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Definitions

Definition

Let k > 2 be a fixed integer and A = {a1,ap,...} (1< a2 <...)

be an infinite set of nonnegative integers. Let Ri(A, n, k),
Ra2(A, n, k), R3(A, n, k) denote the number of solutions of the
equations

ap +aj,+... —|—a,-k:n, i1y @iy -+ -5 Ay GA,

aptap,+...+a, =n, a; <a,<...<aj, ap,3p,---,4a € A,
ap+ap+...+a,=n, a;<a,<...<a,, a,a,-...,a, €A
respectively.
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Motivation

Theorem (ErdGs, Turan, 1941)

For an infinite set A C N the representation function Ry(A, n,?2)
cannot be a constant from a certain point on.

Theorem (Dirac, Newman, 1951)

| \

For an infinite set A C N the representation function R3(A, n,?2)
cannot be a constant from a certain point on.

A
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Motivation

Theorem (ErdGs, Turan, 1941)

For an infinite set A C N the representation function Ri(A, n,?2)
cannot be a constant from a certain point on.

| A\

Theorem (Dirac, Newman, 1951)

For an infinite set A C N the representation function R3(A, n, 2)
cannot be a constant from a certain point on.

v

Theorem (Erdés, Fuchs, 1956)

If ¢ is a positive constant, A C N then

N
> Ri(A,n,2) = cN + o(N**(log N)~/?)
n=1

cannot hold.

V.
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Motivation

Problem (Gauss circle problem)

Consider a circle in R? with centre at the origin and radius r.
Gauss circle problem asks how many points there are inside this
circle of the form (m, n) where m and n are both integers.
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Motivation

Problem (Gauss circle problem)

Consider a circle in R? with centre at the origin and radius r.
Gauss circle problem asks how many points there are inside this
circle of the form (m, n) where m and n are both integers.

The number of such points is r>7 + E(r). It is conjectured that
E(r) = O(r'/?*2). It follows from the above theorem that
E(r) # o(r/2(log r)1/2).
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Motivation

Problem (Gauss circle problem)

Consider a circle in R? with centre at the origin and radius r.
Gauss circle problem asks how many points there are inside this
circle of the form (m, n) where m and n are both integers.

The number of such points is r>7 + E(r). It is conjectured that
E(r) = O(r'/?*2). It follows from the above theorem that

E(r) # o(r/2(log r)1/2).

Sidon asked: Does there exist a set A C N such that

Ri(A, n,2) > 0 for n > ng and for every ¢ > 0,

Ri(A, n,2
im 1(A, n,2)

n—o00 n¢

=07
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Motivation

Theorem (Erdds, 1956)

There exists a set A C N so that there are two constans ¢; and ¢
for which for every n

ci1logn < Ri(A,n,2) < cplogn.
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Motivation

Theorem (Erdds, 1956)

There exists a set A C N so that there are two constans ¢; and ¢
for which for every n

ci1logn < Ri(A,n,2) < cplogn.

| A

Conjecture (Erd&s, 1956)
There does not exists a set A C N such that

Ri(A, n,2)
lim ———"—+ =,
n—oo  logn

where ¢ > 0.

A\
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Motivation

Conjecture (Erd6s, Turan, 1941)

If Ri(A, n,2) > 0 from a certain point on, then Ry(A, n,2) cannot
be bounded.
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Motivation

Conjecture (ErdSs, Turan, 1941)

If Ri(A,n,2) >0 from a certain point on, then Ri(A, n,?2) cannot
be bounded.

| A

Conjecture (ErdGs, Turan, 1941)

If A={a1,a,...} (a1 < a2 < ...) is an infinite set of positive
integers such that for some ¢ > 0 and all k € N we have a; < ck?,
then R1(A, n,2) cannot be bounded.

N,
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Motivation

Conjecture (ErdSs, Turan, 1941)

If R1(A, n,2) > 0 from a certain point on, then Ry(A, n,2) cannot
be bounded.

N
N
\

Conjecture (ErdGs, Turan, 1941)

IfA={a1,a,...} (a1 < a» < ...) is an infinite set of positive
integers such that for some ¢ > 0 and all k € N we have a; < ck?,
then R1(A, n,2) cannot be bounded.

| \

Theorem (Ruzsa, 1990)

There exists an infinite set A C N such that Ri(A, n,2) > 0 for all
n > ng and

I/{Iriilfo)(ZRl (A, n 2)) < +o0.

