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Introduction

Let £, x > 2, be a set of strongly additive functions such that
f(p) € {0,1} Vp e P, Vx > 2.

Then

f(n) =Y flp)= D L (1)
pl

n n
pl fx(p)=1
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Introduction

The limit behaviour of
B
hx(n)—a(x)<u
was considered in the probabilistic number theory very often.
Various classes of
he(n) = hu(p")

plin

with different centering functions a(x) were investigated.

Gediminas STEPANAUSKAS and Jonas SIAULYS DISTRIBUTIONS OF ADDITIVE FUNCTIONS



Introduction

In the books

P.D.T.A. Elliott, Probabilistic Number Theory, I, Springer-Verlag,
New York, 1979.

P.D.T.A. Elliott, Probabilistic Number Theory, 11,
Springer-Verlag,

New York, 1980.

J. Kubilius, Probabilistic methods in the theory of numbers ,
Providence, Amer. Math. Soc. Translations of Math.
Monographs, No 11 (1964).

and works cited there, one can find almost all classical results
and their historical context.
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Introduction

In these books there were considered (at most) additive
functions h, having special expression:

where
@ h is some additive function,

e [(x) is some unboundedly increasing function.
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Introduction

Goals: .
vx(fe(n) < u) = B Z 1, x > o0 (3)
n<x
fx(")<u

ve(p < x, fi(p+1) <u), x— o0,
v(n < x, f(n)+gx(n+1) < u), x = oo,

ve(p < x, fi(p+1)+g(p+2) <u), x = 0.
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The Poisson distribution

For every parameter A > 0 the Poisson distribution

M(u, A) == Z_ ek
k<u

can occur (accordingly choosing fy) as limit distribution for

vi(fe(n) < u), wv(p<x, fi(p+1)<u),
ve(n < x, fi(n) 4+ g«(n+1) < u),

ve(p < x, f(p+1)+gx(p+2) <u).
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The Poisson distribution

ExaMPLE. Let

1 if logx < p < (logx)%,
Alp) = < p=(logx)
0 otherwise,

and
1 if loglogx < p < (loglogx)?,
gx(p) = .
0 otherwise,

with some «, 5 > 1.
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The Poisson distribution

Then ( )k
. log o
i st <. ) = ) = (80
. . (logap)*
Jim v < x, f(n) & ge(n+1) = k) = = =5
| oy (oga)
i< 5 Ao 1) =) = (50
(log af)¥

Jim vl < x, flp 1) +ad(p+2) = k) = T
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The Poisson distribution

aln n has exactly k prime factors
=77 from the interval (¢(x),¥%(x)]

(log ) x
ak!

adn<x n(n+ 1) has exactly k prime factors
- from the interval (¢(x), ¥*(x)]

(2log @)k x
T Akl
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The Poisson distribution

4 <y P + 1 has exactly k prime factors
P=%"" from the interval (¥(x), v(x)]

(loga)k  x

ak!  logx’

4dp<x (p+ 1)(p + 2) has exactly k prime factors
p=x from the interval (1(x), ¥(x)]

(2log )k x

a2 k! logx’
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Mixture of the Poisson distributions

The mixed Poisson distribution
A(u, A) + (1 =)1(u, 1)
as a limit law for the distribution functions
vy (fi(n) < u)

is unavailable if A # p.
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The Bernoulli distribution

The Bernoulli distribution

0 if u<0,
B(u,7)={1—v if 0<u<l,
1 if u>1.

can occur as limit distribution for v, (f(n) < v) if and only if its
parameter v € (0, log2].
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The Bernoulli distribution

Define

1 if p=17,
f(p) = .
0 if p#7,

for x > 2 such that [x] =0 mod 3,

i X x) Ve
fx(p):{l fvx<p< (V)Y

0 otherwise,
for x > 2 such that [x] =1 mod 3, and

{1 if xl/\/g<p<x,

f.(p) =
x(p) 0 otherwise,

for x > 2 such that [x] =2 mod 3.
We have
vi(f(n) < u) = B(u,1/7).
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The shifted Poisson distribution

Let P be a random variable distributed according to the
Poisson law with positive parameter A, and let B be the
Bernoulli random variable with parameter v € (0,log?2). Let, in
addition, P and B are independent and £ =P + B.
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The shifted Poisson distribution

Let a set of strongly additive functions is defined by

1 if logx < p < IogEA X,

f(p) =41 if Vx<p<(Vx)°,

0 otherwise.

