
Symmetry Of Zeros Of Lerch Zeta-function for Equal
Parameters

Ramūnas Garunkštis and Rokas Tamošiūnas

Vilnius University
Faculty Of Mathematics And Informatics

2017.07.20



Lerch Zeta-function

Mathias Lerch in 1887 studied infinite series

L (λ, α, s) =
∞∑

m=0

e2πiλm

(m + α)s ,

for α, λ ∈ R. Lerch obtained analytic continuation to the whole complex
plane, except a simple pole at s = 1, and derived functional equation

L (λ, α, 1− s) = (2π)−s Γ (s)
(

exp
(
πis
2 − 2πiαλ

)
L (−α, λ, s)

+ exp
(
−πis

2 + 2πiα (1− λ)
)

L (α, 1− λ, s)
)
,

valid for 0 < λ < 1, 0 < α ≤ 1 and 0 < <(s) < 1.
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Motivation: Do Lerch-Zeta zeros lie on a critical line?

L(1/3, 1/3, s) : 0.50 + 3.99i , 0.50 + 7.28i , 0.50 + 9.54i , 0.50 + 12.18i
L(1/3, 2/3, s) : 0.86 + 5.68i , 0.53 + 9.59i , 0.86 + 12.66i , 0.49 + 15.11i
L(1/4, 3/4, s) : 1.03 + 5.24i , 0.64 + 8.81i , 0.76 + 11.96i , 0.88 + 14.19i

L(3/4, 3/4, s) : 0.50 + 9.69i , 0.50 + 15.26i , 0.50 + 18.65i , 0.50 + 23.05i

Zeros ρ1, ρ2, ρ3, ρ4 of L(3/4, 3/4, s) do not lie exactly on σ = 0.5
<ρ1 = 0.5 + 7.16... · 10−14,
<ρ2 = 0.5− 6.08... · 10−23,
<ρ3 = 0.5− 4.53... · 10−27,
<ρ4 = 0.5− 1.11... · 10−32.

“Symmetrical” zeros: −0.10...+ 120.59...i and 1.10...+ 120.59...i .
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Motivation: Trajectories Of Zero pairs

-0 .2 0 0 .2 0 .4 0 .6 0 .8 1 1 .2 Re(s)
120

130

140

150

160Im(s)
ρ56ρ55

λ ≈0.82
λ ≈0.86

-0 .2 0 0 .2 0 .4 0 .6 0 .8 1 1 .2 Re(s)
120

130

140

150

160Im(s)
ρ56ρ57λ ≈0.97

λ ≈0.89

-0 .2 0 0 .2 0 .4 0 .6 0 .8 1 1 .2 Re(s)
120

130

140

150

160Im(s) ρ58ρ57

λ ≈0.74
λ ≈0.69

R. Garunkštis & R. Tamošiūnas (MIF) Symmetry Of Zeros Of Lerch Zeta 2017.07.20 4 / 11



R. Garunkštis, A. Laurinčikas (1999)

L(λ, α, s) =
∞∑

m=0

e2πiλm

(m + α)s .

Let N+ denote nontrivial zeros for 0 < t < T , and N− for −T < t < 0.

When T →∞, then

N+(λ, α,T ) = T
2π log T − T

2π log(2παλ) + O(log T ),

N−(λ, α,T ) = N+(1− λ, α,T ).

Zero free region on the right. When σ ≥ 1 + α and λ 6= 1
2 , then

L(λ, α, s) 6= 0.
Zero free region on the left. ∃σ0 ≤ 0 and ε0 > 0 such, that L(λ, α, s) 6= 0
when σ < σ0,

s ∈ Lε0

(
σ = πt

log 1−λ
λ + 1

)
.
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R. Garunkštis, J. Steuding (2000)

For 0 < λ,α ≤ 1 we have, as T turns to infinity,

N(T , λ, α) = T
π

log T
2πeα

√
λ(1− λ)

+ O(log T )

and

∑
|γ|≤T

(
β − 1

2

)
= T

2π log α√
(1− λ)

+ O(log T ).
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Main results

The next theorem shows that in the upper half-plane nontrivial zeros of
the Lerch zeta-function with equal parameters on average are
symmetrically distributed with a small error term.

Theorem 1

For 0 < λ,α ≤ 1,

∑
0<γ≤T

(
β − 1

2

)
= T

4π log α
λ

+ O(log T ).
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Main results

Proposition 2

Let 0 < λ,α ≤ 1. Let σ0 ∈ R and <s ≥ σ0. Let L(λ, α, s) 6= 0 and d be
the distance from s to the nearest zero of L(λ, α, s). Then

1
|L(λ, α, s)| < exp(C(| log d |+ 1) log t),

where C = C(λ, α, σ0) is a positive constant.
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Main results

