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Two standard problems in Diophantine approximation

For n > 1 an integer and ¢ € R, consider (¢,¢?,...,¢").
We study two types of problems:

@ Linear form/Polynomial approximation:
Ixo +x1¢ + - + xnC"|, X; € 7

should be small in terms of the height maxg<j<p |x;|

@ Simultaneous rational approximation:

max |x¢@ — y; X,y €7
1§iSn|C yil, Y

should be small compared to |x|
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Mahler introduced w,({) as supremum of w s.t.

0<|xo+x1(+-+xC" < (max |x;|)~"
0<<n

has infinitely many integral solution vectors.

Johannes Schleischitz Classical exponents of Diophantine approximation



Linear forms: The exponents w,(()

Mahler introduced w,({) as supremum of w s.t.

0<|xo+x1(+-+xC" < (max |x;|)~"
0<<n

has infinitely many integral solution vectors.
Writing

P(Q) =X+l + - +xC"  H(P)= max |

becomes polynomial problem

0 <[P(Q)I < H(P)™™.
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Linear forms: The exponents w,(()

Mahler introduced w,({) as supremum of w s.t.

0 <lxo x4+ xaC”| < ((max x])~"
has infinitely many integral solution vectors.
Writing

P(Q) =X+l + - +xC"  H(P)= max |

becomes polynomial problem
0 <[P(Q)| < H(P)™™.

For n =1 — irrationality exponent
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Properties of w,(()

Obviously
wi(C) < we(Q) < -

By Dirichlet Theorem for transcendental ¢

wn(C) > n.

Usually w,(¢) hard to determine. Metric theory understood:
@ SprindZuk: For almost all real numbers w,(¢) = n
e Baker/Schmidt, Bernik: Hausdorff dimensions

n+1
w+1

dim({¢ : wal€) = w}) = dim({C : wa(€) = w}) =

for w>n
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Mahler classification of real numbers

Mabhler classified the transcendental real numbers with respect to
the sequence (wp(¢))n>1. He defined:

@ ( is U-number if w,(¢) = oo for some n. (U,-number for
smallest n with the property, Up>1U, = U)

@ (is T-number if w,({) < oo for all n > 1 but

lim sup wn(C)

n—o0 n

=0
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Mahler classification of real numbers

Mabhler classified the transcendental real numbers with respect to
the sequence (wp(¢))n>1. He defined:

@ ( is U-number if w,(¢) = oo for some n. (U,-number for
smallest n with the property, Up>1U, = U)

@ (is T-number if w,({) < oo for all n > 1 but

lim sup wn(C) =00
n—00 n

@ ( is S-number if
lim supM < o0
n—o00 n

that is w,p(¢) < Cn for fixed C.

Johannes Schleischitz Classical exponents of Diophantine approximation



Mahler classification of real numbers

Mabhler classified the transcendental real numbers with respect to
the sequence (wp(¢))n>1. He defined:

@ ( is U-number if w,(¢) = oo for some n. (U,-number for
smallest n with the property, Up>1U, = U)

@ (is T-number if w,({) < oo for all n > 1 but

lim sup wn(C) =00
n—00 n

@ ( is S-number if
lim supM < o0
n—o00 n

that is w,p(¢) < Cn for fixed C.

Partition of transcendental real numbers, according to " how
transcendental they are”
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@ Almost all numbers are S-numbers (SprindZuk)

In fact: Set of S and T-numbers have
Hausdorff-dimension 0 (Baker/Schmidt)

@ U-numbers do exist (LeVeque)
@ T-numbers do exist (Schmidt)

@ e is an S-number, 7 is no U-number
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@ Almost all numbers are S-numbers (SprindZuk)

In fact: Set of S and T-numbers have
Hausdorff-dimension 0 (Baker/Schmidt)

@ U-numbers do exist (LeVeque)
@ T-numbers do exist (Schmidt)
@ e is an S-number, 7 is no U-number

For the sequence (wp(¢))n>1 main open problem is

Problem (Bugeaud, partial claim)

For an increasing sequence (wp)n>1 with w, > n, does there exist

¢ s.t. wy(C) =w,
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Almost all numbers are S-numbers (SprindZuk)