The distributions vy (f(n) < u) converge weakly to the
distribution F¢(u) of the sum of independent random variables
P + B, where P is distributed according to the Poisson law
M(u, \) and B to the Bernoulli law B(u, ).
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Geometrical distribution

A geometrical distribution with parameter v € (0, 1)

Gu)=(1-7) 3 o
k=0,1,...
k<u

as a limit law for
Ux(f(n) < u)

is impossible for any value of ~.
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Binomial distribution

Binomial distribution with parameters v € (0,1) and N € N:

B(u,v,N) := Z ) <Il\</>ﬁ/k(1 )Nk

k=0,1,...,
k<u
can occur as a limit distribution for vy (f(n) < u) with some
suitable choice of its parameters v and N.
But not for all pairs of parameters v and N the limit
distribution is available.
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Binomial distribution

Let N =3. Put )
3
= 6 —
u = exp <\f 10> ,

V62— 6 1
R N T

6—V62—V6 1
w=exp| ———— 35|

Define

1 i p e (/4 XU (/2 x12] U (o304, 4],
(p) = ,
0 otherwise.

Then vy (fi(n) < u) = B(u,1/10,3).



Binomial distribution

Binomial distribution
B(u,3/4,2)

cannot occur as the limit law for

vx(f(n) < u).
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Binomial distribution

Conjecture. For every N € N there exists the sufficiently small
parameter value v € (0,1) for which the binomial distribution
B(u,~, N) can occur as the limit distribution for vy (f(n) < u)
with the suitably chosen set of strongly additive functions f.
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Discrete uniform distribution

Discrete uniform distribution

U(u, L) := % Z 1

can occur as a limit distribution for vy (f(n) < u) with some set
of additive functions if L = 2 and cannot occur if L = 3,4,5,....
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Discrete uniform distribution

1. Let

1 ifp=2,
fx(p)—{ P

0 otherwise.

Then
vx(fi(n) < u) = U(u,?2).
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Discrete uniform distribution

2. Let

1 ifx'/?2<p< x(1/2)el/2,
0 otherwise.

Then
vx(fi(n) < u) = U(u,?2).
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Discrete uniform distribution

3. Let
and [x] is even,
fx(p) =41 if Xl/2 <p< X(1/2)el/2
and [x] is odd,
0 otherwise.
Then

S
—
sh

(n) < u)=U(u,2).
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Discrete uniform distribution

Recent results of L. Zvinyté and G.S..
Discrete uniform distribution

U(u, L)
can occur as a limit distribution for
VX(p§X> fX(p+1) < U), (2016)

ve(n < x, f(n) +g«(n+1) <u), (2017)
ve(p < x,fi(p+1)+gx(p+2) <u) (2017+)

with some set of additive functions if L = 2 and cannot occur if
L=3,4,5,....
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Discrete uniform distribution

1. Let

0 otherwise.

1 ifp=3,
fx(p)—{ P

Then
Vx(p <X, fx(p+ 1) < U) = u(uvz)'
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Discrete uniform distribution

2. Let

1 ifp=2,
f;< + gx -
(p) +&x(p) {0 otherwise.

Then
vi(fi(n) + gx(n+1) < u) = U(u,?2).
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Discrete uniform distribution

3. Let
1 ifp=5,

0 otherwise.

f(p) = &x(p) = {

Then

ve(p < x, h(p+ 1)+ gx(p+2) < u) = U(u,2).
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Difficulties

fx . .
lim log x E (p) =0, v€(0,1), for shifted primes,
X—r00 P
X7 <p<x

i L fo(p)Jrgx(p)

=0 for the sum of two functions
x—o0 log x o p
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THANK YOU
FOR YOUR ATTENTION
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