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Poisson-Dirichlet Distribution

Let Zy, 2, ... bei.i.d random variables (r.vs) distributed
according to (3(1,6), 6 > 0),

P(Z>x)=(1-x)% 0<x<A1.
Examine the sequence (Xi,,..., Xk, ...) of r.vs, where

k—1
Xi=2, ... X%x=Z][]0-2),
j=1

in the space [0, 1]°° with the product topology.
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Poisson-Dirichlet Distribution

Let Zy, 2, ... bei.i.d random variables (r.vs) distributed
according to (3(1,6), 6 > 0),
P(Z>x)=(1-x)% 0<x<A1.
Examine the sequence (Xi,,..., Xk, ...) of r.vs, where
k—1
Xi=2, ... X%x=Z][]0-2),
j=1
in the space [0, 1]°° with the product topology. It suffices to deal
in the closure A of

A= {x:(x17x2,...)e[0./1]°°: x1+x2+---:1}

and to use the metrics d(x,y) = > | Xk — Yk|-

Distribution of (Xi, X, .. .) is Griffiths-Engen-McCloskey
measure (for short: GEM).
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Poisson-Dirichlet Distribution

From GEM to PD(0)

Arrange into the non-increasing order the sequence (X;), i € N
Xy zXey =z X 2 -+

to get a r.element which distribution is Poisson-Dirichlet PD(#).
The values in the simplex

V= {x:(x1,x27...)eA: Xy > Xo > - }
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Poisson-Dirichlet Distribution

From GEM to PD(0)

Arrange into the non-increasing order the sequence (X;), i € N
Xy zXey =z X 2 -+

to get a r.element which distribution is Poisson-Dirichlet PD(#).
The values in the simplex

V= {x:(x1,x27...)eA: Xy > Xo > - }

Kingman (1975) for an arbitrary 6 > 0.

Numerous relations between GEM and PD(6) : Donnelly, Joyce,
Grimmett, Holst, Hirth,...

Afterwards Vi (0) := X, ...k =1,2,..., Poisson-Dirichlet
process of discrete time and V(1) =: V.
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Poisson-Dirichlet Distribution

Kingman (1993):
If =1, then the joint density of (V4,..., V;)is

1 (1—x1—---—x,

), 1>x4>--->x>0.
X Xr Xr

Here p(u) is the Dickman-de Bruijn function defined by p(u) =0
ifu<0,p(u)y=1if0<u<1,and

up'(u)+p(u—1)=0, u>1.

Dickman'’s function (1930), later De Bruijn,...
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Poisson-Dirichlet Distribution

Formulas for distributions of (V4(0),..., V,(8)) more
complicated:

P(V4(0) < x) =: pp(1/x), x>0,

where
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Poisson-Dirichlet Distribution

Formulas for distributions of (V4(0),..., V,(8)) more
complicated:

P(V1(0) < x) =:pg(1/x), x>0,
where

@ pp(x)=1, 0<x<H1;
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Poisson-Dirichlet Distribution

Formulas for distributions of (V4(0),..., V,(8)) more
complicated:

P(V1(0) < x) =:pg(1/x), x>0,
where
@ pp(x)=1, 0<x<H1;
@ XIph(x)+0(x — 1) pp(x —1) =0, x> 1;
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Poisson-Dirichlet Distribution

Formulas for distributions of (V4(0),..., V,(8)) more
complicated:

P(V4(0) < x) =: pp(1/x), x>0,
where
@ pp(x)=1, 0<x<H1;
@ X p(x) +0(x — 1) pg(x — 1) =0,
_oV . 1y —eeey )01
@ po(x) =1 +Z,[-i]1 (j!e)f [T %dm .-y,
o ...

x> 1;
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Poisson-Dirichlet Distribution

Formulas for distributions of (V4(0),..., V,(8)) more
complicated:

P(V1(0) < x) =:pg(1/x), x>0,
where

@ pp(x)=1, 0<x<H1;
@ XIph(x)+0(x — 1) pp(x —1) =0, x> 1;

0—1

_oV . 1Yy — ey
@ po(x) =1 +Z,[-i]1 (j!e)f [T %dm .-y,

Hildebrand, Tenenbaum,. ..
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Poisson-Dirichlet Distribution

Even earlier, Billingsley (1972) for 6 = 1
Order the prime factors of m:

pi(m) = po(m) = --- > pa(m),

7" .= (log px(m))/log n if k < Q and =\") = 0 otherwise.
Define vo({m}) = 1/nif m< nand M, = («\", ... =" ).
Thm. B|II|ngsIey (Per. Math. Hung.,1972). The distributions
vno My converge to PD(1).