V.
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Coincide representation functions

Theorem (Nathanson, 1978)

Let A and B be infinite sets of nonnegative integers, A # B. Then
Ri(A, n,2) = Ry(B, n,2) from a certain point on if and only if
there exist positive integers ng, M and finite sets Fs, Fg, T with
FaU Fg C [0,Mng —1], T C [0, M — 1] such that

A=FaU{hM+t:h>ng,te T},

B=FgU{hAM+t:h>ngte T}
(1= z")|(Fa(z) — F8(2)) T(2).

Fa(z) = ZaeFA 2%, Fg(z) = ZbeFB z".
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Conjecture (Kiss, Sandor, Rozgonyi, 2012)

For k > 2 let A and B be infinite sets of nonnegative integers,

A # B. Then Ri(A, n, k) = Ri(B, n, k) from a certain point on if
and only if there exist positive integers ng, M and finite sets Fp,
Fg, T with FAU Fg C [0,Mny — 1], T C [0, M — 1] such that

A=FaU{hM+t:h>ng,t € T},

B=FgU{hM+t:h>nop,teT}
(1= 2" Y(Fa(z) = Fa(2)) T(2)* .
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Conjecture (Kiss, Sandor, Rozgonyi, 2012)

For k > 2 let A and B be infinite sets of nonnegative integers,

A # B. Then Ri(A, n, k) = Ri(B, n, k) from a certain point on if
and only if there exist positive integers ng, M and finite sets Fp,
Fg, T with FAU Fg C [0,Mny — 1], T C [0, M — 1] such that

A=FaU{hM+t:h>no,t € T},

B=FgU{hM+t:h>nyp,te T}
(1= 2") 7 (Fa(2) — Fa(2)) T(2)* .

| \

Theorem (Kiss, Sandor, Rozgonyi, 2012)

If the conditions of the above conjecture hold, then
Ri(A, n, k) = Ri(B, n, k) from a certain point on.
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Conjecture (Kiss, Sandor, Rozgonyi, 2012)

For k > 2 let A and B be infinite sets of nonnegative integers,

A # B. Then Ri(A, n, k) = Ri(B, n, k) from a certain point on if
and only if there exist positive integers ng, M and finite sets Fp,
Fg, T with FAU Fg C [0,Mny — 1], T C [0, M — 1] such that

A=FaU{hM+t:h>no,t € T},

B=FgU{hM+t:h>nyp,te T}
(1= 2") 7 (Fa(2) — Fa(2)) T(2)* .

| \

Theorem (Kiss, Sandor, Rozgonyi, 2012)

If the conditions of the above conjecture hold, then
Ri(A, n, k) = Ri(B, n, k) from a certain point on.

| \

Theorem (Sandor, Rozgonyi 2014)

The above conjecture holds, when k = p°, where s > 1 and p is a
prime.
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Partitions and their representation functions

Sarkozy asked: there exist two sets A and B of positive integers
with infinite symmetric difference, i.e, [(AUB)\ (AN B)| = co and
having Ri(A, n,2) = Ri(B, n,2) for all sufficiently large n and
i=1,2,3
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Partitions and their representation functions

Sarkozy asked: there exist two sets A and B of positive integers
with infinite symmetric difference, i.e, [(AUB)\ (AN B)| = co and
having Ri(A, n,2) = Ri(B, n,2) for all sufficiently large n and
i=1,2,3

Theorem (Dombi, 2002)

The set of nonnegative integers can be partitioned into two subsets
A and B such that Ry(A, n,2) = Rx(B, n,2) for all nonnegative
integer n.

| A\

Theorem (Chen, Wang, 2003)

The set of positive integers can be partitioned into two subsets A
and B such that R3(A, n,2) = R3(B, n,2) for all positive integer n.
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Partitions and their representation functions

Problem

Characterize all the sets of nonnegative integers A and B such that
R3(A, n, 2) = R3(B, n, 2).
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Partitions and their representation functions

Problem

Characterize all the sets of nonnegative integers A and B such that
R3(A, n, 2) = R3(B, n, 2).

Problem

Does there exist sets of nonnegative integers A and B such that
their symmetric difference is infinite and R3(A, n,2) = R3(B, n,?2)
from a certain point on?
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Partitions and their representation functions

Problem

Characterize all the sets of nonnegative integers A and B such that
R3(A, n,2) = Rs(B, n,2).

Problem

Does there exist sets of nonnegative integers A and B such that
their symmetric difference is infinite and R3(A, n,2) = R3(B, n,2)
from a certain point on?

Theorem (Kiss, Sandor, 2017)

Let A and B different finite sets of nonnegative integers such that
R2(A, n,2) = Rx(B, n,2) for every n positive integer, then we have
Al = |B] = 2.
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Proof.

A(z) = Zza, B(z) = Z zb.

acA

beB

o (w1 =

av
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Proof.

