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Progression-free sets

Progression-free: No 3-AP.

Results (in N)

(Roth): A ⊆ {1, 2, . . . , n}, no 3-AP =⇒ |A| = O
(

n
log log n

)
.

...

(Bloom): |A| = O
(
n(log log n)4

log n

)
N↔ Zn

G : abelian group, A ⊆ G , a + b = 2c is not solvable with distinct
a, b, c ∈ A

Maximal size: r3(G )
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Péter Pál Pach Polynomials and progression-free sets



Progression-free sets

Progression-free: No 3-AP.

Results (in N)

(Roth): A ⊆ {1, 2, . . . , n}, no 3-AP =⇒ |A| = O
(

n
log log n

)
.

...

(Bloom): |A| = O
(
n(log log n)4

log n

)

N↔ Zn

G : abelian group, A ⊆ G , a + b = 2c is not solvable with distinct
a, b, c ∈ A

Maximal size: r3(G )
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Progression-free sets in finite abelian groups

The cap set problem: G = Fn
3

A is 3-AP-free

A is zero-3-sum-free (a + b + c = 0 is not solvable with distinct
a, b, c ∈ A)

A is line-free

A is a 1-blocking set (A intersects every line)
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The cap set problem: what is the size of the largest
progression-free A ⊆ Fn

3?

Upper bounds

(trivial bound) r3(Fn
3) ≤ 3n

(trivial bound) r3(Fn
3) ≤ 2

3
· 3n

(Brown, Buhler 1982; Frankl, Graham, Rödl 1987): r3(Fn
3) = o(3n)

(Meshulam 1995): r3(Fn
3) = O

(
3n

n

)
(Bateman, Katz 2012): r3(Fn

3) = O
(

3n

n1+ε

)

Lower bounds

{0, 1} ⊆ F3 is 3AP-free

→ {0, 1}n ⊆ Fn
3, so r3(Fn

3) ≥ 2n

r3(F4
3) = 20 =⇒ r3(Fn

3) ≥ 2.11n

r3(F5
3) = 45 =⇒ r3(Fn

3) ≥ 2.14n

r3(F6
3) = 112 =⇒ r3(Fn

3) ≥ 2.19n

(Edel, 2004) r3(Fn
3) ≥ 2.21n
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Péter Pál Pach Polynomials and progression-free sets



The cap set problem: what is the size of the largest
progression-free A ⊆ Fn

3?

Upper bounds

(trivial bound) r3(Fn
3) ≤ 3n

(trivial bound) r3(Fn
3) ≤ 2

3
· 3n

(Brown, Buhler 1982; Frankl, Graham, Rödl 1987): r3(Fn
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Péter Pál Pach Polynomials and progression-free sets



The cap set problem: what is the size of the largest
progression-free A ⊆ Fn

3?

2.21n ≤ r3(Fn
3) ≤ 3n

n1+ε

Question

(3− ε)n or (3− o(1))n?
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Progression-free sets in Zn
4

Upper bounds

(Lev 2004): r3(Zn
4) = O

(
4n

n

)
(Sanders 2009): r3(Zn

4) = O
(

4n

n(log n)ε

)
Lower bounds

(trivial bound) r3(Zn
4) ≥ 2n

(Elsholtz) r3(Zn
4)� 3n√

n
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Progression-free sets in Zn
4

Equivalent formulation

max
∑
x∈Fn

2

|A(x)| =?, if A(x) ⊆ Fn
2 (for every x ∈ Fn

2) such that

y ∈ x + A(x)+̂A(x) =⇒ A(y) = ∅

Answer: r3(Zn
4)

Proposition (P. 2017)

All non-empty A(x) subsets are subspaces =⇒ 3n/
√
n is tight.
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2 (for every x ∈ Fn

2) such that

y ∈ x + A(x)+̂A(x) =⇒ A(y) = ∅

Answer: r3(Zn
4)

Lemma (Croot, Lev, P.)

P ∈ F2[x1, x2, . . . , xn], degP = d , A ⊆ Fn
2

∀a, b ∈ A, a 6= b : P(a + b) = 0
If |A| > 2

∑
i≤d/2

(n
i

)
, then P(0) = 0.
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Progression-free sets in Zn
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Lemma (Croot, Lev, P.)

P ∈ F2[x1, x2, . . . , xn], degP = d , A ⊆ Fn
2

∀a, b ∈ A, a 6= b : P(a + b) = 0
If |A| > 2

∑
i≤d/2

(n
i

)
, then P(0) = 0.

