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Introduction and background



1 Jacobi theta function

Let τ be a complex variable in H := {τ ∈ C | ℑ(τ) > 0}. The series

θ2(τ) := 2
∞∑
ν=0

q(ν+1/2)2 , θ3(τ) := 1 + 2
∞∑
ν=1

qν
2

,

θ4(τ) := 1 + 2

∞∑
ν=1

(−1)
ν
qν

2

are known as theta-constants or Thetanullwerte, where q := eπiτ .
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∞∑
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(−1)
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are known as theta-constants or Thetanullwerte, where q := eπiτ .

The function θ3(τ) = Θ(0|τ) is called theta-constant of the Jacobi theta

function

Θ(z|τ) :=
∞∑

ν=−∞
eπiν

2τ+2πiνz.
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Triple product formula of Θ(z|τ)� �
For v := e2πiz ∈ C and q := eπiτ (τ ∈ H),

Θ(z|τ) :=
∞∑

ν=−∞
vνqν

2

=
∞∏
n=1

(1− q2n)(1 + vq2n−1)(1 + v−1q2n−1).

In particular,

θ3(τ) = Θ(0|τ) =
∞∑

ν=−∞
qν

2

=
∞∏
n=1

(1− q2n)(1 + q2n−1)2.

� �
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∞∑

ν=−∞
qν

2

=
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n=1

(1− q2n)(1 + q2n−1)2.

� �
・θ3(τ) ̸= 0 (τ ∈ H)

・Euler’s pentagonal number theorem

・Jacobi’s two (four) square theorem
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Triple product formula of Θ(z|τ)� �
For v := e2πiz ∈ C and q := eπiτ (τ ∈ H),

Θ(z|τ) :=
∞∑

ν=−∞
vνqν

2

=
∞∏
n=1

(1− q2n)(1 + vq2n−1)(1 + v−1q2n−1).

In particular,

θ3(τ) = Θ(0|τ) =
∞∑

ν=−∞
qν

2

=
∞∏
n=1

(1− q2n)(1 + q2n−1)2.

� �
・θ3(τ) ̸= 0 (τ ∈ H)

・Euler’s pentagonal number theorem;∏∞
n=1(1− xn) =

∑∞
k=−∞(−1)kx

k(3k+1)
2 , |x| < 1.



2 Applications of Nesterenko’s theorem
.

Theorem (Yu. V. Nesterenko, 1996)� �
For any s ∈ C with 0 < |s| < 1, at least three of the numbers

s, P (s) := 1− 24
∞∑
n=1

σ1(n)s
n,

Q(s) := 1 + 240
∞∑
n=1

σ3(n)s
n, R(s) := 1− 504

∞∑
n=1

σ5(n)s
n

are algebraically independent over Q, where σk(n) :=
∑
d|n d

k.� �
Yu. V. Nesterenko, Modular functions and transcendence questions, Mat. Sb.

187 (1996), 65–96; English transl. Sb. Math. 187 (1996), 1319―1348.
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There exist some identities between the theta-constants and the

Ramanujan functions

P (z) := 1− 24
∞∑
n=1

σ1(n)z
n, Q(z) := 1 + 240

∞∑
n=1

σ3(n)z
n,

R(z) := 1− 504
∞∑
n=1

σ5(n)z
n;

For instance,

P (q2) = 4
(
Dθ2(τ)
θ2(τ)

+ Dθ3(τ)
θ3(τ)

+ Dθ4(τ)
θ4(τ)

)
, D := (πi)−1d/dτ,

Q(q2) = 2−1(θ82(τ) + θ83(τ) + θ84(τ)),

Q3(q2)−R2(q2) = 2−8(θ2(τ)θ3(τ)θ4(τ))
8.
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Theorem (D. Bertrand, 1997)� �
Let j ∈ {2, 3, 4} and τ ∈ H. Then at least three of the numbers

q = eiπτ , θj(τ), Dθj(τ), D2θj(τ)

are algebraically independent over Q.� �
D. Bertrand, Theta functions and transcendence, Ramanujan J. 1 (1997),

339―350.
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Corollary (D. Bertrand, 1997)� �
Let j ∈ {2, 3, 4} and q = eiπτ (τ ∈ H) be an algebraic number.