In fact: Set of S and T-numbers have
Hausdorff-dimension 0 (Baker/Schmidt)

@ U-numbers do exist (LeVeque)
@ T-numbers do exist (Schmidt)
@ e is an S-number, 7 is no U-number

For the sequence (wp(¢))n>1 main open problem is

Problem (Bugeaud, partial claim)

For an increasing sequence (wp)n>1 with w, > n, does there exist

¢ s.t. wy(C) =w,

Only partial results (Alniagik, R. Baker, Bugeaud, W. Schmidt,...)
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Simultaneous approximation
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Simultaneous approximation

Definition (Bugeaud, Laurent)

Define An(¢) as supremum of A s.t.

Ty < A
e el — o] = 56

has a solution (x,y1,...,yn) € Z"*! with arbitrarily large x > 0
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Simultaneous approximation

Definition (Bugeaud, Laurent)

Define An(¢) as supremum of A s.t.

Ty < A
e el — o] = 56

has a solution (x,y1,...,yn) € Z"*! with arbitrarily large x > 0

Obviously
wi(€) = A1(¢) > Aa(C) = A3(¢) > - -
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Simultaneous approximation

Definition (Bugeaud, Laurent)

Define An(¢) as supremum of A s.t.

Ty < A
e el — o] = 56

has a solution (x,y1,...,yn) € Z"*! with arbitrarily large x > 0

v

Obviously
wi(€) = A1(¢) > Aa(C) = A3(¢) > - -

By Dirichlet Theorem

An(€)

Y
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Simultaneous approximation

Definition (Bugeaud, Laurent)

Define An(¢) as supremum of A s.t.

Ty < A
e el — o] = 56

has a solution (x,y1,...,yn) € Z"*! with arbitrarily large x > 0

v

Obviously
wi(€) = A1(¢) > Aa(C) = A3(¢) > - -

By Dirichlet Theorem

S|

An(€) >

, n>1.

Generally speaking: We know less than for w,((). Metric theory
incomplete for n > 3, partial results by Beresnevich, Budarina,
Dickinson, Levesley, S., Vaughan, Velani
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Part 2: Equivalence principles




Connections between w, and )\,
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Connections between w, and )\,

Connection between w,(¢) and A,(¢) by the Khintchine
transference principle

Wn(C) Wn(C) —-n+1
(=Dl = =T
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Connections between w, and )\,

Connection between w,(¢) and A,(¢) by the Khintchine
transference principle

Wn(C) Wn(C) —-n+1
(= Dwa(Q) +n =)=

Holds for any Q-l.i. real vector ((i,...,¢n) and optimal in this
case.
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transference principle

Wn(C) Wn(C) —-n+1
(= Dwa(Q) +n =)=
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Connections between w, and )\,

Connection between w,(¢) and A,(¢) by the Khintchine
transference principle

Wn(C) Wn(C) —-n+1
(= Dwa(Q) +n =)=

Holds for any Q-l.i. real vector ((i,...,¢n) and optimal in this
case. Provide little information on sequences (A,(¢))n>1 and
metric theory.

Idea: Study relations between wp,(¢) and A,(() for different m # n
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Equivalence principle |

Theorem (S.)
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Theorem (S.)

Let ¢ be a transcendental real number.
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Equivalence principle |

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <= lim A\,(¢) > 0.

n—o0

If ¢ is Uy-number then A\,(¢) = ﬁ for large n.
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Equivalence principle |

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <= lim A\,(¢) > 0.

n—o0

If ¢ is Uy-number then A\,(¢) = ﬁ for large n. Moreover

¢ is T-number <— ILm An(€) =0, limsupn\,(¢) = co.

n—oo
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Equivalence principle |

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <= lim A\,(¢) > 0.

n—o0

If ¢ is Uy-number then A\,(¢) = ﬁ for large n. Moreover

¢ is T-number <= ILm An(€) =0, limsupnAy(¢) = oco.

n—oo

Finally

1
¢ is S-number <= A\, (¢) < C- o n>1.

