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Introduction

Let fx , x > 2, be a set of strongly additive functions such that

fx(p) ∈ {0, 1} ∀p ∈ P, ∀x > 2.

Then
fx(n) =

∑
p|n

fx(p) =
∑
p|n

fx (p)=1

1. (1)
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Introduction

The limit behaviour of

νx(hx(n)− α(x) < u) =
1

[x ]

∑
n6x

hx (n)−α(x)<u

1

was considered in the probabilistic number theory very often.
Various classes of

hx(n) =
∑
pr ||n

hx(pr )

with different centering functions α(x) were investigated.
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Introduction

In the books
P.D.T.A. Elliott, Probabilistic Number Theory, I, Springer-Verlag,
New York, 1979.
P.D.T.A. Elliott, Probabilistic Number Theory, II,
Springer-Verlag,
New York, 1980.
J. Kubilius, Probabilistic methods in the theory of numbers ,
Providence, Amer. Math. Soc. Translations of Math.
Monographs, No 11 (1964).
and works cited there, one can find almost all classical results
and their historical context.
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Introduction

In these books there were considered (at most) additive
functions hx having special expression:

hx(n) =
h(n)

β(x)
, (2)

where
h is some additive function,
β(x) is some unboundedly increasing function.
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Introduction

Goals:
νx(fx(n) < u) =

1

[x ]

∑
n6x

fx (n)<u

1, x →∞. (3)

νx(p ≤ x , fx(p + 1) < u), x →∞,

νx(n ≤ x , fx(n) + gx(n + 1) < u), x →∞,

νx(p ≤ x , fx(p + 1) + gx(p + 2) < u), x →∞.
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The Poisson distribution

For every parameter λ > 0 the Poisson distribution

Π(u, λ) :=
∑

k=0,1,...
k<u

λk

k!
e−k

can occur (accordingly choosing fx) as limit distribution for

νx(fx(n) < u), νx(p ≤ x , fx(p + 1) < u),

νx(n ≤ x , fx(n) + gx(n + 1) < u),

νx(p ≤ x , fx(p + 1) + gx(p + 2) < u).
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The Poisson distribution

Example. Let

fx(p) =

{
1 if log x < p ≤ (log x)α,

0 otherwise,

and

gx(p) =

{
1 if log log x < p ≤ (log log x)β,

0 otherwise,

with some α, β > 1.
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The Poisson distribution

Then
lim
x→∞

νx(n ≤ x , fx(n) = k) =
(logα)k

α k!
,

lim
x→∞

νx(n ≤ x , fx(n) + gx(n + 1) = k) =
(logαβ)k

αβ k!
,

lim
x→∞

νx(p ≤ x , fx(p + 1) = k) =
(logα)k

α k!
,

lim
x→∞

νx(p ≤ x , fx(p + 1) + gx(p + 2) = k) =
(logαβ)k

αβ k!
.
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The Poisson distribution

#

{
n ≤ x ,

n has exactly k prime factors
from the interval (ψ(x), ψα(x)]

}
∼ (logα)k x

α k!
,

#

{
n ≤ x ,

n(n + 1) has exactly k prime factors
from the interval (ψ(x), ψα(x)]

}
∼ (2 logα)k x

α2 k!
,
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The Poisson distribution

#

{
p ≤ x ,

p + 1 has exactly k prime factors
from the interval (ψ(x), ψα(x)]

}
∼ (logα)k

α k!

x

log x
,

#

{
p ≤ x ,

(p + 1)(p + 2) has exactly k prime factors
from the interval (ψ(x), ψα(x)]

}

∼ (2 logα)k

α2 k!

x

log x
.
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Mixture of the Poisson distributions

The mixed Poisson distribution

γΠ(u, λ) + (1− γ)Π(u, µ)

as a limit law for the distribution functions

νx(fx(n) < u)

is unavailable if λ 6= µ.
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The Bernoulli distribution

The Bernoulli distribution

B(u, γ) =


0 if u < 0,

1− γ if 0 6 u < 1,

1 if u > 1.

can occur as limit distribution for νx(fx(n) < u) if and only if its
parameter γ ∈ (0, log 2].
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The Bernoulli distribution

Define

fx(p) =

{
1 if p = 7,

0 if p 6= 7,

for x > 2 such that [x ] ≡ 0 mod 3,

fx(p) =

{
1 if

√
x < p 6 (

√
x)

7
√
e ,

0 otherwise,

for x > 2 such that [x ] ≡ 1 mod 3, and

fx(p) =

{
1 if x1/

7
√
e < p 6 x ,

0 otherwise,

for x > 2 such that [x ] ≡ 2 mod 3.
We have

νx(fx(n) < u)⇒ B(u, 1/7).
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The shifted Poisson distribution

Let P be a random variable distributed according to the
Poisson law with positive parameter λ, and let B be the
Bernoulli random variable with parameter γ ∈ (0, log 2). Let, in
addition, P and B are independent and ξ = P + B.
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The shifted Poisson distribution

Let a set of strongly additive functions is defined by

fx(p) =


1 if log x < p 6 loge

λ
x ,

1 if
√
x < p 6

(√
x
)eγ

,

0 otherwise.