Then the three values

θj(τ), Dθj(τ), D2θj(τ)

are algebraically independent over Q.� �
This was shown independently by

D. Duverney, Ke.Nishioka, Ku.Nishioka, I. Shiokawa, Transcendence of Jacobi’s

theta series, Proc. Japan Acad. Ser. A Math. Sci. 72 (1996), 202–203.
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Applying this corollary to the function θ3(τ), we derive that the sums

∞∑
n=1

qn
2

,
∞∑
n=1

n2qn
2

,
∞∑
n=1

n4qn
2

are algebraically independent over Q for any q ∈ Q with 0 < |q| < 1.

In particular, the sum
∑∞
n=1 q

n2

is transcendental.
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Applying this corollary to the function θ3(τ), we derive that the sums

∞∑
n=1

qn
2

,
∞∑
n=1

n2qn
2

,
∞∑
n=1

n4qn
2

are algebraically independent over Q for any q ∈ Q with 0 < |q| < 1.

In particular, the sum
∑∞
n=1 q

n2

is transcendental.

For example, the three sums

∞∑
n=1

1

2n2 ,
∞∑
n=1

n2

2n2 ,
∞∑
n=1

n4

2n2

are algebraically independent over Q.
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Theorem (D. Bertrand, 1997)� �
Let j, k and ℓ ∈ {2, 3, 4} with j ̸= k. For any τ ∈ H, at least three

of the numbers

q = eiπτ , θj(τ), θk(τ), Dθℓ(τ)

are algebraically independent over Q.

In particular, if q = eiπτ (τ ∈ H) is an algebraic number, then the

three values
θj(τ), θk(τ), Dθℓ(τ)

are algebraically independent over Q.� �
D. Bertrand, Theta functions and transcendence, Ramanujan J. 1 (1997),

339―350.
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This implies that, if q = eiπτ (τ ∈ H) is an algebraic number, then any

two numbers chosen from

θ2(τ) = 2
∞∑
ν=0

q(ν+1/2)2 , θ3(τ) = 1 + 2
∞∑
ν=1

qν
2

,

θ4(τ) = 1 + 2
∞∑
ν=1

(−1)
ν
qν

2

are algebraically independent over Q.
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This implies that, if q = eiπτ (τ ∈ H) is an algebraic number, then any

two numbers chosen from

θ2(τ) = 2
∞∑
ν=0

q(ν+1/2)2 , θ3(τ) = 1 + 2
∞∑
ν=1

qν
2

,

θ4(τ) = 1 + 2
∞∑
ν=1

(−1)
ν
qν

2

are algebraically independent over Q.

On the other hand, the three numbers θ2(τ), θ3(τ), and θ4(τ) are

algebraically dependent over Q for any τ ∈ H, since the following

identity holds;
θ43(τ) = θ42(τ) + θ44(τ).



3 Elsner’s theorem
.

Theorem (C. Elsner, 2015)� �
Suppose that q = eπiτ (τ ∈ H) is an algebraic number. Then the

two values

θ3(τ) = 1 + 2

∞∑
ν=1

qν
2

and θ3(nτ) = 1 + 2

∞∑
ν=1

(qn)ν
2

are algebraically independent over Q, if n = 2m (m ≥ 1) or

n = 3, 5, 6, 7, 9, 10, 11, 12.� �
C. Elsner, Algebraic independence results for values of theta-constants, Funct.

