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Motivation

Geometry of Numbers: basic setup consists of a lattice Λ and a
convex body K

Parametric Geometry of Numbers: we let K = K (Q) depend on a
parameter Q > 1.
For simultaneous approximation to ξ := (ξ1, . . . , ξn−1) ∈ Rn−1:

Λ = Λξ := {(y , ξ1y − y1, . . . , ξn−1y − yn−1) : y ∈ Zn},

K (Q) := {x ∈ Rn : |x1| ≤ Q, |xi | ≤ Q−1/(n−1) for 2 ≤ i ≤ n},

where y = (y , y1, . . . , yn−1) and x = (x1, . . . , xn).

Note that vol(K(Q))
det Λ = 2n, hence Minkowski’s Theorem implies that

any K (Q) contains a nonzero lattice point.
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The successive minima functions

Minkowski’s successive minima

For 1 ≤ i ≤ n, λi (Λ,K ) is defined as the infimum over all λ for
which λK contains i linearly independent points of Λ.

λi (Λξ,K (Q)) =: λi (Q) becomes a function of Q.
With Q = e(n−1)q we write K = K (q), λi = λi (q) and define

Li (q) := log λi (q).

L1, . . . , Ln are continuous, piecewise linear functions of slope
−(n − 1) and 1.

|L1 + . . .+ Ln| ≤ c(n) by Minkowski’s second Theorem on
convex bodies.

if 1, ξ1, . . . , ξn−1 are linearly independent over Q, it follows
that Li(q) = Li+1(q) for certain arbitrarily large q.
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Approximation constants

The set of functions Lξ := (L1, . . . , Ln) : (0,∞) → Rn encodes all
simultaneous approximation properties of ξ. In order to extract as
much information as possible we define (for 1 ≤ i ≤ n)

The dynamical approximation constants

ϕ
i
:= lim inf

q→∞

Li (q)

q
resp. ϕi := lim sup

q→∞

Li(q)

q

ϕ1 ≤ . . . ≤ ϕn ≤ 1 and −(n − 1) ≤ ϕ
1
≤ . . . ≤ ϕ

n
,

−(n − 1) ≤ ϕ
i
≤ ϕi ≤ 1 for i = 1, . . . , n,

more precisely ϕ
i
≥ −(n − i)/i for 1 ≤ i ≤ n,

ϕ
i+1

≤ ϕi in the Q-linearly independent case, hence by the

previous ϕi ≥ −(n − i − 1)/(i + 1) for 1 ≤ i ≤ n− 1
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The joint behaviour of approximation constants

A main concern of diophantine approximation is to understand the
relations between those approximation constants, i.e. to describe

The spectrum of simultaneous approximation

To any ξ := (ξ1, . . . , ξn−1) ∈ Rn−1 \ {0} we associate the vector

µ(Lξ) :=
(

ϕ
1
(ξ), . . . , ϕ

n
(ξ), ϕ1(ξ), . . . , ϕn(ξ)

)

and denote by

ℑ(µ) := {µ(Lξ) : ξ ∈ Rn−1 \ {0}}

the image of µ. Its subset ℑ∗(µ), where only Q-linearly indep. ξ
are considered is called the complete spectrum of µ.

To determine the complete spectrum for a given dimension is an
ambitious goal, already partial spectra involving only particular
ϕ
i
, ϕi are determined by famous relations such as Khinchine’s

relations, Jarnik’s identity, ....
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n-systems

The idea is to replace Lξ by a system of functions P with
|Li − Pi | ≪ 1 for i = 1, . . . , n defined by very simple rules.

Definition

A map P : (0,∞) → ∆ := {(α1, . . . , αn) ⊆ Rn : α1 ≤ . . . ≤ αn}
is called an n-system, if

Pi are continuous, piecewise linear with slopes −(n − 1), 1;

P1(q) + . . .+ Pn(q) = 0;

whenever Pi has a local minimum and Pj has a local
maximum at q, then either Pi(q) = Pj(q) or i < j .

Moreover, if q − Pn(q) → ∞ we call P proper.

Values of q at which some of the Pi change slope will be called
division numbers. The union of the graphs of the functions Pi will
be called the combined graph of the n-system P.
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Example of a combined graph in some interval (n = 3)

P1

P2

P3

qϕ
1

qϕ3

q
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The main Theorem

Theorem (Schmidt-S. 2013, Roy 2015)

(a) For each ξ ∈ Rn−1 with 1, ξ1, . . . , ξn−1 linearly independent
over Q, there is a proper n-system P : (0,∞) → ∆ with P − Lξ

bounded on (0,∞).
(b) Given a proper n-system P : (0,∞) → ∆, there exists some ξ
with 1, ξ1, . . . , ξn linearly independent over Q having P − Lξ

bounded on (0,∞).

