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The Markoff and Lagrange spectra

Consider
A = (. . . a−1, a0, a1, . . .) ai > 1 ∀i ∈ Z

For an arbitrary integer i define

λi (A) = [ai ; ai−1, . . .] + [0; ai+1, ai+2, . . .]

and
L(A) = lim sup

i→∞
λi (A), M(A) = sup

i
λi (A).

The set of values taken by L(A) and M(A) is called respectively
the Lagrange and Markoff spectrum, L and M.
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10 smallest numbers in M and L.

The bar over the number or the sequence of numbers denotes the
period. an = (a, a, . . . , a︸ ︷︷ ︸

n times

).

Sequence Markoff Number

1
√

5 ≈ 2.23607

2
√

8 ≈ 2.82843

2, 2, 1, 1
√
221
5 ≈ 2.973214

2, 2, 1, 1, 1, 1
√
1517
13 ≈ 2.996053

2, 2, 2, 2, 1, 1
√
7565
29 ≈ 2.999207

2, 2, 16
√
2600
17 ≈ 2.999423

2, 2, 18
√
71585
89 ≈ 2.999916

26, 1, 1
√
257045
169 ≈ 2.999977

2, 2, 1, 1, 2, 2, 14
√
84680
97 ≈ 2.999982

2, 2, 110
√
488597
233 ≈ 2.999988
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Some properties of M and L.

Theorem (Markoff (1879, 1880))

The set of elements less than 3 in L and M is countable and
discrete, with 3 as its only limit point. Every sequence A such that
λi (A) < 3 for all i ∈ Z is periodic.

As M(A) = L(A), for periodic A, the least statement implies that
L and M coincide below 3.
These elements are called the Markoff numbers.
One can easily see that L ⊂ M (Tornheim, 1955).
However,

Theorem (Freiman, 1968)

σ = M(22, 1, 22, 12, 22, 12, 22, 12, 22, 1, 22) ≈ 3.11812 ∈M \ L

Conjecture (Cusick)

The Markoff and Lagrange spectra coincide over
√

12 = M(1, 2).
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Hall’s ray

Theorem (M. Hall, 1947; Vinogradov, Delone, Fuchs, 1958)

The Lagrange spectrum, and so the Markoff spectrum, contains
every number greater than 6.

Denote by µ1 the minimal real number such that [µ1,+∞) ⊂M.

Improvements
µ1 estimation Author Year

µ1 6 5.102939 Freiman, Judin 1966

µ1 6 5.09406 Bumby 1973

µ1 6
√

21 ≈ 4.5825757 Freiman, Schecker 1973,1977

µ1 = 4.527829566 Freiman 1975
The Freiman‘s theorem also states that [µ1,+∞) ⊂ L.

Dmitry Gayfulin Attainable numbers and the Lagrange spectrum



Hall’s ray

Theorem (M. Hall, 1947; Vinogradov, Delone, Fuchs, 1958)

The Lagrange spectrum, and so the Markoff spectrum, contains
every number greater than 6.

Denote by µ1 the minimal real number such that [µ1,+∞) ⊂M.
Improvements
µ1 estimation Author Year

µ1 6 5.102939 Freiman, Judin 1966

µ1 6 5.09406 Bumby 1973

µ1 6
√

21 ≈ 4.5825757 Freiman, Schecker 1973,1977

µ1 = 4.527829566 Freiman 1975
The Freiman‘s theorem also states that [µ1,+∞) ⊂ L.

Dmitry Gayfulin Attainable numbers and the Lagrange spectrum



Pictures

Figure: Lagrange specrtum

Figure: Lagrange specrtum: gaps
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Lagrange constant: diophantine properties of L
Consider an arbitrary irrational number α = [a0; a1, a2, . . .] with
partial quotients uniformly bounded from above. We are interested
in the inequality ∣∣∣∣α− p

q

∣∣∣∣ 6 1

cq2
. (1)

Denote

µ(α) =

(
lim inf
p,q∈Z

q2
∣∣∣∣α− p

q

∣∣∣∣)−1
Note that

1 ∀ε > 0 the inequality (1) has infinitely many solutions for
c = µ(α)− ε and finitely many solutions for c = µ(α) + ε.