Key idea:
Consider the following |A| × |A| (diagonal) matrix: (P(a + b))a,b∈A
rank ≤ 2

∑
i≤d/2

(n
i

)
, but

P(0) 6= 0 =⇒ rank = |A|

Theorem (Croot, Lev, P. 2016)

If n ≥ 1 and A ⊆ Zn
4 is progression-free, then |A| ≤ 4γn,

where γ ≈ 0.926. (That is, r3(Zn
4) ≤ 3.62n.)
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Progression-free sets in Fn
q

Theorem (Ellenberg, Gijswijt 2016)

A ⊆ Fn
3

A is 3AP-free =⇒ |A| = o(2.756n)

Lemma (for Fn
q)

P ∈ Fq[x1, x2, . . . , xn], degP = d , A ⊆ Fn
q,

∀a, b ∈ A, a 6= b : P(a + b) = 0
=⇒ P vanishes on all but at most 2fq(n, d/2) many elements of

2 ∗ A = {2a : a ∈ A},
where fq(n,D) is the number of monomials with degree at most D and
each individual degree ≤ q − 1.
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Péter Pál Pach Polynomials and progression-free sets



Progression-free sets in Fn
q

Lemma (for Fn
q)

P ∈ Fq[x1, x2, . . . , xn], degP = d , A ⊆ Fn
q,

∀a, b ∈ A, a 6= b : P(a + b) = 0
=⇒ P vanishes on all but at most 2fq(n, d/2) many elements of

2 ∗ A = {2a : a ∈ A},
where fq(n,D) is the number of monomials with degree at most D and
each individual degree ≤ q − 1.

Lemma (for Zn
4)

P ∈ F2[x1, x2, . . . , xn], degP = d , A ⊆ Fn
2

∀a, b ∈ A, a 6= b : P(a + b) = 0
If |A| > 2f2(n, d/2), then P(0) = 0.
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Progression-free sets in Fn
q

Proof

A ⊆ Fn
q 3AP-free

B := 2 ∗ A

P := {polynomials in Fq[x1, . . . , xn] with total degree ≤ d

and each individual degree ≤ q − 1}

P0 := {p ∈ P | p
∣∣
B
≡ 0} ≤ P

dimP0 ≥ dimP−|B| = |A|− (qn− fq(n, d)) = |A|− fq(n, (q−1)n−d−1)

A+̂A ⊆ B
Lemma
=⇒ ∀p ∈ P0 vanishes on Fn

q with the exception of at most
2fq(n, d/2) points
=⇒ dimP0 ≤ 2fq(n, d/2)
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Péter Pál Pach Polynomials and progression-free sets



Progression-free sets in Fn
q

Proof

A ⊆ Fn
q 3AP-free

B := 2 ∗ A

P := {polynomials in Fq[x1, . . . , xn] with total degree ≤ d

and each individual degree ≤ q − 1}

P0 := {p ∈ P | p
∣∣
B
≡ 0} ≤ P

dimP0 ≥ dimP−|B| = |A|−(qn−fq(n, d)) = |A| − fq(n, (q − 1)n − d − 1)

A+̂A ⊆ B
Lemma
=⇒ ∀p ∈ P0 vanishes on Fn

q with the exception of at most
2fq(n, d/2) points
=⇒ dimP0 ≤ 2fq(n, d/2)

=⇒ |A| ≤ 2fq(n, d/2) + fq(n, (q − 1)n − d − 1)
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3 (q − 1)n
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Progression-free sets in Fn
3

Theorem (Ellenberg, Gijswijt 2016)

r3(Fn
3) ≤ 2.756n

Lower bound

r3(Fn
3) ≥ 2.21n (Edel)
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Tao’s formulation

Slice-rank of tensors

F : S1 × S2 × · · · × Sk → F
F is a slice, if F = f (xi )g(x1, . . . , xi−1, xi+1, . . . , xk)
slice-rank(F ) := min{t : F is the sum of t slices}.

Cap set problem

F (x , y , z) = δx−2y+z=0 =
n∏

i=1
(1− (xi − 2yi + zi )

q−1)

A ⊆ Fn
q: progression-free

|A| = slice-rank(F
∣∣
A×A×A) ≤ slice-rank(F ) ≤ cnq (where cq < q)
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Sunflower-free sets

Definition (k-sunflower)

A collection of k sets where the intersection of any two sets from the
collection is the same.
3-sunflower = sunflower

Erdős-Rado sunflower conjecture

F : k-sunflower free family of sets of size m (k ≥ 3)
=⇒ |F| ≤ Cm

k

Erdős-Szemerédi sunflower conjecture

F : k-sunflower free family of subsets of {1, 2, . . . , n} (k ≥ 3)
=⇒ |F| ≤ cnk for some ck < 2
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Erdős-Szemerédi sunflower conjecture

Alon, Shpilka, Umans

cap set result =⇒ Erdős-Szemerédi (k = 3)

Theorem (Naslund, Sawin, 2016)

|F| ≤ 3(n + 1)
∑

k≤n/3

(
n
k

)
Proof

F : sunflower-free
S ⊆ {0, 1}n: characteristic vectors of the sets in F
T : {0, 1}n × {0, 1}n × {0, 1}n → R

T (x , y , z) :=
n∏

i=1
(2− (xi + yi + zi))

Sl : sets in S with Hamming-weight l
T
∣∣
Sl×Sl×Sl

6= 0 ⇐⇒ x = y = z

|Sl | = slice-rank(T
∣∣
Sl×Sl×Sl

) ≤ slice-rank(T ) ≤ 3
∑

k≤n/3

(
n
k

)
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Erdős-Szemerédi sunflower conjecture

Alon, Shpilka, Umans

cap set result =⇒ Erdős-Szemerédi (k = 3)
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