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N
Lerch Zeta-function

Mathias Lerch in 1887 studied infinite series

oo e27r/>\m

L(A,a,s):zm,

m=0

for a, A € R. Lerch obtained analytic continuation to the whole complex
plane, except a simple pole at s = 1, and derived functional equation

Lol —s) = (27) T (s) (exp (”2’5 - 27Tia)\> L(—a,),s)
+exp <_7r2/s + 2mia (1 — )\)) L(a,1— )\,5)) ,

valid for 0 < A <1, 0<a<1land0<R(s) <1

R. Garunkstis & R. Tamositnas (MIF) Symmetry Of Zeros Of Lerch Zeta 2017.07.20 2/11



Motivation: Do Lerch-Zeta zeros lie on a critical line?

L(1/3,1/3,s) : 0.50 4 3.99i, 0.50 + 7.28i, 0.50 + 9.54i, 0.50 + 12.18i
L(1/3,2/3,s) : 0.86 4 5.68i, 0.53 + 9.59i, 0.86 + 12.66/, 0.49 + 15.11;
L(1/4,3/4,s): 1.03 4 5.24, 0.64 + 8.81/, 0.76 + 11.96/, 0.88 + 14.19;

L(3/4,3/4,5) : 0.50 4 9.69i, 0.50 + 15.26i, 0.50 + 18.65/, 0.50 + 23.05/
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L(3/4,3/4,s) : 0.50 4 9.69/, 0.50 + 15.26/, 0.50 + 18.65/, 0.50 + 23.05/

Zeros p1, p2, p3, pa of L(3/4,3/4,s) do not lie exactly on o = 0.5
Rp1 =05+7.16... - 10714,
Rpor =05 —6.08... - 10723,
Rp3 = 0.5 —4.53...-107%,
Rps =05 —1.11...- 10732

R. Garunkstis & R. Tamositnas (MIF) Symmetry Of Zeros Of Lerch Zeta 2017.07.20 3/11



Motivation: Do Lerch-Zeta zeros lie on a critical line?

L(1/3,1/3,s) : 0.50 4 3.99i, 0.50 + 7.28i, 0.50 + 9.54i, 0.50 + 12.18i
L(1/3,2/3,s) : 0.86 4 5.68i, 0.53 + 9.59i, 0.86 + 12.66/, 0.49 + 15.11;
L(1/4,3/4,s): 1.03 4 5.24, 0.64 + 8.81/, 0.76 + 11.96/, 0.88 + 14.19;

L(3/4,3/4,s) : 0.50 + 9.69/, 0.50 + 15.26i, 0.50 + 18.65/, 0.50 + 23.05/
Zeros p1, p2, p3, pa of L(3/4,3/4,s) do not lie exactly on o = 0.5

Rp1 =05+7.16... - 10714,

Rpor =05 —6.08... - 10723,

Rp3 = 0.5 —4.53...-107%,
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“Symmetrical” zeros: —0.10... + 120.59...; and 1.10... + 120.59...i.
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Motivation: Trajectories Of Zero pairs
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|
R. Garunkstis, A. Laurincikas (1999)

00 e27'ri)\m

LA\ a,s)= > (mta)

m=0

Let N* denote nontrivial zeros for 0 < t < T, and N~ for — T < t < 0.
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R. Garunkstis, A. Laurincikas (1999)

00 e27'ri)\m

LA\ a,s)= > (mta)

m=0
Let N* denote nontrivial zeros for 0 < t < T, and N~ for — T < t < 0.
When T — o0, then
Nt(\a,T) = T log T — T log(2maX) + O(log T)
B 27 27 ’
N~(\a, T) = N*(1 -\ a, T).
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|
R. Garunkstis, A. Laurincikas (1999)

0 e27'ri)\m

LA\ a,s)= >

m=0

Let NT denote nontrivial zeros for 0 < t < T, and N~ for — T < t < 0.
When T — o0, then

(m+a)s

T T
Nt(\a,T) = oy log T — Py log(2ma\) + O(log T),
T T

N~(\a,T)=NT(1—\a,T).

Zero free region on the right. When ¢ > 1+ a and A\ # % then
L(\ a,s) #0.
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R. Garunkstis, A. Laurincikas (1999)

00 e27'ri)\m

LA\ a,s)= > (mta)

m=0
Let N* denote nontrivial zeros for 0 < t < T, and N~ for — T < t < 0.
When T — o0, then
Nt(\a,T) = T log T — T log(2maX) + O(log T)
T 27 27 ’
N~-(\a, T)= N*(l —Na, T).

Zero free region on the right. When ¢ > 1+ a and A\ # % then
L(\ a,s) #0.
Zero free region on the left. 309 < 0 and ¢ > 0 such, that L(\,«,s) #0

when ¢ < oyg,
t
sel o= —r--—-——1.
< 'ogl‘ﬁ+1>
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-
R. Garunkstis, J. Steuding (2000)

For 0 < A, a <1 we have, as T turns to infinity,

T

-
N(T. ) @) = —log Tmea AT + O(log T)
and
1 T o
> (173) = ares gy Otes D

yV<T
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Main results

The next theorem shows that in the upper half-plane nontrivial zeros of
the Lerch zeta-function with equal parameters on average are
symmetrically distributed with a small error term.

Theorem 1

For0 < A a<1,

1 T
> <ﬁ - 2> = Iog% + O(log T).

0<~A<T
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Main results

Proposition 2

Let 0 < A\, <1. Let og € R and Rs > op. Let L(\,cr,s) # 0 and d be
the distance from s to the nearest zero of L(\, «,s). Then

1
m < exp(C(| |Og d‘ + 1) |Og t),

where C = C(\, v, 00) is a positive constant.
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Main results

Theorem 3

Let 0 < A <1 and A >0 be such that AC < m, where C = C(\,a, —1) is

from Proposition 2. Let p = 3 + iy be a nontrivial zero of L(A, \,s). If v
is sufficiently large, then there is a radius r,

exp(—Ay/log7y) < r < exp(—Ay/ logy) log*, (1)

such that the discs

|s—pl<r and |s—(1-p)|<r

contain the same number of zeros.
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Distribution of the nontrivial zeros of L (A, \,0 + it) in 0 < t < 300

R. Garunkstis & R. Tamositnas (MIF)

A Ny | Ny %
1/2 [203] 0] 0.0
5/9 | 193 | 28 | 1451
4/7 | 191 | 24 | 12,57
3/5 | 186 | 14 | 7.53
5/8 | 182 | 22 | 12.09
2/3 | 176 | 18 | 10.23
7/10 | 171 | 28 | 16.37
5/7 | 169 | 30 | 17.75
3/4 | 165 | 20 | 12.12
7/9 | 161 | 26 | 16.15
4/5 | 159 | 22 | 13.84
5/6 | 155 | 22 | 14.19
6/7 | 151 | 28 | 18.54
7/8 | 150 | 30 | 20.00
8/9 | 149 | 22 | 14.77
9/10 | 147 | 24 | 16.33
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How to make faster computations (using mpmath)

We used the following expression of the Lerch zeta-function for rational
parameters

=22,

b b d-1 % exp (27ri§ (dm + k))
Ho53) s
k=0 m=0 (dm + k+ g)

d—1
=d° Z exp (27Tisk> ¢ <s, kdd—;—b> ,

k=0

where ((s, @), 0 < a <1, is the Hurwitz zeta-function.
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