Theorem 3

Let 0 < λ ≤ 1 and A > 0 be such that AC < π, where C = C(λ, α,−1) is
from Proposition 2. Let ρ = β + iγ be a nontrivial zero of L(λ, λ, s). If γ
is sufficiently large, then there is a radius r ,

exp(−Aγ/ log γ) ≤ r ≤ exp(−Aγ/ log γ) log2 γ, (1)

such that the discs

|s − ρ| < r and |s − (1− ρ)| < r

contain the same number of zeros.
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Distribution of the nontrivial zeros of L (λ, λ, σ + it) in 0 < t < 300

λ N1 N2 %
1/2 203 0 0.00
5/9 193 28 14.51
4/7 191 24 12.57
3/5 186 14 7.53
5/8 182 22 12.09
2/3 176 18 10.23
7/10 171 28 16.37
5/7 169 30 17.75
3/4 165 20 12.12
7/9 161 26 16.15
4/5 159 22 13.84
5/6 155 22 14.19
6/7 151 28 18.54
7/8 150 30 20.00
8/9 149 22 14.77
9/10 147 24 16.33
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How to make faster computations (using mpmath)

We used the following expression of the Lerch zeta-function for rational
parameters

L
(

s, bd ,
b
d

)
=

d−1∑
k=0

∞∑
m=0

exp
(
2πi b

d (dm + k)
)

(
dm + k + b

d

)s

= d−s
d−1∑
k=0

exp
(

2πi bd k
)
ζ

(
s, kd + b

d2

)
,

where ζ(s, α), 0 < α ≤ 1, is the Hurwitz zeta-function.

R. Garunkštis & R. Tamošiūnas (MIF) Symmetry Of Zeros Of Lerch Zeta 2017.07.20 11 / 11



x-ray of L(0.75, 0.50, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.50, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.50, 0.50, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.51, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.51, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.51, 0.51, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.52, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.52, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.52, 0.52, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.53, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.53, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.53, 0.53, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.54, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.54, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.54, 0.54, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.55, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.55, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.55, 0.55, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.56, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.56, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.56, 0.56, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.57, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.57, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.57, 0.57, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.58, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.58, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.58, 0.58, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.59, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.59, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.59, 0.59, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.60, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.60, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.60, 0.60, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.61, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.61, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.61, 0.61, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.62, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.62, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.62, 0.62, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.63, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.63, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.63, 0.63, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.64, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.64, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.64, 0.64, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.65, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.65, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.65, 0.65, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.66, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.66, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.66, 0.66, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.67, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.67, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.67, 0.67, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.68, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.68, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.68, 0.68, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.69, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.69, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.69, 0.69, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.70, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.70, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.70, 0.70, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.71, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.71, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.71, 0.71, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.72, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.72, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.72, 0.72, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.73, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.73, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.73, 0.73, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.74, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.74, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.74, 0.74, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.75, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.75, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.76, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.76, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.76, 0.76, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.77, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.77, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.77, 0.77, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.78, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.78, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.78, 0.78, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.79, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.79, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.79, 0.79, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.80, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.80, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.80, 0.80, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.81, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.81, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.81, 0.81, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.82, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.82, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.82, 0.82, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.83, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.83, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.83, 0.83, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.84, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.84, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.84, 0.84, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.85, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.85, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.85, 0.85, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.86, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.86, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.86, 0.86, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.87, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.87, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.87, 0.87, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.88, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.88, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.88, 0.88, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.89, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.89, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.89, 0.89, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.90, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.90, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.90, 0.90, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.91, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.91, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.91, 0.91, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.92, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.92, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.92, 0.92, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.93, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.93, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.93, 0.93, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.94, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.94, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.94, 0.94, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.95, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.95, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.95, 0.95, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.96, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.96, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.96, 0.96, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.97, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.97, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.97, 0.97, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.98, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.98, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.98, 0.98, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.75, 0.99, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.99, 0.75, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40

x-ray of L(0.99, 0.99, s)

-10 -5 0 5 10

5

10

15

20

25

30

35

40



x-ray of L(0.5, 0.5, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.51, 0.51, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.52, 0.52, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.53, 0.53, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.54, 0.54, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.55, 0.55, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.56, 0.56, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.57, 0.57, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.58, 0.58, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.59, 0.59, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.6, 0.6, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.61, 0.61, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.62, 0.62, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.63, 0.63, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.64, 0.64, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.65, 0.65, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.66, 0.66, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.67, 0.67, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.68, 0.68, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.69, 0.69, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.7, 0.7, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.71, 0.71, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.72, 0.72, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.73, 0.73, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.74, 0.74, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.75, 0.75, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.76, 0.76, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.77, 0.77, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.78, 0.78, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.79, 0.79, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.8, 0.8, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.81, 0.81, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.82, 0.82, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.83, 0.83, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.84, 0.84, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.85, 0.85, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.86, 0.86, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.87, 0.87, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.88, 0.88, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.89, 0.89, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.9, 0.9, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.91, 0.91, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.92, 0.92, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.93, 0.93, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.94, 0.94, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.95, 0.95, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.96, 0.96, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.97, 0.97, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.98, 0.98, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(0.99, 0.99, s)

-4 -2 0 2 4

110

115

120

125

130



x-ray of L(1.00, 1.00, s)

-4 -2 0 2 4

110

115

120

125

130