Approx. Comment. Math. 52, (2015) 7–27.
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Lemma (C. Elsner, 2015). Let n = 2m (m ≥ 1) be an integer. Then

there exists a nonzero polynomial Pn(X,Y ) ∈ Z[X,Y ] such that

Pn

(
θ23(nτ)

θ23(τ)
,
θ4(τ)

θ3(τ)

)
= 0

holds for any τ ∈ H .

The algorithm to compute these polynomials inductively is given;

P2 = 2X − Y 2 − 1 ,

P4 = 4X − (1 + Y )
2
,

P8 = 64X2 − 16(1 + Y )
2
X + (1− Y )

4
,

P16 = 65536X4− 16384(1+ Y )
2
X3+ 512(3Y 4+ 4Y 3+ 18Y 2+ 4Y + 3)X2

−64(1 + Y )
2
(Y 4 + 28Y 3 + 6Y 2 + 28Y + 1)X + (1− Y )

8
.
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(
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.
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Next, applying the algebraic independence criterion(∗) in

C. Elsner, S. Shimomura, I. Shiokawa, and T., Algebraic independence results

for the sixteen families of q-series, Ramanujan J. 22 (2010), 315–344.,

we see that the algebraic independence of θ3(τ) and θ3(2
mτ) over Q can

be obtained by proving that

ResX
(
Pn(X,Y ),

∂

∂Y
Pn(X,Y )

)
∈ Z[Y ]

does not vanish identically.

Since the polynomials P2, P4, P8, . . . are inductively determined, we can

check

ResX
(
Pn(X, 0),

∂

∂Y
Pn(X, 0)

)
̸= 0

for each Pn(X,Y ), which gives the desired result.
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Similarly, for an odd integers n ≥ 3, the algebraic independence of θ3(τ)

and θ3(nτ) over Q can also be deduced from the non-vanishing of the

resultant with the following polynomial Pn(X,Y ).

Theorem (Yu. V. Nesterenko, 2006)� �
For any odd integer n ≥ 3, there exists a nonzero polynomial

Pn(X,Y ) ∈ Z[X,Y ] such that

Pn

(
n2
θ43(nτ)

θ43(τ)
, 16

θ42(τ)

θ43(τ)

)
= 0

holds for any τ ∈ H.� �
Yu. V. Nesterenko, On some identities for theta-constants, Sem. Math. Sci.,

35, Keio Univ., Yokohama, 2006, 151―160.
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The first polynomials P3 and P5 are given by

P3 = 9− (28− 16Y + Y 2)X + 30X2 − 12X3 +X4 ,

P5 = 25− (126− 832Y + 308Y 2 − 32Y 3 + Y 4)X

+(255 + 1920Y − 120Y 2)X2 + (−260 + 320Y − 20Y 2)X3

+135X4 − 30X5 +X6 .

Non-vanishings of the resultants

ResX
(
Pn(X,Y ),

∂

∂Y
Pn(X,Y )

)
∈ Z[Y ]

for odd integers n = 3, 5, 7, 9, 11 are based on this direct computations

of Pn(X,Y ).



4 Our approach
.

Lemma (C. Elsner and T., 2016)� �
Let n = 2αm be an integer with α ≥ 0 and an odd integer m ≥ 3.

Then there exists a nonzero polynomial Qn(X,Y ) ∈ Z[X,Y ] such

that

Qn

(
θ3(nτ)

θ3(τ)
,
θ2(τ)

θ3(τ)

)
= 0

holds for any τ ∈ H.� �



4 Our approach
.

Lemma (C. Elsner and T., 2016)� �
Let n = 2αm be an integer with α ≥ 0 and an odd integer m ≥ 3.

Then there exists a nonzero polynomial Qn(X,Y ) ∈ Z[X,Y ] such

that

Qn

(
θ3(nτ)

θ3(τ)
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θ2(τ)
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holds for any τ ∈ H.� �
We proved that

・Qn
(
X, θ2(τ)θ3(τ)

)
̸≡ 0 ⇒ θ3(nτ) is algebraic over Q(θ2, θ3)

・Qn
(
θ3(nτ)
θ3(τ)

, Y
)
̸≡ 0 ⇒ θ2(τ) is algebraic over Q(θ3, θ3(nτ))
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Proposition (C. Elsner and T., 2016)� �
Let n ≥ 3 be an odd integer and

ψ(n) := n
∏
p|n

(
1 +

1

p

)
.

