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Notation

• Sumset:
A + B := {a + b : a ∈ A, b ∈ B}

• Dilate:
λ · A := {λa : a ∈ A}

2 / 18



Tool: Plünnecke inequality

If |A + A| ¬ K |A| or |A− A| ¬ K |A|, then

|mA− nA| ¬ Km+n|A|

for all nonnegative integers m, n.
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More general problem

Bound under the assumption |A+A| ¬ K |A| the size of the set:

Sλ(A) := λ1 · A + λ2 · A + . . .+ λh · A,

where λ = (λ1, . . . , λh) is a sequence of integers.
Trivially:

|λ1 · A + λ2 · A + . . .+ λh · A| ¬ K
∑h

i=1
|λi ||A|
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Theorem (Bukh 2008)

• If |A + A| ¬ K |A| or |A− A| ¬ K |A|, then

|λ1 · A + · · ·+ λh · A| ¬ Kp|A|,

where

p = 7 + 12
h∑

i=1

log2(1 + |λi |).

• In particular, if |A + A| ¬ K |A| and |λi | ¬ 2r , then

|λ1 · A + · · ·+ λh · A| ¬ KO(rh)|A|.
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Tool: Triangle inequalities

• For any finite sets X ,Y ,Z ⊂ Z we have

|X − Z | ¬ |X − Y ||Y − Z |
|Y |

.

• For any finite sets X ,Y ,Z ⊂ Z we have

|X + Z | ¬ |X + Y ||Y + Z |
|Y |

.
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General scheme of the proof

• induction on r ,

• (with technical assumption λ1 = 1 )

• expand λi ’s in some basis (e.g. powers of 2),

• sum triangle inequality,

• Plünnecke inequality (and possibly some other
inequalities).
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Theorem 1 (B., Schoen 2017+)

Let |A + A| ¬ K |A| and let |λi | < 2r for i = 1, . . . , h. Then:

|λ1 · A + · · ·+ λh · A| ¬ K
O
(

rh
log(h)

+h log(h)
)
|A|.
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New ingredients in the proof

• use d-ary expansion with d = b h
log hc,

• Bukh inequality in inductive step.
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Theorem (Schoen, Shkredov 2016)

Let A ⊂ G be a finite subset of an abelian group and let
λi ∈ Z \ {0}. Suppose that |A + A| ¬ K |A|, then

|λ1 · A + · · ·+ λh · A| ¬ eO(log8 K)(h+log (
∑

i
|λi |))|A|.
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Theorem 2 (B., Schoen 2017+)

Let |A + A| ¬ K |A| and let |λi | < 2r for i = 1, . . . , h. If h ­ K ,
then:

|λ1 · A + · · ·+ λh · A| ¬ (C (K )hf (K))r |A|.

Moreover, we may take C (K ) = 15e
2K and f (K ) = O(K log8 K ).
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Theorem (Schoen, Shkredov 2016)

Let A be a finite subset of an abelian group G such that
|A + A| ¬ K |A|. Then

|hA| ¬
(

3eh
K

)O(K log8 K)

|A|.

for all h ­ K .
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Theorem 3 (B., Schoen 2017+)

Let |A + A| ¬ K |A| and let Λ = {λ1, . . . , λh} ⊂ [2r ].
Furthermore, assume that |Λ + Λ| < L|Λ|. Then:

|λ1 · A + · · ·+ λh · A| ¬ KO((h+r)L log L)|A|.
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Chang Covering Lemma (2002)

Suppose that G is an abelian group and Λ ⊂ G are finite sets
with |nΛ| ¬ Ln|Λ| for all n ­ 1. Then there is a set Γ with
|Γ| = O(L log 2L) such that

Λ ⊂ Span(Γ),

where Span(T ) := {
∑|T |

i=1 εi ti : ∀iεi ∈ {−1, 0, 1}}.
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Proof

|λ1 · A + · · ·+ λh · A| = |
h∑

i=1

(

|Γ|∑
j=1

εi ,jγj) · A| ¬

¬ |
h∑

i=1

|Γ|∑
j=1

εi ,jγj · A| = |
|Γ|∑
j=1

h∑
i=1

εi ,jγj · A|

|
|Γ|∑
j=1

h∑
i=1

εi ,jγj · A| ¬

¬ |
∑h

i=1 εi ,1γ1 · A + γ1 · A|
|A|

|γ1 · A + γ2 · A|
|A|

· |γ2 · A +

|Γ|∑
j=2

h∑
i=1

εi ,jγj · A|
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Proof continued

•

|
|Γ|∑
j=1

h∑
i=1

εi ,jγj · A| ¬ KO((h+1)+r)|γ2 · A +

|Γ|∑
j=2

h∑
i=1

εi ,jγj · A|

•

|
|Γ|∑
j=1

h∑
i=1

εi ,jγj · A| ¬ KO(k(h+r))|γk · A +

|Γ|∑
j=k

h∑
i=1

εi ,jγj · A|,
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Thank you for your attention.
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