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Mission Statement

We want an upper bound on the number of incidences between
points and lines in a plane.

Definition

I(P,L) := |{(p, `) ∈ P × L : p ∈ `}| .

From Cauchy Schwarz

Trivial Bound

I(P = m,L = n) ≤ min(nm1/2 + m,mn1/2 + n) .

Mission

Can we do better?
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Over R2

Theorem (Szemerédi-Trotter (1983))

In R2, I(P = m,L = n) = O(n2/3m2/3 + n + m) .

This is optimal:

I(P,L) ≈ n +m
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P = {(a, b) ∈ Z2 : 1 ≤ a ≤ N; 2 ≤ b ≤ 2N2}
L = {y = mx + c : m, c ∈ Z; 1 ≤ m ≤ N; 1 ≤ c ≤ N2}
|P| = 2N3 |L| = N3.

I(P,L) ≈ N4 ≈ (|L||P|)2/3

N2
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Variations on a Theme

We have sharp upper bounds between:

In C2:

Points and Lines.
Points and Curves.

Lines and lines in R3.

In F3 points-planes.

Theorem (Rudnev’s incidence bound: points and planes in F3)

Let R, S be a set of points and planes respectively in F3 with
|R| ≤ |S|.
If F has positive characteristic p, suppose that |R| � p2.
Let k be the maximum number of collinear points in R. Then

I(R,S)� |R|1/2|S|+ k |S|.
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Variations on a Theme: Finite fields

Can we expected a Szemerédi-Trotter type bound?

Small point sets: if m, n ≤ N and 5N < log2 log6 log18 p.

Large point sets: if m = n = N ≈ q3/2.

Medium point sets: ....
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Variations on a Theme: Finite fields (Medium Point Sets)

Trivial bound: if n = m = N, then I(P,L) ≤ N3/2.

Bourgain, Katz, Tao:
I(P,L)� N3/2−ε for N = pα, with 0 < α < 2 and
ε = ε(α) > 0.

ε quantified; to beat:

Theorem (T. Jones 2012)

Let P, L be in F2
p with |P|, |L| ≤ N < p.

Then with ε = 1/662 we have

I(P,L)� N3/2−ε.
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Stage 1: An incidence bound for a Cartesian Product

Theorem (Cartesian Product incidence bound)

Let A,B ⊂ F be sets with |A| ≤ |B|. Let L ⊂ F2 be a set of lines
with |A||B|2 ≤ |L|3.
If F has positive characteristic p, assume |A||L| � p2. Then

I(A× B,L)� |A|3/4|B|1/2|L|3/4 + |L|.
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Sketch.

assume no vertical lines and not too many concurrent/parallel
lines;

add in some more variables;

use Cauchy-Schwarz;

use points/planes incidence bound.
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Stage 2: Finding Cartesian Products in point sets

Lemma (How to find a Cartesian product)

The following holds for any constants c2 > c1 > 0.
Suppose that between c1K and c2K lines of L pass through each
point in P. Where

K ≥ 4n/(c1m)

K ≥ 8/c1

K 3 ≥ 27n2/(c31m).

Then there are distinct points p, q ∈ P and a set G ⊆ P\pq of
cardinality |G | = c41K

4m/(29n2), such that G is covered by at
most c2K lines from L through p. and by at most c2K lines from
L through q.
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Lemma (How to find a Cartesian product)

Suppose that ‘about’ K lines of L pass through each point in P.
Then there are points p, q ∈ P and a set G ⊆ P of cardinality
|G | ≈ K 4m/n.
G is covered by ‘at most’ K lines from L through p, and by ‘at
most’ K lines from L through q.



Stage 3: Putting it all together

Theorem

Let P be a set of m points in F2 and L a set of n lines in F2, with
m7/8 < n < m8/7. If F has positive characteristic p, assume
m−2n13 � p15. Then

I(P,L)� m11/15n11/15.
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Stage 3: Proving I(P ,L)� m11/15n11/15.

Proof.

Split points into (i) points through which many lines pass; (ii)
points through which few lines pass; (iii) points through which
about the same number of lines pass.

We can bound (i) and (ii) easily so we’ll concentrate on (iii).
Call these points A0.

We can find a Cartesian product in A0. Let these points be
A′. We apply the Cartesian product bound to A′ and let
A1 = A0\A′.
Repeat...

... but not too often. At some point |Ai | is ‘small’; these
remaining points can’t contribute too many incidences.

Collect all the incidences.
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Applications

Sum-product problem: matching previous bounds

The (pinned) distinct distance problem

Beck’s theorem: either P has Ω(m) points on a line or P
determines Ω(m8/7) lines.

Collinear quadruples (Petridis): Q(A) =
∑

`∈F2
p
|` ∩ (A× A)|4

Bounds on |A + A−1| and max(|A−1 + A−1|, |A + A|)
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Application: |A + A−1| � |A|10/9

Work with X := (A + A−1)−1

Elements of X look like b
ab+1

Identity: b
ab+1 = 1

a −
(
1
a

)2 a
ab+1 .

Identity means we can write x = a−1 − a−2y := c − c2y

Use Cauchy-Schwarz: |A|4 ≤ |{ b
ab+1 = b′

a′b′+1}||X |
Use identity to relate ’complicated bit’ to points and lines:
|{c − c2y = c ′ − c ′2y ′}|
Bound by Cartesian incidence theorem.
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Conclusion

Can we do better?

What about in Fq?

Incidences between different objects?

More applications?
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