A(z) = Zza, B(z) = Z 2°.

acA beB
— A 2 —A 2
Z R2(Aa n72)zn = (Z) 2 (Z )7
n=1
& B 2 B 2
Z R»(B,n,2)z" = (2)2(2)
n=1
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Proof.

A(z) = Z z?

acA

D Ry(An,2)7" =
n=1

Z R»(B,n,2)z" =
n=1

B(z) = Zzb.

beB

A(z)" - A2%)

2 )

B(z)? — B(z?)

2

Clearly, R2(A, n,2) = Ro(B, n,2) if and oly if

A(z)? — B(2)? = A(z?) — B(Z?).
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Proof.

A(z) = Zza, B(z) = Z 2°.

acA beB
— A 2 —A 2
Z R2(A7 n72)zn = (Z) 2 (Z )7
n=1
& B 2 B 2
Z R»(B,n,2)z" = (2)2(2)
n=1

Clearly, R2(A, n,2) = Ro(B, n,2) if and oly if

A(z)? — B(2)? = A(z?) — B(Z?).
A(z) - B(z) = (z - 1)'*1p(z2)

Sandor Kiss Budapest University of Technology and Econom  On the structure of sets which has coincide representation fi



(A(2) + B(2))(z = 1)"p(2) = (2% = 1) p(2?),

=} = = E E waw
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Proof.

(A(2) + B(2))(z = 1)"p(2) = (2% = 1) p(2?),

(A(2) + B(2))p(2) = (2 + 1) "' p(2°)
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Proof.

(A(2) + B(2))(z — 1)"*p(z2) = (22 = 1) p(2?),
(A(2) + B(2))p(2) = (z+ 1) " p(2?)

Put z=1.
A1) + B(1) = 2"t
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Proof.

(A(2) + B(2))(z — 1)!**p(2) = (22 — 1) p(2%),
(A(2) + B(2))p(2) = (z +1)!*'p(2%)
Put z = 1.

A1) + B(1) = 2"t

Al + |B|] = 2/*1,
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Proof.

(A(2) + B(2))(z = 1)*'p(2) = (22 - 1)!*'p(2?),
(A(2) + B(2))p(z) = (z+ 1)*'p(z?)
Put z = 1.

A1) + B(1) = 2"t

Al + |B|] = 2/*1,

<|A|) ZRz (A, n,2) zn:Rz(B,n, 2) = ('g’)
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Hilbert cubes

Let {h1, hp,...,} (< hy < ...) finite or infinite set of positive
integers. The set

H(hy, hy,...) = eihi:ei€{0,1}

is called Hilbert cube.
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Hilbert cubes

Let {h1, hp,...,} (< hy < ...) finite or infinite set of positive
integers. The set

H(hy, hy,...) = {Zs;h; g € {0,1}}

is called Hilbert cube.
The even part of a Hilbert cube is the set

Ho(hy, ho,...) = {Ze;h; re;€{0,1},2] Zg,-},

The odd part of a Hilbert cube is

Hi(hy, ho,...) = {Ze;h; g € {0,1},2+Zg,}.
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Hilbert cubes

A Hilbert cube H(hy, hy,...) is called half non degenerated if
e £ Y
i i

whenever 3. ¢; = 37, ¢; mod 2, where ¢; € {0,1}.
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Hilbert cubes

A Hilbert cube H(hy, hy,...) is called half non degenerated if
e £ Y
i i

whenever 3. ¢; = 37, ¢; mod 2, where ¢; € {0,1}.

Theorem (Kiss, Sandor, 2017)

Let H(h1, hy,...) be a half non-degenerated Hilbert cube. If
A= Ho(hl, hy, .. ) and B = Hl(hl, ho, ... ), then
R2(A, n,2) = Ra(B, n,2) for every positive integer n.
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Hilbert cubes

A Hilbert cube H(hy, hy,...) is called half non degenerated if
e £ Y
i i

whenever 3. ¢; = 37, ¢; mod 2, where ¢; € {0,1}.

Theorem (Kiss, Sandor, 2017)

Let H(h1, hy,...) be a half non-degenerated Hilbert cube. If
A= Hg(hl, hy, .. ) and B = Hl(hl, ho, ... ), then
R2(A, n,2) = Ra(B, n,2) for every positive integer n.

