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o(F)={G: |G|=k—-1,G C F forsome F € F}



The shadow problem

Given n, k and |F|, minimize |o(F)|.



The shadow problem

Given n, k and | F|, minimize |o(F)|.

If lucky then | 7| = (}) holds for an integer a then the best construction is
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otherwise

Lemma If 0 < k£, m are integers then one can find integers
ap > ar_1 > ...>a; >t >1such that

o= () (o) - ()

This is called the canonical form of m.

and they are unique.
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otherwise

Shadow Theorem (Kruskal-K) If n, k£ and |F| are given,

the canonical form of | F| is

F| = (‘;’*) + (Z’“_‘ll) +o+ (Cz’j)
min | (F)| = (ka_’fl) + (gg) oot (

then
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another formulation

characteristic vector of the set A C [n]

the kth coordinate is1iff k € A
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another formulation

The previous construction with k = 3,a = 5, that is | F| = (3) = 10

P S S S S P O e e o~

el oNoNoNoNoNoNoNoNa)
N oNoNoNoNoNoNo NN =)
O...O.;O...O...JI!JI’JI!JI!JI’JI!
05171515050705151715
1!0...1!1!0!1!1!0!051!
——O++-O+O+ O

151!15051!1!05150!05

N N N N N N N ' '
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P S S S S S O e e

N oNoNoNoNoNoNoNolo)
N oNoNoNoNoNoNoNoN=)
O.;O...O!O!JISJI!JI!JI!JI!JI!
07151715070505171717
1!0...1!1!0!1!1!050!1!
———O++O+O+ O

1!151!0!1!15051!0!05

N N N N N N N ' ' e’
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AN AN AN AN AN AN AN AN N N N

el cNoNoNoNoNoNoN o)
offeNeNeNeleNeNN-REm
nU!nU...nU...nUSJI..,JI!JI!JI!JI!JI!
0.1151!1...050505151515
1...0...1!1!0!1!1!0!0!1!
-~ O++-O+O+ O

—FrmrOr—mrOr-roo™

~— e e e N N N S S
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AN AN AN AN AN NN NN SN N

COO0OO0OO0CO0OO0OO0OOo

N efeNeNeNoNoNeNeN=Erd
0.10.10.10.11!151!1!1!1505
O...JI!JI!JI!O!O!OJJIJJI!JI!O!
—O+-+~O++~0OO+ O
-~ Orr-rO+~Or+ O+

T rmrmrO v~ O+ OOy
N N N N N N ' ' ' ——
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AN AN AN AN AN N AN AN N N,/

N oNoNoNoNoNoNoNol o)

CO0O0O000O0O0 O+ +
07050705171515171!170507
Or-r~—~OO0OOT++~+OO
—Or-r-rOr-r+~OO0O+~ O+
——Or-rO+-~O+—~O+ O

T rmrmrOrr O~ OO Y™ v
N N N N N N N ' ' ' N’
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e e T e N T T T e N N N N N

N oNoNoNoNoNoNoNol o)

CO0O0O0O000T0 O+ v+
COO0OO0O =000
Or-r"mOO0OO+~+~+OOO
—Or-rOr-rr—-~O0 0 ~O+ v+
-~ Orr-rO+-rO+~O+ O+
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AN N NN AN AN NN N N N N N N

el eNoNoNoNoNoNoN o)

CO00O0O0CO0CO0O0O0O+ 1+
OCOO0OO0O+r+mT~ 0000
OCr-r~~O0OO0OC+—~+~+—~O0O0 O+
—Or-rO+r+-~O0O0O+~O+—+ O
-~ Orr-rO+-rOr+~O+ O+ O

T mrmr O rrm O+~ OO Y v™ O+
N N N N N N N N ' ' N e S N’
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AN N NN AN AN NN NN N N N NN

el eNoNoNoNoNoNoN o)

CO00O00CO0O00O0O+ ™+ 1+
OCOO0OO0O+rr"mmO0OO0O0O0O
OCr~~O0OO0OC+~rrr-rO0O0 O+
—Or-~rO+r-~O0OO0O+~O+—T— OO
——Orr-rOr-rOr+-O+—O+— O+