Consequence: {Lξ : ξ ∈ Rn−1} is completely characterized by a
few simple properties among all functions (0,∞) → ∆ modulo
bounded functions, by (b) it suffices to work with proper n-systems
P to study simultaneous approximation properties of Q-linearly
independent ξ.
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The spectrum again

For n-systems P it makes sense to define

ϕi = lim sup
q→∞

Pi(q)

q
resp. ϕ

i
:= lim inf

q→∞

Pi (q)

q

and consider the vector of approximation constants

µ(P) :=
(

ϕ
1
(P), . . . , ϕ

n
(P), ϕ1(P), . . . , ϕn(P)

)

.

Regarding spectra it follows that:

Corollary

ℑ(µ) is the set of all points µ(P) where P runs through all
n-systems, ℑ∗(µ) consists of all µ(P) where P runs through all
proper n-systems.

Leonhard Summerer Simultaneous Approximation and associated spectra



Parametric geometry of numbers
General results on the spectrum

Approximation to two reals

Partial quantitative results
Qualitative results

Khinchine and Jarnik

Khinchine’s transference principle

ϕ
1
+ (n − 1)ϕn ≥ 0 and (n − 1)ϕ

1
+ ϕn ≤ 0

where shown to be optimal by Jarnik and hence characterize the
spectrum of (ϕ

1
, ϕn).

Jarnik’s identity

In dimension 3, Jarnik showed that ϕ1 + ϕ
3
= −ϕ1ϕ3

determines
(ϕ1, ϕ3

) and German (2011) proved the following generalization
for n ≥ 4:

(n − 2)ϕ
n
+ ϕ1 ≥ −ϕ1ϕn

≥ (n − 2)ϕ1 + ϕ
n
.

These inequalities are optimal (Schmidt, S.) and describe the full
spectrum (Marnat) of (ϕ1, ϕn

).
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Laurent’s Theorem

Of particular interest is the joint behaviour of (ϕ
1
, ϕ

n
, ϕ1, ϕn). For

n = 3 it was determined by Laurent (2006):

The spectrum of (ϕ
1
, ϕ

3
, ϕ1, ϕ3)

For any (ξ1, ξ2) ∈ R2 with 1, ξ1, ξ2 lin. indep. over Q the
approximation constants (ϕ

1
, ϕ1, ϕ3

, ϕ3) satisfy

0 ≤ ϕ
3
≤ ϕ3 ≤ 1, ϕ1ϕ3

+ ϕ1 + ϕ
3
= 0,

2ϕ
1
+ϕ3 ≤−ϕ

3

(

3 + ϕ
1
+ 2ϕ3

)

, ϕ
1
+2ϕ3 ≥−ϕ1

(

3 + ϕ3 + 2ϕ
1

)

.

Conversely, for each quadruple of numbers ϕ
1
, ϕ1, ϕ3

, ϕ3 satisfying

these inequalities, there exist corresponding (ξ1, ξ2) ∈ R2.

Note that Jarnik’s identity remains unchanged, Khinchine’s
inequalities are sharpened (presence of two more parameters)!
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Roy’s Theorem on spectra

Theorem: (D. Roy, 2016)

The spectrum ℑ∗(µ) is a compact and connected subset of R2n,
ℑ(µ) is also compact but does not need to be connected.

Essential tools

For any n-system P, let

F(P) := {x ∈ Rn : ∃(qi )i≥1 → ∞ with lim
i→∞

P(qi )

qi
= x}.

F(P) is a compact subset of [−(n − 1), 1]n ,
µ(P) = (inf(F(P)), sup(F(P))).
F(P) may be replaced by its convex hull K(P).
For K(P) one may restrict the sequence (qi )i≥1 in the
definition of F(P) to division points of P.
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Self similar n-systems

Definition

An n-system P is called self similar if there exists a parameter
ρ > 1 such that P(ρq) = ρP(q) for all q ≥ q0.

