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Uniform Distribution on [0.1)

We say sequence a sequence x1, . . . , xN , . . . is uniformly
distributed modulo one if

lim
N→∞

1

N
# {1 ≤ n ≤ N : {xn} ∈ I} = |I |

for every interval I ⊆ [0, 1). For a real number y we have used {y}
to denote its fractional part x − [x ] where [x ] denotes the greatest
integer not greater than x .
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Uniform Distribution on [0.1)

We say sequence a sequence x1, . . . , xN , . . . is uniformly
distributed modulo one if

lim
N→∞

1

N
#{1 ≤ n ≤ N : {xn} ∈ I} = |I |

for every interval I ⊆ [0, 1). For a real number y we have used {y}
to denote its fractional part x − [x ] where [x ] denotes the greatest
integer not greater than x .
Equivalently:

lim
N→∞

1

N

N∑
n=1

f (xn) =

∫ 1

0
f (t)ft,

for every f ∈ C ([0, 1)). (H. Weyl 1916)
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Uniform Distribution of Polynomials

Let ψ(x) = α0 + α1x + α2x
2 + . . .+ αlx

l , with at least one of the
numbers α1, . . . , αl irrational.

Then the sequence (ψ(n))n≥1 is uniform distribution modulo one.
(H. Weyl 1916)

Roughly two general methods methods of proof :
1) Exponential sums and differencing. (Weyl, Van der Corput ∼
1910–30)
2) Ergodic Theory and skew products (related to differencing).
(Cigler, Fuchs, Furstenberg ∼ 1961-9)
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Uniform distribution on a group

Any compact abelian topological group G supports a unique
translation invariant measure λ called Haar measure. We say a
sequence (xn)n≥1 is uniform distributed if for each continuous
f : G → C we have

lim
N→∞

1

N

N∑
n=1

f (yn) =

∫
G
f (t)dλ.

We say χ : G → T is a character if χ(g1g2) = χ(g1)χ(g2).
A sequence (xn)n≥1 is uniformly distributed on G if and only if

lim
N→∞

1

N

N∑
n=1

χ(yn) = 0,

for χ other than χ0 (the identity character) . This is Weyl’s
criterion.



Two important special cases

1) A sequence of real numbers (xn)n≥1 is uniformly distributed
modulo one (u.d. mod1) if given any interval I ⊆ [0, 1) we have

lim
N→∞

1

N

N∑
n=1

χI (yn) = |I |.

Here for a real number y we have used y to denote its fractional
part, χI denote the characteristic function of the interval I and |I |
denotes its length.
2) We say a sequence of integers (kn)n≥1 is uniformly distributed
on Z if for ever natural number m ≥ 2 and every residue class a
modulo m we have

lim
N→∞

1

N
#{n ≤ N : kn ≡ a mod m} =

1

m
.



Hartman uniform distribution

A sequence of integers (kn)n≥1 is Hartman uniformly distributed on
Z if for any irrational number α we have ({knα})n≥1 u.d. mod1
and (kn)n≥1 is uniformly distributed on Z.

Note that if (kn)n≥0 is Hartman u.d. on Z and if and only if letting

F (N, z) :=
1

N

N−1∑
n=0

zkn , (N = 1, 2, · · · )

we have F (N, 1) = 1 for all N ≥ 1 and if |z | = 1, z 6= 1 we have
limN→∞ F (N, z) = 0.

So (n)n≥1 is Hartman u.d. on Z;



Ergodicity

By a dynamical system (X , β, µ,T ) we mean a set X , together
with a σ-algebra β of subsets of X , a probability measure µ on the
measurable space (X , β) and a measurable self map T of X that is
also measure preserving. i.e. if given an element A of β if we set
T−1A = {x ∈ X : Tx ∈ A} then µ(A) = µ(T−1A).
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Ergodicity

By a dynamical system (X , β, µ,T ) we mean a set X , together
with a σ-algebra β of subsets of X , a probability measure µ on the
measurable space (X , β) and a measurable self map T of X that is
also measure preserving. i.e. if given an element A of β if we set
T−1A = {x ∈ X : Tx ∈ A} then µ(A) = µ(T−1A). We say
a dynamical system is ergodic if T−1A = A for some A in β
means that µ(A) is either zero or one in value. The dynamical
system (X , β, µ,T ) is said to uniquely ergodic if µ is the only
measure for which it is ergodic.

Tx = {x + α} on [0, 1) is ergodic for irrational α.
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We say (an)n≥1 is Lp good universal if given any dynamical system
(X , β, µ,T ) and f ∈ Lp(X , β, µ) the limit

`f ,T (x) = lim
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exists µ almost everywhere.



Good Universality

We say (an)n≥1 is Lp good universal if given any dynamical system
(X , β, µ,T ) and f ∈ Lp(X , β, µ) the limit

`f ,T (x) = lim
N→∞

1

N

N∑
n=1

f (T anx),

exists µ almost everywhere.

Suppose (ki )
∞
i=1 is Hartman uniformly distributed, and Lp-good

universal for p ∈ [1, 2] and that the dynamical system (X ,B, µ,T )
is ergodic. Then the limit `T ,f (x), defined in the introduction,
exists and equals

∫
X fdµ for µ almost all x .
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Unique ergodicty

Suppose (kn)n≥0 is Hartman uniformly distributed and L2-good
universal. Let T be a continuous map of a compact metrizable
space X . The following statements are equivalent:
a) the transformation (X ,B,T ) is uniquely ergodic ;
b) there is a T invariant measure µ on X , and whenever f is a
continuous functions on X we have

lim
N→∞

1

N

N−1∑
n=0

f (T knx) =

∫
X
fdµ,

for all x ∈ X . (Classcal case kn = n is due to J. Oxtoby.)
Tx = {x + α} on [0, 1) is unique ergodic for irrational α.