T T mrmrOrrm O~ OO Y™ O+v O
N N N N N N N N N N N N S N S
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another formulation

Arabically lexicographical ordering

Version of the Shadow Theorem
If n, k and|F| are given, then
lo(F)| is minimum for

the lexicographically first |F| subsets containing £ elements.
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s=shadow

os(F)={G: |G|=k—s,G C F forsome F € F}
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s=shadow

os(F)={G: |G| =k —s,G C Fforsome F' € F}, o(F) = o1(F)



s=shadow

os(F)={G: |G| =k —s,G C Fforsome F' € F}, o(F) = o1(F)
Shadow Theorem (Kruskal-K) If n, kK and | F| are given,

the canonical form of | F| is

=)+ () ()

then

min |o,(F)| = (k“_’“8> - (k e S) TR (t‘fs)
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Only an estimate

x) _ z(x—1)...(x—k+1) .

If = is a real number, (k_ 7

Theorem. (Lovasz’ version of the Shadow theorem) If A is a family of

k-element sets,
A= (7
- \k

then
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A family F c 2" is

Intersecting families

if ' N G +# ( holds for every pair F',G € F.

[

[n]
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Intersecting families

Theorem (Erdés — Ko — Rado, 1961) If 7  (\)) is intersecting where k < 2

then )
n_
< )
7l = (k— 1)
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Application of the Shadow theorem

Daykin (1974) KK implies EKR
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Application of the Shadow theorem

Daykin (1974) KK implies EKR

Let F c (")) be intersecting (2k < n).
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Application of the Shadow theorem

Daykin (1974) KK implies EKR
Let F c (")) be intersecting (2k < n).

Then F~ ={[n] - F: Fe F}yc (™) where k <n — k.

[
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Application of the Shadow theorem

Daykin (1974) KK implies EKR
Let F c (")) be intersecting (2k < n).
Then F~ ={[n] - F: Fe F}yc (™) where k <n — k.
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Suppose | F~| = |F| > (727) = (27}).



Suppose |F~| = |F| > (771)

Then by KK |o,_ox(F )| > (

n—1

k

(
)

n—1

n—k

).
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Suppose |F~| = |F| > (371) = ("2})
Then by KK |o,,_ox(F )| > (")

and by (x), the number of k-element subsets is at least

Fl+lon—ox(F)I > (G2) + (") = (1)




Shadows of intersecting families

Suppose F is intersecting and |F| = (}) where 2k < a < n.
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Shadows of intersecting families

Suppose F is intersecting and |F| = (}) where 2k < a < n.

[n]

The old construction does not work here.
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Shadows of intersecting families

F is t-intersecting if F,G € F implies |FFN G| > t.
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Shadows of intersecting families

F is t-intersecting if F,G € F implies |FFN G| > t.

What is the minimum of |o,(F)| under the condition that F is
t-intersecting?
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Shadows of intersecting families

F is t-intersecting if F,G € F implies |FFN G| > t.

What is the minimum of |o,(F)| under the condition that F is
t-intersecting?

We do not know!
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Shadows of intersecting families

F is t-intersecting if F,G € F implies |FFN G| > t.

What is the minimum of |o,(F)| under the condition that F is
t-intersecting?

We do not know!

What is the minimum of 12l under the condition that F is

| 7|
t-intersecting?
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Shadows of intersecting families

F is t-intersecting if F,G € F implies |FF' NG| > t.

What is the minimum of |o(F)| under the condition that F is
t-intersecting?

We do not know!

What is the minimum of “’ﬁT‘T)' under the condition that F is
t-intersecting? This is the best:

[2k-t]
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Shadows of intersecting families

Theorem (K, 1964)

If F < (7)) is a t-intersecting family, s < ¢ then
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Appl. of the intersecting shadow

K, 1964 Intersecting shadow theorem implies EKR.
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Appl. of the intersecting shadow

K, 1964 Intersecting shadow theorem implies EKR.

47



Appl. of the intersecting shadow

K, 1964 Intersecting shadow theorem implies EKR.

