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Definitions

Definition
Let k ≥ 2 be a fixed integer and A = {a1, a2, . . . } (a1 < a2 < . . . )
be an infinite set of nonnegative integers. Let R1(A, n, k),
R2(A, n, k), R3(A, n, k) denote the number of solutions of the
equations

ai1 + ai2 + . . . + aik = n, ai1 , ai2 , . . . , aik ∈ A,

ai1+ai2+. . .+aik = n, ai1 < ai2 < . . . < aik , ai1 , ai2 , . . . , aik ∈ A,

ai1+ai2+. . . +aik = n, ai1 ≤ ai2 ≤ . . . ≤ aik , ai1 , ai2 , . . . , aik ∈ A

respectively.
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Motivation

Theorem (Erdős, Turán, 1941)

For an infinite set A ⊂ N the representation function R1(A, n, 2)
cannot be a constant from a certain point on.

Theorem (Dirac, Newman, 1951)

For an infinite set A ⊂ N the representation function R3(A, n, 2)
cannot be a constant from a certain point on.

Theorem (Erdős, Fuchs, 1956)

If c is a positive constant, A ⊂ N then

N∑
n=1

R1(A, n, 2) = cN + o(N1/4(logN)−1/2)

cannot hold.
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Motivation

Problem (Gauss circle problem)

Consider a circle in R2 with centre at the origin and radius r .
Gauss circle problem asks how many points there are inside this
circle of the form (m, n) where m and n are both integers.

The number of such points is r2π + E (r). It is conjectured that
E (r) = O(r1/2+ε). It follows from the above theorem that
E (r) 6= o(r1/2(log r)−1/2).
Sidon asked: Does there exist a set A ⊂ N such that
R1(A, n, 2) > 0 for n > n0 and for every ε > 0,

lim
n→∞

R1(A, n, 2)
nε

= 0?
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Motivation

Theorem (Erdős, 1956)

There exists a set A ⊂ N so that there are two constans c1 and c2
for which for every n

c1 log n < R1(A, n, 2) < c2 log n.

Conjecture (Erdős, 1956)

There does not exists a set A ⊂ N such that

lim
n→∞

R1(A, n, 2)
log n

= c ,

where c > 0.
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Motivation

Conjecture (Erdős, Turán, 1941)

If R1(A, n, 2) > 0 from a certain point on, then R1(A, n, 2) cannot
be bounded.

Conjecture (Erdős, Turán, 1941)

If A = {a1, a2, . . . } (a1 < a2 < . . . ) is an infinite set of positive
integers such that for some c > 0 and all k ∈ N we have ak < ck2,
then R1(A, n, 2) cannot be bounded.

Theorem (Ruzsa, 1990)

There exists an infinite set A ⊂ N such that R1(A, n, 2) > 0 for all
n > n0 and

lim sup
N→+∞

1
N

( N∑
n=1

R2
1 (A, n, 2)

)
< +∞.
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Coincide representation functions

Theorem (Nathanson, 1978)

Let A and B be infinite sets of nonnegative integers, A 6= B . Then
R1(A, n, 2) = R1(B, n, 2) from a certain point on if and only if
there exist positive integers n0, M and finite sets FA, FB , T with
FA ∪ FB ⊂ [0,Mn0 − 1], T ⊂ [0,M − 1] such that

A = FA ∪ {hM + t : h ≥ n0, t ∈ T},

B = FB ∪ {hM + t : h ≥ n0, t ∈ T},

(1− zM)|(FA(z)− FB(z))T (z).

FA(z) =
∑

a∈FA
za, FB(z) =

∑
b∈FB

zb.
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Conjecture (Kiss, Sándor, Rozgonyi, 2012)

For k > 2 let A and B be infinite sets of nonnegative integers,
A 6= B . Then R1(A, n, k) = R1(B, n, k) from a certain point on if
and only if there exist positive integers n0, M and finite sets FA,
FB , T with FA ∪ FB ⊂ [0,Mn0 − 1], T ⊂ [0,M − 1] such that

A = FA ∪ {hM + t : h ≥ n0, t ∈ T},

B = FB ∪ {hM + t : h ≥ n0, t ∈ T}

(1− zM)k−1|(FA(z)− FB(z))T (z)k−1.

Theorem (Kiss, Sándor, Rozgonyi, 2012)

If the conditions of the above conjecture hold, then
R1(A, n, k) = R1(B, n, k) from a certain point on.