2 The set of values taken by µ(α) is exactly L.
3 lim sup

i→∞
λi (α) = µ(α).

where

λi (α) = [ai ; ai−1, ai−2, . . . , a1] + [0; ai+1, ai+2, . . .]. (2)
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Attainable numbers

The irrational number α is called attainable if the inequality∣∣∣∣α− p

q

∣∣∣∣ 6 1

µ(α)q2

has infinitely many solutions.

As∣∣∣∣α− pn
qn

∣∣∣∣ =
1

λn+1(α)q2n
, (3)

one can easily see that α is attainable if and only if λn(α) > µ(α)
for infinitely many indices n. Here pn

qn
= [a0; a1, . . . , an] is n-th

convergent fraction to α.
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Admissible numbers

We call the Lagrange spectrum element λ admissible if there exists
an attainable irrational number α such that µ(α) = λ.

The problem

Is each element of the Lagrange spectrum admissible?

The answer is

Theorem (D.G., 2016)

The quadratic irrationality

λ0 = [3; 3, 3, 2, 1, 1, 2] + [0; 2, 1, 1, 2] = 62976−1498
√
3

16357 ≈ 3.6914708
belongs to L, but is not admissible.

Note that λ0 = M(2, 1, 1, 2, 3, 3, 3, 2, 1, 1, 2).
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Gaps in the Lagrange spectrum

The Lagrange spectrum is closed set. The complement of L is a
countable union of maximal gaps of the spectrum. We call the
interval (a, b) the maximal gap if (a, b) ∩ L = ∅, but a, b ∈ L.

Almost all points of the Lagrange spectrum are admissible.

Theorem (D.G., 2016)

If λ ∈ L is not a left endpoint of some maximal gap in the
Lagrange spectrum then λ is an admissible number.

So, the left endpoints of maximal gaps in L make the special case.
The following theorem gives the description of them (and, hence,
the description not admissible points in L).

Theorem (D.G., 2016)

If (a, b) is a maximal gap in L then a = M(A,B,C ) and hence a
can be represented by a sum of two quadratic irrationalities.

Here A,B,C are some finite sequences.
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The necessary and sufficient condition of admissibility

Theorem

If α is a quadratic irrationality, then µ(α) = λ is an admissible
number.

For instance, all Markoff numbers are admissible.

However, this sufficient condition of admissibility becomes
necessary for left endpoints of maximal gaps in L.

Theorem (D.G, 2017)

A left endpoint of maximal gap in the Lagrange spectrum a is
admissible if and only if there exists a quadratic irrationality α such
that µ(α) = a.

The equivalent formulation is: a is admissible if and only if there
exists a finite sequence A such that M(A) = a.
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Gbur series

The previous theorem provides an instrument to verify admissibility
of left endpoints of gaps in L. Here is the example of countable
series of not admissible elements in L.

Define

αn = 2 + [0; 1, . . . , 1︸ ︷︷ ︸
2n−2

, 2, 2, 1, 2] + [0; 1, . . . , 1︸ ︷︷ ︸
2n−1

, 2, 1, . . . , 1︸ ︷︷ ︸
2n−2

, 2, 2, 1, 2]

and
βn = 2 + 2[0; 1, . . . , 1︸ ︷︷ ︸

2n

, 2].

(αn, βn) is maximal gap in L. This family of gaps was discovered
by Mary Gbur in 1976.

Theorem (D.G, 2017)

For any integer n > 2 the irrational number αn is not admissible.
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Picture of Gbur gaps

Figure: Gbur gaps
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Some unsolved questions

Conjecture 1

Are all right endpoints of maximal gaps in L and M represented by
a sum of 2 quadratic irrationalities?

Conjecture 2

Are all endpoints of maximal gaps in L also endpoints of gaps in
M?

Conjecture 3 (Bernstein)

Does M and L contain the interval [4.1, 4.52]?

Conjecture 4

Find the maximal number µ2 such that λ

(
(−∞, µ2) ∩M

)
= 0.

The best known lower estimate is µ2 > 3.3343 (Bumby, 1982).
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The end

Thank you for your attention!
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