E. Manstavicius On the order statistics of component sizes of a random combinatc



Poisson-Dirichlet Distribution

Even earlier, Billingsley (1972) for 6 = 1
Order the prime factors of m:

p1(m) > pa(m) > --- > pa(m),
7" .= (log px(m))/log n if k < Q and =\") = 0 otherwise.

Define vo({m}) = 1/nif m< nand M, = («\", ... =" ).
Thm. B|II|ngsIey (Per. Math. Hung.,1972). The distributions
vno My converge to PD(1).

Thm. Arratia (Bolyai Soc. Math. Studies, (10)2002). There
exists a common probability space carrying w,((”) and Vi, k > 1,

such that oal
(n oglogn
E{;;:m vk\}<< gean
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Combinatorial structures

Permutations

Sn:={o: X = X; o bijective mapping}, |X|=n.

Sp the symmetric group, ¢ a permutation.
Start with a unique decomposition into cycles

oO=FK{...kw, W=Ww(o).
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Combinatorial structures

Permutations

Sn:={o: X = X; o bijective mapping}, |X|=n.

Sp the symmetric group, ¢ a permutation.
Start with a unique decomposition into cycles

oO=FK{...kw, W=Ww(o).

Let ki(c) > 0 be the number of cycles of length j, 1 <j<n.

The cycle structure vector is

E. Manstavicius On the order statistics of component sizes of a random combinatc



Combinatorial structures

Define /(5) = 1sy + - -- + nsp, if = (sy,...,8p) € N{. So,

(K@) =n, k(o) +--- +kn(0) = (o).
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Combinatorial structures

Define /(5) = 1sy + - -- + nsp, if = (sy,...,8p) € N{. So,
(k@) =n. k(o) + -+ kn(o) = w(o).

Recall that, if s € Nj and 4(s) = n, then there are

U
n! —.
,HMS’S/'!

permutations with the structure k(o) = 3.

More generally,
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Combinatorial structures

Assemblies

An assembly is a construction on a set decomposition into
subsets when some relations are defined in the latter (cycles,
trees, connected graphs, et cetera) independently on the
subsets.

Subsets become components and the set is an assembly.

E. Manstavicius On the order statistics of component sizes of a random combinatc



Combinatorial structures

Assemblies

An assembly is a construction on a set decomposition into
subsets when some relations are defined in the latter (cycles,
trees, connected graphs, et cetera) independently on the
subsets.

Subsets become components and the set is an assembly.
If one makes g; < oo components from a j-subset, then the
number of assemblies one obtains from an n set is

If g; = 1, then G(n) = B, the Bell number. If g; = (j — 1)!, the
number of j cycles, then G(n) = n!, is the number of
permutations,...
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Combinatorial structures

All quantitative information lays in the formal equality

i G(n) n _ exp i /g,!jz/
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Combinatorial structures

All quantitative information lays in the formal equality

Let us take an n-th order assembly o at random that is with
probability v,({c}) := 1/G(n). The sizes of its components
form a sequence of r.vs

Afterwards g; =: 0;(j — 1)!.
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Combinatorial structures

Component sizes

Lp(o) := 1E(L1 (0), Lo(0),...,Ln(5),0,...) €V

Problem: When does the distribution L,(o) with respect to v,
converge to PD(6) if n — o0?
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Combinatorial structures

Component sizes

Lp(o) := 1E(L1 (0), Lo(0),...,Ln(5),0,...) €V

Problem: When does the distribution L,(o) with respect to v,
converge to PD(6) if n — o0?
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Combinatorial structures

Component sizes

Lp(o) := 1E(L1 (0), Lo(0),...,Ln(5),0,...) €V

Problem: When does the distribution L,(o) with respect to v,
converge to PD(6) if n — o0?
For permutations (then ¢; = 1), YES, PD(1).

@ Goncharov (1944) Lq(0) = V;; Shepp and Lloyd (1966);
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Combinatorial structures

Component sizes

Lp(o) := 1E(L1 (0), Lo(0),...,Ln(5),0,...) €V
Problem: When does the distribution L,(o) with respect to v,
converge to PD(0) if n — c0?

For permutations (then ¢; = 1), YES, PD(1).
@ Goncharov (1944) Lq(0) = V;; Shepp and Lloyd (1966);

@ Kingman (1977), Vershik and Shmidt (1977)
(Li(0),...Li(0)) 2 (Vy,..., V)
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Combinatorial structures

Component sizes

Lp(o) := 1E(L1 (0), Lo(0),...,Ln(5),0,...) €V
Problem: When does the distribution L,(o) with respect to v,
converge to PD(0) if n — c0?

