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Recall: Mahler’s measure of a polynomial

d
F(x) = a0 [ [(x — ) € C[x]

i=1

is defined by
d 1 .
M(F) = |ao| T max{1,]ail} = exp( / log | F(e27)| dB).
i=1 0

For f € Z[x]
M(f) =1 < f is a product of cyclotomic polynomials (Kronecker Theorem)

Lehmer’s conjecture (1933):
There exists a constant ¢ > 1 such that if f € Z[x] is not a product of
cyclotomic polynomials then M(f) > c.
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This conjecture remains open, the literature is vast and there are many
partial results.
Lower bound in terms of degree of f:

1 [loglogd 3 .
> - —— .
M(f)>1+ 2 < log d ) P. Voutier

The polynomial with smallest Mahler's measure known
F(x) = x04x% —x"—x0—x®—x* 34+ x+1, M(f) = M(a) = 1.1762...

In this talk we are interested in lower bound for M(f) in terms of the
number of terms of f on arbitrary degree and size of coefficients.
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Statement of the Results

The Pretext. The pretext for this article was a theorem by E.D. and
C. Smyth (2016):

Let the integer k > 2, and f(x) = ayx™ + -+ + ag_1x"1 + a, € C[x] be
a nonzero polynomial. Then

m(r) > 1),

Here h(f) denotes the height of f, that is, the maximum modulus of its
coefficients. It is known that a cycIotomic polynomial can have arbitrarily
large height. Let ®,(x) = Z ~0 a(l n)x’, and

#(n)
A(n) = max_{[a(i. )]} and S(n) = 3 Ja(i. )]
i=0
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H. Maier proved (1989, 1990) that S(n) > n'*<(") where ¢(n) is an
arbitrary function with lim,_,~ €(n) = 0, holds for almost every n.
Moreover for an arbitrary N the set of values of n for which A(n) > n"
has positive density.In this context, Theorem1 instantly implies

Proposition 1

If f is a product of cyclotomic polynomials then the number of nonzero

coefficients of f cannot be smaller than 2 + °& h(zf)

Theorem1 also implies a sharper lower bound for Mahler's measure of an
irreducible noncyclotomic polynomial with k nonzero coefficients.
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The earlier results were

E.D.

log 2e 0.17
M(F) 2 1+ 35 (1980), (D)2 1t sy

> 1+ o (2006).

If f € Z[x] is an irreducible noncyclotomic polynomial with k > 2 nonzero
terms then

log 2
> .
M(f) =1+ 2+ (k —2)2k—2

This is an easy application of Theorem 1.
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The case of polynomials without cyclotomic factors, but not necessarily
irreducible is more difficult and we were not able to sharpen the bound
0.31
M(f)>1+ —
k!
proved in 2006 paper.
The history of such bounds is as follows

1
M(f)>1+ —————  E.D., ASchinzel, W. Lawton (1983)
expy1 2k
M(f)>1+ —~ E.D (1991
(F=1+ aexp(bkk) ( )
1
M(f) > 1+ E.D. (2006)

exp(a3l(k=2)/4] k2 og k)
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The orders of magnitude of the denominators occurring in these formulas
are roughly
exprs1(2k%), expa(klog k), and exp,(ak).

Dear colleagues, during the presentation | have claimed the following
Theorem 3 and Theorem 4. At that time the proofs were not yet written. |
am sorry to say that | could not complete these proofs, they were based on
Lemma 3 which in the current form is false. Please accept my sincere
apologies. | am currently trying to prove these theorems by other means.

Theorem 3

If f(x) = aix™ + -+ ak_1x"1 + ay € Z[x] is a polynomial with k > 2
terms that is not a product of cyclotomic factors and
#{pb : pb < k7pH[n1’ ccog nk—l]} <m then

1
exp,(cy/klogk)’

M(F) > 1+

where ¢ depends on m.

v
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As in 2006 paper, this theorem is based on a theorem about the structure
of polynomials with bounded number of terms and large cyclotomic part,
which is also of independent interest.