A(z) = Zza, B(z) = Z 2°.

acA beB
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Hilbert cubes and representation functions

nzl Ra(A, n,2)z" = AL~ AZ) > AZ)
; R»(B,n,2)z" = B(Z)Z;B(Z2)
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Hilbert cubes and representation functions

nzl Ra(A, n,2)z" = AL~ AZ) > AZ)

N n_ B(2)* - B(z%)
;RQ(B, n,2)z" = —

Clearly, Rx(A, n,2) = Rx(B, n,2) if and oly if
A(z)? — B(2)? = A(z?) — B(Z?).
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Hilbert cubes and representation functions

nzl Ra(A, n,2)z" = AL~ AZ) > AZ)

00 2 _ 2
Z Ro(B,n,2)z" = B(Z)QB(Z)
n=1
Clearly, Rx(A, n,2) = Rx(B, n,2) if and oly if
A(z)? — B(2)? = A(z?) — B(Z?).

Then we have
n

A(z)=B(z)= Y  (-1)fmTrhe=TJa-2").
h<..<it i=1
Obviously,
Az)+ B(z) =1+ 2")
i=1
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Hilbert cubes and representation functions

We have

A(z)? — B(z)? = (A(z) . B(z)) <A(z) n B(z))

=[Ja-z2")-JJa+2"
i=1

i=1

][0 -2 = A) - B,
i=1
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Hilbert cubes and representation functions

Conjecture (Chen, Lev, 2016)

Let A and B be different infinite sets of nonnegative integers with
0 € A. If for every positive integer n, Ry(A, n,2) = Ra(B, n,2)
holds then there exist positive integers d;,, d;,, ..., € B, where

di, < d, < ... and a half non-degenerated Hilbert cube

H(di, di,,...) such that A= Ho(d;,, d;,,...) and

B = Hy(d, dp,...).
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Hilbert cubes and representation functions

Theorem (Sandor, Kiss, 2017)

Let B={dy,...,dom}, (0 < dy < dr < ... < dom) be a set of
nonnegative integers, where dyy > 4d,i, for | =0,...,m —1 and

d2/§d1+d2+d3+d5+...+d2i+1+... +d2/—1+1

for | =2,...,m. Let A be an infinite set of nonnegative integers
such that 0 € A. If for every positive integer n,
R>(A, n,2) = Rx(B, n,2) holds, then

A= Ho(di,dz,d3,ds,...,dom1,1),

and

B = Hl(dla d2a d3’ d57 000 d2m*1+1)'
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Partitions and their representation functions

Theorem (Chen, Lev, 2015)

Let | be a positive integer. There exist sets A, B C N such that
AUB =N, AnB = (22 — 1) + (22*! — 1)N and
R>(A, n,2) = Ry(B, n,?2) for every positive integer n.
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Partitions and their representation functions

Theorem (Chen, Lev, 2015)

Let | be a positive integer. There exist sets A, B C N such that
AUB=N, AnB = (2% — 1)+ (224! —1)N and
Ra2(A, n,2) = Rx(B, n,2) for every positive integer n.

Conjecture (Chen, Lev, 2016)

Let A and B be sets of nonnegative integers such that AUB =N
and AN B = {r + mN}, where r >0, m > 2 integers and

R>(A, n,2) = Ry(B, n,2) for every positive integer n. There exists
an integer | > 1 such that r =22/ — 1, m =221 — 1.

| A
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Partitions and their representation functions

Conjecture (Kiss, Sandor, 2016)

Let A and B be sets of nonnegative integers such that AU B = N
and AN B = {r + mN}, where r >0, m > 2 integers and for every
positive integer n, Ry(A, n,2) = Ry(B, n,2). There exists an
integer | > 1 such that

A= Hy(1,2,4,...,2%71 2211 22417 2(22+1_1) 4(22*+1-1),.1.),

B = Hi(1,2,4,...,2%71 2211 221 _1 2(22!+1_1) 4(2?t1_1),.1.).

<
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Partitions and their representation functions

Theorem (Kiss, Sandor, 2016)

Assume that our Conjecture holds. Then there exist A and B
different infinite sets of nonnegative integers such that AU B = N
and AN B = {r + mN}, where r > 0, m > 2 integers and for every
positive integer n, Ra(A, n,2) = Ra(B, n,2) if and only if there
exists an integer | > 1 such that

A= Hy(1,2,4,...,2%71 2211 221411 2(22+1_1) 4(22+1-1), .1 .),

B = Hi(1,2,4,...,2%71 2211 221 _1 (2241 _1) 4(2?*+1-1),.1.).
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Partitions and their representation functions

Theorem (Kiss, Sandor, Tang, 2016)

Let m > 2 be an even positive integer and let A and B be sets of
nonnegative integers such that AUB =N and AN B = mN. Then

there exist infinitely many positive integer n such that
RZ(A7 n, 2) # R2(B7 n, 2)
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Thank you for your attention!
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