It can be shown that

the spectrum of self similar n-systems is determined by its
restriction to a suitable finite interval I : it is the convex hull of
{

P(w1)

w1
, . . . ,

P(wn)

wn
: w1, . . . ,wn division points of P in I

}

,

{µ(P) : P proper, self similar n-system } belong to the same
connected component in ℑ∗(µ).
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Approximation by self similar n-systems

A notion of distance between compact sets of [−(n − 1), 1]n

For A,B ⊆ Rn and Dǫ := [−ǫ, ǫ]n set

d(A,B) := inf ǫ such that A ⊆ B + Dǫ,B ⊆ A+ Dǫ.

This metric d turns [−(n − 1), 1]n into a complete metric space.

For given ǫ > 0 and any n-system P on [q0,∞) there exist
v > u > q0 with

d(F(P),F[u,v ]) ≤ ǫ,

where F[u,v ] = {P(q)
q

: u ≤ q ≤ v}.

Approximation of n-systems by self similar n-systems

For given ǫ > 0 and any n-system P there exists a self similar
n-system S with d(F(S),F(P)) ≤ ǫ.
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Conclusions

Connectedness

{µ(S) : S self similar n-system } is a dense subset of ℑ∗(µ), the
latter is connected as its points attached to self similar n-systems
all belong to a single connected component of the spectrum.

Compactness

To prove that for any y ∈ Rn in the topological closure of ℑ∗(µ)
there exists a sequence of proper n-systems P(i) such that µ(P(i))
tends to µ(P) is the most technical part of the proof of Roy’s
result.
The compactness of ℑ(µ) follows easily by induction as it can be
obtained as the union of ℑ∗(µ) and a spectrum of lower dimension.
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Self similar graphs for n = 3

The spectrum of (ϕ
1
, ϕ1, ϕ3

, ϕ3)

... is completely determined by the inequalities

0 ≤ ϕ
3
≤ 1,

2ϕ
1
+ ϕ3 ≤ ϕ1(3− ϕ

1
+ ϕ3) and ϕ

1
+ 2ϕ3 ≤ ϕ

3
(3 + ϕ

1
− ϕ3),

and Jarnik’s identity

ϕ1 + ϕ
3
+ ϕ1ϕ3

= 0.

If we assume ϕ
3
< 1, there always exists a selfsimilar 3-system

with prescribed (ϕ
1
, ϕ1, ϕ3

, ϕ3) in the spectrum.

This self similar 3-system may be chosen to have the following
standard form:
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The standard self similar 3-graph

P1

P2

P3

ϕ
1

ϕ1

ϕ3

ϕ
3

q

ϕ2

ϕ
2

standard piece
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Bounds for ϕ
2
, ϕ2

In addition to the joint spectrum of ϕ
1
, ϕ1, ϕ3

, ϕ3 consider
also the approximation constants ϕ

2
, ϕ2.

For a given (ϕ
1
, ϕ

2
, ϕ

3
, ϕ1, ϕ2, ϕ3) ∈ ℑ∗(µ) determine upper

and lower bounds for the quantities ϕ
2
, ϕ2.

Show that these bounds are best possible in the sense that
there exist ξ1, ξ2 with 1, ξ1, ξ2 lin. indep. over Q for which
those bounds are attained.

Theorem (Schmidt, S. 2016)

The inequalities

ϕ2 ≤
ϕ1 − ϕ

1

2− ϕ1 − ϕ1ϕ1

and its dual ϕ
2
≥

ϕ
3
− ϕ3

2− ϕ
3
− ϕ

3
ϕ3

are necessary for all µ(P) in ℑ∗(µ).
(ϕ

3
= 1 ⇒ ϕ

1
= −2, ϕ1 = ϕ

2
= −1/3, ϕ2 = ϕ

3
= ϕ3 = 1.)
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The standard 3-system

P1

P2

P3

qϕ
1

qϕ1

qϕ3

qϕ
3

q

Standard piece

Standard pieceLeonhard Summerer Simultaneous Approximation and associated spectra
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Increasing ϕ2 on a standard piece

P1

P2

P3

qϕ2

qϕ
2

qϕ
1

qϕ1

qϕ3

qϕ
3

q
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Patching together standard pieces

P1

P2

P3

qϕ2

qϕ
2

qϕ
1

qϕ1

qϕ3

qϕ
3

q

standard piece 2

standard piece 1

standard piece 1

qΩ
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The complete spectrum in dimension 2

Meanwhile D. Roy completely characterized this spectrum as a
semi-algebraic set determined by Jarnik’s identity and 29(!!)
inequalities, each involving one to four approximation constants.

Don’t worry, I won’t list them all...

Thank you for your attention!
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