We start by an example:

Let ®(x) = HDlgDsDz(XD + 1) and let f(x), f(0) =1, be a polynomial
of degree smaller than D, then their product looks like this

®(x)f(x) = Higher powers of x + xD2 F(x),
that is, f(x) appears in the product as a “tail” of it.

Here we prove that this situation occurs whenever a polynomial has large
cyclotomic part.
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Theorem 4

Let f(x) = aix™ + -+ + ag_1x"1 4 a, € Z[x],
np>np > >n_1 >0, ged(ng, ..., k1) = 1.

1
degfc > (1 — —)degf
(5]

and #{p® : p < k, p®||[n1,. .., nk_1]} < m then there is are positive
constants ¢, and ¢, depending on k, and m such f = fif,, where

f(x) = Hd)q,.(xl’) and min{/;} > max{1/2c; degf,degfr}
ordegf < c. If f has noncyclotomic factors then their product f, divides
f> and f> is of the form

f-2(X) — annf + 600 _|_ ak

for some 1 < j < k. The values of the constants are

c1 < exp,(a(m)/klog k) and co < exp
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Lemmas and Proofs

Proof of Theorem 3 (Sketch)

It follows from Theorem 4 and the lemma (2006):

Let f,g € Z|x], g | f, and f has k terms,k > 1, g(0) # 0, and g has
nocyclotomic factors. Then

0.31degg
> _
M(g) > 1+ Kl deg

We apply this lemma to g = f,, = the product of all noncylotomic factors
of f.

O |If degree of f, is not too small we get a good lower bound for the
Mabhler's measure from this lemma.

@ On the other hand if f. is large, f factors as fif, and f, divides £,
which has fewer terms than f, so we can use induction on k.

Edward Dobrowolski (UNBC) Mahler’'s measure July 20, 2017 10 / 16



Proofs

Proof of Theorem 4 (Sketch)

The bulk of work is here. We will see later that

N

F(x) = fe()fa(x),  fe(x) = [ a(x").

i=1

If deg f. is large, but N and max{q;} are bounded, and ) < h < --- <,
then either / is large, or the sequence must grow rapidly, so that we can
get the conclusion of Theorem 4. For a good result we need a good bound
for N and for g;s.
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In order to bound gjs we use a result of Conway and Jones:

Lemma 2

Let g(x) = byx™+- - -+ by_1x™1+b, € Z[x], and (my,..

If g(¢q) =0, where (q is a root of unity of exact order q, and no subsum

of (1) vanishes at x = (g4, then q is square-free and

Z(p—2)§r—2.

plg

-y Mr—1, q) = 1)

(1)
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This implies

Lemma 3

Let f € Z[x] be a polynomial with k terms. Then f.(x) = vazl bg; (X,
where the numbers q; satisfy Conway-Jones condition for k.

| A\

Lemma 4

If q satisfies Conway-Jones condition for k then q < exp(1.162+/k log k),
and the total number of such integers does not exceed

0.61exp(1.162/k log k).

However, simple bounds on N are not sufficient for a good result, and
perhaps there are no sufficiently good bounds. An easy bound: To every

.

factor ®,(x") of f. corresponds a partition of the set of / = {1,2,...,k}.
So we have N < # all partitions of /. This bound gives a result
corresponding to the one obtained in 1991.
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However with the extra condition #{p® : p? < k, p||[n1,...,nk_1]} < m

we do not need to count partitions. We can count distinct g;s instead.

Consider a factor of f. of the form &, (x"). Write /; as I,.(l)l(z), where

/(2) — H Pb

po|1li,p<k

and I,-(l) is not divisible by any prime < k. Then

_ )
g, (x") = ¢q,,<2>(X”' )-

i

Denote by g; = I,-(l)

q,-l,.(z). Our condition implies that to each g;

corresponds a bounded number of §;. This is because each /; must divide
at least one exponent n; of f so it cannot have many small prime factors.

Further, each d>qi(x’f(l)) has a factor ®g,(x).

The highest multiplicity of a factor of a polynomial with k term is k — 1.
Consequently, N is proportional to the number of distinct g;. This results

in the bound in Theorems 3 and 4.
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Thank You

Edward Dobrowolski (UNBC) Mahler’'s measure July 20, 2017 16 / 16



	Introduction