Explicit relations between C and dual constant lim sup w,(¢)/n
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Consequences for sequences (A,(¢))n>1
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Consequences for sequences (A,(¢))n>1

@ The set of limit points of (A;({))n>1 is precisely

111
{17273747--.}U{07OO}

Johannes Schleischitz Classical exponents of Diophantine approximation



Consequences for sequences (A,(¢))n>1

@ The set of limit points of (A;({))n>1 is precisely
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@ For the set of Us-numbers (, a complete description of the
occuring sequences (A,({))n>1 is possible.
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Consequences for sequences (A,(¢))n>1

@ The set of limit points of (A;({))n>1 is precisely

111
{17273747--.}U{07OO}

@ For the set of Us-numbers (, a complete description of the
occuring sequences (A,({))n>1 is possible. For example

(AH(CW))NZI = (W, 1, 1, ]., .. )

for any 1 < w < 3 occurs for some Us-number (.
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Consequences for sequences (A,(¢))n>1

@ The set of limit points of (A;({))n>1 is precisely

111
{17273747--.}U{07OO}

@ For the set of Us-numbers (, a complete description of the
occuring sequences (A,({))n>1 is possible. For example

(AH(CW))NZI = (W, 1, 1, ]., .. )

for any 1 < w < 3 occurs for some Up-number (,,. Special

case w =1
(An(Q))n>1 = (1,1,1,...)

known by Bugeaud is covered
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Approximation by algebraic numbers
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Approximation by algebraic numbers

For « real algebraic, let H(a) = H(P) for P its minimal
polynomial over Z[T] with coprime coefficients
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Approximation by algebraic numbers

For « real algebraic, let H(a) = H(P) for P its minimal
polynomial over Z[T] with coprime coefficients

Definition (Uniform algebraic approximation)

Let w;(¢) be the supremum of w* such that
H@) <X, 0<|¢—al<H@)x™

has a real algebraic solution « of degree at most n, for all large X.
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Equivalence principle Il

Theorem (S.)
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Equivalence principle Il

Theorem (S.)

Let ¢ be a transcendental real number.
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Equivalence principle Il

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <— lim w,({) < oc.
n—o00

If ¢ is Uy-number then w;i(¢) < N for all n.
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Equivalence principle Il

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <— lim w,({) < oc.
n—o00

If ¢ is Uy-number then w;; () < N for all n. Moreover

¢ is T-number <= lim w;,(¢) = oo, lim infm =0.
n—o0 n—o00 n
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Equivalence principle Il

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <— lim w,({) < oc.
n—o00

If ¢ is Uy-number then w;; () < N for all n. Moreover

¢ is T-number <= lim w;,(¢) = oo, lim infm =0.
n—0o0 n—o0 n
Finally
¢ is S-number <—  w,({)>0d-n, n>16>0.

Again explicit relation between § and lim sup w,({)/n
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Equivalence principle Il

Theorem (S.)

Let ¢ be a transcendental real number. Then

¢ is U-number <— nI|_>n;o w,(¢) < oo.

If ¢ is Uy-number then w;; () < N for all n. Moreover

¢ is T-number <= lim w;,(¢) = oo, lim infLK) =0.
n—0o0 n—o0 n
Finally
¢ is S-number <—  w,({)>0d-n, n>16>0.

Again explicit relation between § and lim sup w,({)/n

Roughly speaking: good best approximation is equivalent to bad
uniform approximation by algebraic numbers
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Part 3: Applications of the
equivalence principles
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Metric theory: Previous results
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Metric theory: Previous results

@ Recall: Metric problem of determining

hn i=dim({¢ : An(¢) = A})

open when n >3 and A € [1,1]
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Metric theory: Previous results

@ Recall: Metric problem of determining

hn i=dim({¢ : An(¢) = A})
open when n >3 and A € [1,1]
o Bugeaud:

s 2
A= 1+ A

S|
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Metric theory: Previous results

@ Recall: Metric problem of determining

hn i=dim({¢ : An(¢) = A})
open when n >3 and A € [1,1]
o Bugeaud:

s 2
A= 1+ A

S|

@ S.: ldentity when A >1
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Metric theory: Previous results