Theorem (Sándor, Rozgonyi 2014)

The above conjecture holds, when k = ps , where s ≥ 1 and p is a
prime.
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Partitions and their representation functions

Sárközy asked: there exist two sets A and B of positive integers
with infinite symmetric difference, i.e, |(A ∪ B) \ (A ∩ B)| =∞ and
having Ri (A, n, 2) = Ri (B, n, 2) for all sufficiently large n and
i = 1, 2, 3.

Theorem (Dombi, 2002)

The set of nonnegative integers can be partitioned into two subsets
A and B such that R2(A, n, 2) = R2(B, n, 2) for all nonnegative
integer n.

Theorem (Chen, Wang, 2003)

The set of positive integers can be partitioned into two subsets A
and B such that R3(A, n, 2) = R3(B, n, 2) for all positive integer n.
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Partitions and their representation functions

Problem
Characterize all the sets of nonnegative integers A and B such that
R3(A, n, 2) = R3(B, n, 2).

Problem
Does there exist sets of nonnegative integers A and B such that
their symmetric difference is infinite and R3(A, n, 2) = R3(B, n, 2)
from a certain point on?

Theorem (Kiss, Sándor, 2017)

Let A and B different finite sets of nonnegative integers such that
R2(A, n, 2) = R2(B, n, 2) for every n positive integer, then we have
|A| = |B| = 2l .
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Proof.

A(z) =
∑
a∈A

za, B(z) =
∑
b∈B

zb.

∞∑
n=1

R2(A, n, 2)zn =
A(z)2 − A(z2)

2
,

∞∑
n=1

R2(B, n, 2)zn =
B(z)2 − B(z2)

2
.

Clearly, R2(A, n, 2) = R2(B, n, 2) if and oly if

A(z)2 − B(z)2 = A(z2)− B(z2).

A(z)− B(z) = (z − 1)l+1p(z)
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Proof.

(A(z) + B(z))(z − 1)l+1p(z) = (z2 − 1)l+1p(z2),

(A(z) + B(z))p(z) = (z + 1)l+1p(z2)

Put z = 1.
A(1) + B(1) = 2l+1.

|A|+ |B| = 2l+1.

(
|A|
2

)
=
∑
n

R2(A, n, 2) =
∑
n

R2(B, n, 2) =
(
|B|
2

)
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Hilbert cubes

Let {h1, h2, . . . , } (h1 < h2 < . . . ) finite or infinite set of positive
integers. The set

H(h1, h2, . . . ) =

{∑
i

εihi : εi ∈ {0, 1}

}

is called Hilbert cube.

The even part of a Hilbert cube is the set

H0(h1, h2, . . . ) =

{∑
i

εihi : εi ∈ {0, 1}, 2|
∑
i

εi

}
,

The odd part of a Hilbert cube is

H1(h1, h2, . . . ) =

{∑
i

εihi : εi ∈ {0, 1}, 2 -
∑
i

εi

}
.
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Hilbert cubes

A Hilbert cube H(h1, h2, . . . ) is called half non degenerated if∑
i

εihi 6=
∑
i

ε
′
ihi

whenever
∑

i εi ≡
∑

i ε
′
i mod 2, where ε

′
i ∈ {0, 1}.

Theorem (Kiss, Sándor, 2017)

Let H(h1, h2, . . . ) be a half non-degenerated Hilbert cube. If
A = H0(h1, h2, . . . ) and B = H1(h1, h2, . . . ), then
R2(A, n, 2) = R2(B, n, 2) for every positive integer n.

A(z) =
∑
a∈A

za, B(z) =
∑
b∈B

zb.
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Hilbert cubes and representation functions

∞∑
n=1

R2(A, n, 2)zn =
A(z)2 − A(z2)

2
,

∞∑
n=1

R2(B, n, 2)zn =
B(z)2 − B(z2)

2
.

Clearly, R2(A, n, 2) = R2(B, n, 2) if and oly if

A(z)2 − B(z)2 = A(z2)− B(z2).

Then we have

A(z)− B(z) =
∑

i1<...<it

(−1)tzh1+...+ht =
n∏

i=1

(1− zhi ).

Obviously,

A(z) + B(z) =
n∏

i=1

(1+ zhi )
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R2(B, n, 2)zn =
B(z)2 − B(z2)

2
.

Clearly, R2(A, n, 2) = R2(B, n, 2) if and oly if

A(z)2 − B(z)2 = A(z2)− B(z2).