Let F c () be intersecting (2k < n)
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Appl. of the intersecting shadow

K, 1964 Intersecting shadow theorem implies EKR.
Let F c () be intersecting (2k < n)

Then F~ ={n]|—F: FeF}C (n[?j]k) where k < n — k.
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Suppose |F~| = |F| > (7-7) = (27}).

Then by KK |6, ok (F7)| > (n;)



Fisintersecting = F~ = {[n] - F: FeF}c (")is
n — 2k 4+ 1-intersecting.
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Fisintersecting = F~ = {[n] - F: FeF}c (")is
n — 2k 4+ 1-intersecting.

2ln—k)—(n—2k+1)=n—-1

By the intersecting shadow theorem:

oo F ) () _n=k

R Y R
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Fisintersecting = F~ = {[n] - F: FeF}c (")is
n — 2k 4+ 1-intersecting.

2ln—k)—(n—2k+1)=n—-1

By the intersecting shadow theorem:

oo(F) _ (") _n—k
FT STk

n n—k n
> - > - — _
(k>_\as(f )\Hfl_\FI( k +1) \flk
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Fisintersecting = F~ = {[n] - F: FeF}c (")is
n — 2k 4+ 1-intersecting.

2ln—k)—(n—2k+1)=n—-1

By the intersecting shadow theorem:

oo(F) _ (") _n—k
FT STk

n n—k n
> - > - — _
(k)_\ffs(f )\Hfl_lFI( k +1) \flk

(WE= (1) = |F.

54



s=1

Theorem (K, 1964) If 7 c (")) is a t-intersecting family, 1 < ¢ then

oA G) ko
FI = (R k—t+1
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s=1

Theorem (K, 1964) If 7 c (")) is a t-intersecting family, 1 < ¢ then

o) o Gor) _

Fl T k-t 1

What happens if we suppose that || is LARGE?
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s=1

Theorem (K, 1964) If 7 c (")) is a t-intersecting family, 1 < ¢ then

oA Gk

Fl T (3 k-t 1

What happens if we suppose that || is LARGE?
Theorem (K, 2017+)

if F c (")) is a t-intersecting family, 1 < ¢ then

0(F)| 2 [Pl —clk,)

where ¢(k,t) does not depend on n and |F]|.
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s=1

A better multiplicative constant cannot be expected.
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s=1

A better multiplicative constant cannot be expected.

2k-t-D n-2k+t+2

Fl= (") (n -2k +t+2)

o(F)| = (70 (n— 2k +t 4+ 2) + (*F172).
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s=1

A better multiplicative constant cannot be expected.

Dk-t-2 n-2k+it+2

Fl=(*72)(n— 2k +t+2)
o(F)| = (5152 (0 — 2k +t+2) + (25172,

Their ratio tends to £=1.

60



Problem
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Problem

What is the difference between mathematicians and normal people?
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Problem

What is the difference between mathematicians and normal people?

If a has a problem, he is happy.
If * have a problem, | am unhappy!

Erzsébet Szakonyi (secretary in the Rényi Institute)
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Problem

64



Problem,s=1,t=1
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Problem,s=1,t=1

Determine the exact minimum of o (F) for intersecting families when n, k, | F|
are given.
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Problem,s=1,t=1

Determine the exact minimum of o (F) for intersecting families when n, k, | F|
are given.

If | 7] < (**71) then we can use the underlying set [2k — 1], the sets
automatically intersect, therefore the minimum is the same as in the case

without the intersecting property.

[2k-1]
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Problem,s=1,t=1

Determine the exact minimum of o(F) for intersecting families when n, k, | F|
are given.

If is large, that is, | F| > m(k) then fixing one point is the best.

68



then

Problem,s=1,t=1



Problem,s=1,t=1

Example for k = 3, | F| = 11.
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Problem,s=1,t=1

Example for k = 3, | F| = 11. Try with fixed point:

=)+ ()

o= () ()
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A better construction:

Problem,s=1,t=1
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A better construction:

Problem,s=1,t =1

All of these

with one
° . éxception
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A better construction:

Problem,s=1,t =1

All of these

with one
° . éxception

0(F)| =3 +12 = 15.
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Cnacubo

Thank you
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