@ Recall: Metric problem of determining

hn i=dim({¢ : An(¢) = A})

open when n >3 and A € [1,1]

o Bugeaud:
2 1
hpy\ > — >1L,A> -
"’)‘_n(l—i—/\)’ .
@ S.: ldentity when A >1
@ Beresnevich:
n+1 1 3
hy o\ > — 1 >1 - —
n,A_)\+1 n+1, n-= 7)\€|:n’2n—1:|

Probably correct dimension (in this interval)
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New metric contribution |

For A > 0 fixed, consider h, x = dim({¢ : Ap(¢) > A}) as n — oo.
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New metric contribution |

For A > 0 fixed, consider h, x = dim({¢ : Ap(¢) > A}) as n — oo.
Combining effective bounds from the equivalence principle with
metric linear form result (Baker/Schmidt, Bernik) we obtain
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New metric contribution |

For A > 0 fixed, consider h, x = dim({¢ : Ap(¢) > A}) as n — oo.
Combining effective bounds from the equivalence principle with
metric linear form result (Baker/Schmidt, Bernik) we obtain

For A > 0, there exist effective constants 0 < c¢;(\) < c2(\) such

that

aly) oy 20 n> Al
n — "~ n - '

I
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New metric contribution |

For A > 0 fixed, consider h, x = dim({¢ : Ap(¢) > A}) as n — oo.
Combining effective bounds from the equivalence principle with
metric linear form result (Baker/Schmidt, Bernik) we obtain

For A > 0, there exist effective constants 0 < c¢;(\) < c2(\) such

that )\ )\
B, ¢ oy = B n>xt
n n
Remark 1: Upper bound new, c1(\) = 1%\ by Bugeaud

Johannes Schleischitz Classical exponents of Diophantine approximation



New metric contribution |

For A > 0 fixed, consider h, x = dim({¢ : Ap(¢) > A}) as n — oo.
Combining effective bounds from the equivalence principle with
metric linear form result (Baker/Schmidt, Bernik) we obtain

For A > 0, there exist effective constants 0 < c¢;(\) < c2(\) such

that )\ )\
B, ¢ oy = B n>xt
n n
Remark 1: Upper bound new, c1(\) = 1%\ by Bugeaud

Remark 2: For A > 1 we have c1(\) = (A) = HLA by S.
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New metric contribution I

The same idea (E.P. + B/S, B) yields
Theorem (S.)

Let @ > 1. Then
hoo> 1 + oY) > = 4 0(nY),
T T 20— 1+2V02 -0 40
On the other hand
h Q§L+O(n—1), 0 > 3.
e = 0—2
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New metric contribution I

The same idea (E.P. + B/S, B) yields

Theorem (S.)
Let 0 > 1. Then

hoo> 1 +0
mE =00 14202 —0
On the other hand

(7Y > =+ 0(n"Y).

1 1
< — - .
hn,%_9_2+0(n ), 6 >3

Dimensions hy g, determined roughly up to a factor 4 for large n, 6
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New metric contribution I

The same idea (E.P. + B/S, B) yields

Theorem (S.)
Let 0 > 1. Then

h o > L + O
ne =09 1422 —0
On the other hand

(7Y > =+ 0(n"Y).

1 1
< — - .
hn,%_9_2+0(n ), 6 >3

Dimensions hy g, determined roughly up to a factor 4 for large n, 6

Remark: No useful upper bounds when 6 < 3
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Uniform approximation
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Uniform approximation

Definition (Bugeaud, Laurent)

Let An(¢) be the supremum of A such that

1<x<X max |x¢ — y;| < X7
<x < X, 1<JSHIC yil <

has a solution (x,y1,...,yn) € Z" for all large X
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Uniform approximation

Definition (Bugeaud, Laurent)

Let An(¢) be the supremum of A such that

1<x<X max |x¢ — yi| < X7
SxE0G mE Pl =i <
has a solution (x,y1,...,yn) € Z" for all large X

Dirichlet Theorem /Khintchine result imply

S|

<(Q) < 1.
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Uniform approximation

Definition (Bugeaud, Laurent)

Let An(¢) be the supremum of A such that

1<x<X max |x¢ — yi| < X7
SxE0G mE Pl =i <
has a solution (x,y1,...,yn) € Z" for all large X

Dirichlet Theorem /Khintchine result imply

<(Q) < 1.