Then we have

A(z)− B(z) =
∑

i1<...<it

(−1)tzh1+...+ht =
n∏

i=1

(1− zhi ).

Obviously,

A(z) + B(z) =
n∏

i=1

(1+ zhi )
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Hilbert cubes and representation functions

We have

A(z)2 − B(z)2 =
(
A(z)− B(z)

)(
A(z) + B(z)

)
=

n∏
i=1

(1− zhi ) ·
n∏

i=1

(1+ zhi )

=
n∏

i=1

(1− z2hi ) = A(z2)− B(z2).
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Hilbert cubes and representation functions

Conjecture (Chen, Lev, 2016)

Let A and B be different infinite sets of nonnegative integers with
0 ∈ A. If for every positive integer n, R2(A, n, 2) = R2(B, n, 2)
holds then there exist positive integers di1 , di2 , . . . ,∈ B , where
di1 < di2 < . . . and a half non-degenerated Hilbert cube
H(di1 , di2 , . . . ) such that A = H0(di1 , di2 , . . . ) and
B = H1(di1 , di2 , . . . ).
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Hilbert cubes and representation functions

Theorem (Sándor, Kiss, 2017)

Let B = {d1, . . . , d2m}, (0 < d1 < d2 < . . . < d2m) be a set of
nonnegative integers, where d2l+1 ≥ 4d2l , for l = 0, . . . ,m − 1 and

d2l ≤ d1 + d2 + d3 + d5 + . . . + d2i+1 + . . . + d2l−1+1

for l = 2, . . . ,m. Let A be an infinite set of nonnegative integers
such that 0 ∈ A. If for every positive integer n,
R2(A, n, 2) = R2(B, n, 2) holds, then

A = H0(d1, d2, d3, d5, . . . , d2m−1+1),

and
B = H1(d1, d2, d3, d5, . . . , d2m−1+1).
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Partitions and their representation functions

Theorem (Chen, Lev, 2015)

Let l be a positive integer. There exist sets A, B ⊂ N such that
A ∪ B = N, A ∩ B = (22l − 1) + (22l+1 − 1)N and
R2(A, n, 2) = R2(B, n, 2) for every positive integer n.

Conjecture (Chen, Lev, 2016)

Let A and B be sets of nonnegative integers such that A ∪ B = N
and A ∩ B = {r +mN}, where r ≥ 0, m ≥ 2 integers and
R2(A, n, 2) = R2(B, n, 2) for every positive integer n. There exists
an integer l ≥ 1 such that r = 22l − 1, m = 22l+1 − 1.
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Partitions and their representation functions

Theorem (Chen, Lev, 2015)
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Partitions and their representation functions

Conjecture (Kiss, Sándor, 2016)

Let A and B be sets of nonnegative integers such that A ∪ B = N
and A ∩ B = {r +mN}, where r ≥ 0, m ≥ 2 integers and for every
positive integer n, R2(A, n, 2) = R2(B, n, 2). There exists an
integer l ≥ 1 such that

A = H0(1, 2, 4, . . . , 22l−1, 22l−1, 22l+1−1, 2(22l+1−1), 4(22l+1−1), . . . ),

B = H1(1, 2, 4, . . . , 22l−1, 22l−1, 22l+1−1, 2(22l+1−1), 4(22l+1−1), . . . ).
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Partitions and their representation functions

Theorem (Kiss, Sándor, 2016)

Assume that our Conjecture holds. Then there exist A and B
different infinite sets of nonnegative integers such that A ∪ B = N
and A ∩ B = {r +mN}, where r ≥ 0, m ≥ 2 integers and for every
positive integer n, R2(A, n, 2) = R2(B, n, 2) if and only if there
exists an integer l ≥ 1 such that

A = H0(1, 2, 4, . . . , 22l−1, 22l−1, 22l+1−1, 2(22l+1−1), 4(22l+1−1), . . . ),

B = H1(1, 2, 4, . . . , 22l−1, 22l−1, 22l+1−1, 2(22l+1−1), 4(22l+1−1), . . . ).
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Partitions and their representation functions

Theorem (Kiss, Sándor, Tang, 2016)

Let m ≥ 2 be an even positive integer and let A and B be sets of
nonnegative integers such that A ∪ B = N and A ∩ B = mN. Then
there exist infinitely many positive integer n such that
R2(A, n, 2) 6= R2(B, n, 2).
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Thank you for your attention!
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