For permutations (then ¢; = 1), YES, PD(1).
@ Goncharov (1944) Lq(0) = V;; Shepp and Lloyd (1966);

@ Kingman (1977), Vershik and Shmidt (1977)

(Li(0),...Li(0)) 2 (Vy,..., V)
@ Arratia, Barbour, Tavaré (1997). There exists a joint
probability space such that

-1 . logn
(Z\n Li(o \) T

j>1
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Combinatorial structures

For logarithmic assemblies reckoned by ; — 6 > 0 as j — 0o0?

@ Aldous (1985), for random mappings of a finite set into
itself L,(c) 2 PD(1/2);
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Combinatorial structures

For logarithmic assemblies reckoned by ; — 6 > 0 as j — 0o0?

@ Aldous (1985), for random mappings of a finite set into
itself L,(c) 2 PD(1/2);

@ Kingman (1977), for permutations sampled according to a
weighted Ewens probability (equivalently, assemblies with
0; = 0 > 0) the limit process is PD(0);
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Combinatorial structures

For logarithmic assemblies reckoned by ; — 6 > 0 as j — 0o0?

@ Aldous (1985), for random mappings of a finite set into
itself L,(c) 2 PD(1/2);

@ Kingman (1977), for permutations sampled according to a
weighted Ewens probability (equivalently, assemblies with
0; = 0 > 0) the limit process is PD(0);

@ Arratia, Barbour, Tavaré (1993) If ; — 0 + "something",
then L,(c) =% PD() + "something".
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Combinatorial structures

For logarithmic assemblies reckoned by ; — 6 > 0 as j — 0o0?

@ Aldous (1985), for random mappings of a finite set into
itself L,(c) 2 PD(1/2);

@ Kingman (1977), for permutations sampled according to a
weighted Ewens probability (equivalently, assemblies with
0; = 0 > 0) the limit process is PD(0);

@ Arratia, Barbour, Tavaré (1993) If ; — 0 + "something",
then L,(c) =% PD() + "something".

Ercolani and Ueltschi (2014): without the both "something".
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Problem and a result

Problem. Find necessary and sufficient conditions posed only
in ¢; yielding the PD(¢) distribution in the limit.

Generalize the individual condition 6; — ¢ > 0.
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Problem and a result

Problem. Find necessary and sufficient conditions posed only
in ¢; yielding the PD(¢) distribution in the limit.

Generalize the individual condition 6; — ¢ > 0.

Theorem. /f0 < 6; < C < oo and

1 n
~> 0 —6>0,
n

Jj=1

then
Ln(o) = PD(0).

Invariant under the shift 6; — p/6; with a p > 0.
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Problem and a result

An idea

Donnelly and Grimmett’s proof (1993) of the Billingsley Thm.
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Problem and a result

An idea

Donnelly and Grimmett’s proof (1993) of the Billingsley Thm.
Let L1 (o) be the size of a component containing 1;
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Problem and a result

An idea

Donnelly and Grimmett’s proof (1993) of the Billingsley Thm.

Let L1(o) be the size of a component containing 1;
Ly (o) the size of a component containing the minimal number
not laying in the previous (k — 1) components.
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Problem and a result

An idea

Donnelly and Grimmett’s proof (1993) of the Billingsley Thm.
Let L1(o) be the size of a component containing 1;

Ly (o) the size of a component containing the minimal number
not laying in the previous (k — 1) components.

Key:

1/,,([1( < nxy) Z ] ZIGjanj)) —1-(1-x)%

/<nx
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Problem and a result

An idea

Donnelly and Grimmett’s proof (1993) of the Billingsley Thm.

Let L1(o) be the size of a component containing 1;
Ly (o) the size of a component containing the minimal number
not laying in the previous (k — 1) components.

Key:
n ntG(n —j) 0.
Vn([—1( <nX1 Z /n jIG )—>1—(1—X1)v
j<nx
G(n)/n! ~ An’~TA(n), A > 0,A(n) slowly varying.

Tauber theorem and comparative complex analysis (EM).
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Problem and a result

Let Ly := L(c). Then by induction

i, »
vn( L <X, —— <)

for an arbitrary k > 1.
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Problem and a result

Let Ly := L(c). Then by induction

i, »
vn( L <X, —— <)

for an arbitrary k > 1.
This, in fact, gives GEM.
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Problem and a result

Let Ly := L(c). Then by induction

i, »
vn( L <X, —— <)

for an arbitrary k > 1.
This, in fact, gives GEM.

Manipulating with the ordered sequence, we obtain PD(#).
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Problem and a result

Thank you!
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