S|

Difficult to find numbers with strict left inequality! Only o
well-understood (Bugeaud, Davenport/Schmidt, Fischler, Roy, ...)
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N

ounds for \,(¢)

Upper
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
e Davenport/Schmidt showed

~ 1

A3(€) < > Ak1(€) < Aak(€) <

1
k’
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
e Davenport/Schmidt showed

~ 1 ~ ~ 1
A3(€) < 3 Aok+1(€) < Aak(Q) < o
@ Laurent: For n =2k + 1 odd
Roka(0) € ——
2k+1(C) < K1
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
e Davenport/Schmidt showed

~ 1 ~ ~ 1
A3(€) < 3 Aok+1(€) < Aak(Q) < o
@ Laurent: For n =2k + 1 odd
Roka(0) € ——
2k+1(C) < K1

@ Roy:

~

A3(¢) < 0.4245 . ..
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
e Davenport/Schmidt showed

~ 1 ~ ~ 1
A3(€) < 3 Aok+1(€) < Aak(Q) < o
@ Laurent: For n =2k + 1 odd
Roka(€) < —
2k+1(C) < K1

@ Roy:
A3(¢) <0.4245. ..

@ S.: For n = 2k even

1\? 1 1 1 1 L
)\2k(<) \/(k+2k> T k+ﬂ E_ﬁ+o(k )
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Upper bounds for X,,(C)

For n > 3, upper bounds have been studied (— Wirsing problem).
e Davenport/Schmidt showed

~ 1 ~ ~ 1
A3(€) < 3 Aok+1(€) < Aak(Q) < o
@ Laurent: For n =2k + 1 odd
Roka(€) < —
2k+1(C) < K1

@ Roy:
A3(¢) <0.4245. ..

@ S.: For n = 2k even

1\? 1 11 1
k k= - k=3
Mai(6) < \/( + 2k> kKt Tk e PO
Example: A4(¢) < 0.3860. ..
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result (— Subspace theorem):
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The sequence (A,(¢))n>1 for special ¢

Combination of equivalence principle with Adamczewski/Bugeaud
result (— Subspace theorem):

@ For ( =0.1234... the Champerowne number, for some
(ineffective) d > 0 and € > 0 we have

Mn(€) < exp(—d(log n)t~°), n>1.

In particular limp_o0 An(¢) = 0.
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@ For ( =0.1234... the Champerowne number, for some
(ineffective) d > 0 and € > 0 we have

An(€) < exp(—d(log n)l_E), n>1.
In particular limp_o0 An(¢) = 0.

o Same estimate for ¢ with Ay(¢) > & for some N > 2
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The sequence (A,(¢))n>1 for special ¢

Combination of equivalence principle with Adamczewski/Bugeaud
result (— Subspace theorem):

@ For ( =0.1234... the Champerowne number, for some
(ineffective) d > 0 and € > 0 we have

An(€) < exp(—d(log n)l_E), n>1.
In particular limp_o0 An(¢) = 0.

o Same estimate for ¢ with Ay(¢) > & for some N > 2

Satisfied for N = 2 and Sturmian continued fractions.

Example: ( =[0;a,b,a,a,b,a,b,a,...] with a # b pos.
integers (Fibonacci-word on a, b)
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The four exponents

connected by equivalence principles (see Koksma for w) «— w,).

Can we add A,(C), Wn(C) to the picture?

Counterexample: Liouville numbers (=U;-numbers, S.) and almost
all S-numbers (SprindZzuk) both satisfy
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Possible extensions?

The four exponents

connected by equivalence principles (see Koksma for w) «— w,).

Can we add A,(C), Wn(C) to the picture?

Counterexample: Liouville numbers (=U;-numbers, S.) and almost
all S-numbers (SprindZzuk) both satisfy

No distinction between U-numbers and S-numbers possible!
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