Hartman and Good Universal Sequences

1. The natural numbers: The sequence (n)∞n=1 is L1-good
universal. This is Birkhoff’s pointwise ergodic theorem.
2. Polynomial like sequences: Note if φ(x) is a polynomial such
that φ(N) ⊆ N (Bourgain, Nair) and p > 1 then (φ(n))∞n=1 and
(φ(pn))∞n=1 (Nair) where pn is nth prime are Lp good universal
sequences.
3 Specific sequences of integers that satisfy conditions H include
kn = [g(n)] (n = 1, 2, . . . ) where
I. g(n) = nω if ω > 1 and ω /∈ N.
II. g(n) = e log

γ n for γ ∈ (1, 32).
III. g(n) = P(n) = bkn

k + . . .+ b1n + b0 for bk , . . . , b1 not all
rational multiplies of the same real number.
4. Many other families of sequences, random and deterministic.



Generic Points

Let δa denote the Kronecker delta function at a. We say
(xn)n≥1 ⊆ X for compact metric space X is asymptotically
distributed with respect to a measure m if

lim
N→∞

1

N

N∑
n=1

δxn = m,

in the weak star limit. For x ∈ X a sequence of natural numbers
κ = (kn)n≥1 and a measure preserving transformation T : X → X
we say x is κ -generic with respect to m if xn = T knx (n = 1, 2 . . . )
is asymptotically distributed with respect to m.
We see that if κ is both Hartman uniformly distributed and L∞

good-universal then µ almost all x is κ-generic with respect to µ.



Skew Products –Furstenberg’s lemma

Let T : X → X be a be a homeomorphism of a compact metric
space that preserves a measure µ such that (X ,B, µ,T ) is uniquely
ergodic. Let G be a be a compact group with Haar measure mG

and let c : X → G be a continuous map. Define the skew product
map S on Y = X × G by S(x , g) = (T (x), c(x)g). If S is ergodic
with respect to µ×mG then it is uniquely ergodic.
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Proof of Theorem
We now specialise to the case G = Tl . For irrational α and
x = (x1, . . . , xl) set S(x) = (x1 + α, x2 + x1, . . . , xl + xl−1). A
standard Fourier series argument shows this map is ergodic.
Furstenberg’s lemma now shows it must be uniquely ergodic.
Suppose φl(x) := φ(x) is of degree l and let
φi−1(x) := φi (x + 1)− φi (x) (i = 2, . . . , l). So φ1(x) = αx + β
for some real number β. Observe that
Sn((φ1(0), . . . , φl(0))) = (φ1(n), . . . , φl(n)) (n = 1, 2, . . . ). Using
unique ergodicity of S all points in Tk are k-generic if k is good,
so given a continuous function f : Tl → C we have

lim
N→∞

1

N

N∑
n=1

f (φ1(kn), . . . , φl(kn)) =

∫
Tl

f (t1, . . . , tl)dt1 . . . dtl .

Setting g(tl) = f (t1, . . . , tl), we have

lim
N→∞

1

N

N∑
n=1

g(φl(kn)) =

∫
T
g(tl)dtl ,

for any continuous g : T→ C as required, this proving Theorem
1.1 by Weyl’s criteria on uniform distribution.



Application I: Norm Convergence

Theorem
Suppose that φ is a non-constant polynomial mapping the natural
numbers to themselves, and that (kn)n≥1 is good. Then for any
dynamical system (X ,B, µ,T ) and any f ∈ Lq(X ,B, µ), for q ≥ 1,
there exists f ∈ Lq(X ,B, µ) such that

lim
N→∞

∥∥∥∥∥ 1

N

N−1∑
n=0

f (Tφ(kn)x)− f

∥∥∥∥∥
q

= 0.
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proportion of the elements of N are in S . I am being a bit vague
here, avoiding technical definitions.
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k = s1 − s2.



Application II: Intersectivity

We will say a sequence S ⊂ N is of positive density if a positive
proprtion of the elements of N are in S . I am being a bit vague
here, avoiding technical definitions.

We say a sequence κ = (kn)∞n=1 of positive integers is a set of
intersectivity if given any set of natural numbers S of positive
Banach density B(S) there exists an integer k in κ such that we
can find s1 and s2 both in S satisfying

k = s1 − s2.

Theorem
Suppose φ is a non-constant polynomial mapping the natural
numbers to themselves. Then the sequence (φ(kn))n≥1 is
intersective if (kn)n≥1 is good.



Application III: Recurrence

We say a sequence of natural numbers κ = (kn)∞n=1 is Poincaré
recurrent if given any dynamical system on probability space
(X , β, µ,T ) and any set A in β of positive measure there exists an
element k of κ such that

µ(A ∩ T−kA) > 0.



Application III: Recurrence

We say a sequence of natural numbers κ = (kn)∞n=1 is Poincaré
recurrent if given any dynamical system on probability space
(X , β, µ,T ) and any set A in β of positive measure there exists an
element k of κ such that

µ(A ∩ T−kA) > 0.

Theorem
Suppose φ is a non-constant polynomial mapping the natural
numbers to themselves. Then the sequence (φ(kn))n≥1 is recurrent
if (kn)n≥1 is good.



Application IV: Glasner Property

We say a set S contained in Z is Glasner if for every infinite set Y
contained in T and ε > 0, some dilation nY = {ny : y ∈ Y } is
ε dense (that is nY intersects every open interval of length ε.

Theorem
Suppose φ is a non-constant polynomial mapping the natural
numbers to themselves. Then the sequence (φ(kn))n≥1 is glasner if
(kn)n≥1 is good.
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Thank You For Listening

Labai ačiu


