequence X is lacunary when xn 9 0 as n → ∞. We call a
sequence X lacunary if there exists λ > 1 such that for all su�ciently large n we have |xn+1| > λ|xn|. For
any lacunary secuence X A.Y. Khintchin proved that there exist ξ ∈ R and γ > 0 such that for all n ∈ N
we have ||ξxn|| ≥ γ.

Until recently, all known results were just estimates for L(α) if α /∈ Z. The �rst exact value was

obtained for α =
√
5+1
2

in [3]. It turned out that in this case L(α) = 1
5
. Then the value of L(α) was

calculated explicitly in several other cases ([1], [2], [4]).
Here is a list of the main results.

• If
∑d

i=1 ai is odd, then

L(α) =
1

2
;

• If
∑d

i=1 ai is even, then

L(α) ≤
∑d

i=1 |ai|
2
∑d

i=1 |ai|+ 2
;

• If α is a Pisot number of degree ≤ 3, then L(α) ≥ 1
5
;

• If α is a Pisot number of degree ≤ 4, then L(α) ≥ 3
17
;

• If α is a Pisot number less than
√
5+1
2

, then L(α) ≥ 3
17
.
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