The distributions νx(fx(n) < u) converge weakly to the
distribution Fξ(u) of the sum of independent random variables
P + B, where P is distributed according to the Poisson law
Π(u, λ) and B to the Bernoulli law B(u, γ).
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Geometrical distribution

A geometrical distribution with parameter γ ∈ (0, 1)

G(u, γ) := (1− γ)
∑

k=0,1,...
k<u

γk

as a limit law for
νx(fx(n) < u)

is impossible for any value of γ.
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Binomial distribution

Binomial distribution with parameters γ ∈ (0, 1) and N ∈ N:

B(u, γ,N) :=
∑

k=0,1,...,N
k<u

(
N

k

)
γk(1− γ)N−k

can occur as a limit distribution for νx(fx(n) < u) with some
suitable choice of its parameters γ and N.
But not for all pairs of parameters γ and N the limit
distribution is available.
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Binomial distribution

Let N = 3. Put
u = exp

(
3
√
6 · 1

10

)
,

v = exp

(
3
√
62 − 3

√
6

2
· 1

10

)
,

w = exp

(
6− 3
√
62 − 3

√
6

2
· 1

10

)
.

Define

fx(p) =

{
1 if p ∈ (x1/4, xu/4] ∪ (x1/2, xv/2] ∪ (x3/4, x3w/4],

0 otherwise.

Then νx(fx(n) < u)⇒ B(u, 1/10, 3).
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Binomial distribution

Binomial distribution
B(u, 3/4, 2)

cannot occur as the limit law for

νx(fx(n) < u).
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Binomial distribution

Conjecture. For every N ∈ N there exists the sufficiently small
parameter value γ ∈ (0, 1) for which the binomial distribution
B(u, γ,N) can occur as the limit distribution for νx(fx(n) < u)
with the suitably chosen set of strongly additive functions fx .
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Discrete uniform distribution

Discrete uniform distribution

U(u, L) :=
1

L

∑
k=0,1,...,L−1

k<u

1

can occur as a limit distribution for νx(fx(n) < u) with some set
of additive functions if L = 2 and cannot occur if L = 3, 4, 5, . . . .
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Discrete uniform distribution

1. Let

fx(p) =

{
1 if p = 2,

0 otherwise.

Then
νx(fx(n) < u)⇒ U(u, 2).
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Discrete uniform distribution

2. Let

fx(p) =

{
1 if x1/2 < p 6 x (1/2)e

1/2
,

0 otherwise.

Then
νx(fx(n) < u)⇒ U(u, 2).
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Discrete uniform distribution

3. Let

fx(p) =



1 if p = 2

and [x ] is even,
1 if x1/2 < p 6 x (1/2)e

1/2

and [x ] is odd,
0 otherwise.

Then
νx(fx(n) < u)⇒ U(u, 2).
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Discrete uniform distribution

Recent results of L. Žvinytė and G.S..
Discrete uniform distribution

U(u, L)

can occur as a limit distribution for

νx(p ≤ x , fx(p + 1) < u), (2016)

νx(n ≤ x , fx(n) + gx(n + 1) < u), (2017)

νx(p ≤ x , fx(p + 1) + gx(p + 2) < u) (2017+)

with some set of additive functions if L = 2 and cannot occur if
L = 3, 4, 5, . . . .
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Discrete uniform distribution

1. Let

fx(p) =

{
1 if p = 3,

0 otherwise.

Then
νx(p ≤ x , fx(p + 1) < u)⇒ U(u, 2).
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Discrete uniform distribution

2. Let

fx(p) + gx(p) =

{
1 if p = 2,

0 otherwise.

Then
νx(fx(n) + gx(n + 1) < u)⇒ U(u, 2).
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Discrete uniform distribution

3. Let

fx(p) = gx(p) =

{
1 if p = 5,

0 otherwise.

Then

νx(p ≤ x , fx(p + 1) + gx(p + 2) < u)⇒ U(u, 2).
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Di�culties

lim
x→∞

log x
∑

xγ<p≤x

fx(p)

p
= 0, γ ∈ (0, 1), for shifted primes,

lim
x→∞

1

log x

∑
p≤x

fx(p) + gx(p)

p
= 0 for the sum of two functions
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THANK YOU
FOR YOUR ATTENTION
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