Then we have ∏
θ3

(
uτ + 2v

w

)
= θ

ψ(n)
3 (τ),

where the product is taken for all ψ(n) triples u, v, w of nonnegative

integers satisfying the conditions

(u, v, w) = 1, uw = n, 0 ≤ v < w.� �



.

Main results



5 Main results
.

Theorem 1 (C. Elsner and T., 2016)� �
Let n ∈ Z≥2 and τ ∈ H. Then the numbers θ2(τ) and θ3(nτ) are

algebraic over the fields

Q(θ3(τ), θ3(nτ)) and Q(θ2(τ), θ3(τ)),

respectively.� �



5 Main results
.

Theorem 1 (C. Elsner and T., 2016)� �
Let n ∈ Z≥2 and τ ∈ H. Then the numbers θ2(τ) and θ3(nτ) are

algebraic over the fields

Q(θ3(τ), θ3(nτ)) and Q(θ2(τ), θ3(τ)),

respectively.� �
Q (θ2(τ), θ3(τ), θ3(nτ))

���alg.
HHH alg.

Q (θ3(τ), θ3(nτ)) Q (θ2(τ), θ3(τ))

���
HHH

Q
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Combining Theorem 1 and Bertrand’s theorem gives the following;

Theorem 2� �
Let n ≥ 2 be an integer and τ ∈ H. Then at least three of the

numbers q = eiπτ , θ3(τ), θ3(nτ), Dθ3(τ) are alg. ind. over Q.� �
Corollary 1. Let n ≥ 2 be an integer and τ ∈ H such that q = eiπτ

(0 < |q| < 1) is an algebraic number. Then the three numbers

θ3(τ), θ3(nτ), Dθ3(τ)

are algebraically independent over Q. This implies that so are the three

sums
∞∑
k=1

qk
2

,

∞∑
k=1

qnk
2

,

∞∑
k=1

k2qk
2

.
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Combining Theorem 1 and Bertrand’s theorem gives the following;

Theorem 2� �
Let n ≥ 2 be an integer and τ ∈ H. Then at least three of the

numbers q = eiπτ , θ3(τ), θ3(nτ), Dθ3(τ) are alg. ind. over Q.� �
This corollary gives a generalization of Elsner’s theorem;

The special case of Theorem 2� �
Let n ≥ 2 be an integer and τ ∈ H such that q = eiπτ is an algebraic

number. Then the two values

θ3(τ) = 1 + 2

∞∑
ν=1

qν
2

and θ3(nτ) = 1 + 2

∞∑
ν=1

(qn)ν
2

are algebraically independent over Q.� �
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Recently, we have the following

Theorem 3 (C. Elsner, F. Luca and T., 2017)� �
Let m,n ≥ 1 be distinct integers and τ ∈ H such that q = eiπτ is an

algebraic number. Then the two values

θ3(mτ) = 1 + 2
∞∑
ν=1

(qm)ν
2

and θ3(nτ) = 1 + 2
∞∑
ν=1

(qn)ν
2

are algebraically independent over Q.� �
Example 1. For any distinct integer m,n ≥ 1, the sums

∞∑
k=1

1

(2m)k2
and

∞∑
k=1

1

(2n)k2

are algebraically independent over Q.
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Theorem 3� �
Let ℓ,m, n ≥ 1 be integers and τ ∈ H. Then the three values

θ3(ℓτ), θ3(mτ), θ3(nτ)

are algebraically dependent over Q.� �
Q (θ2(τ), θ3(τ), θ3(ℓτ), θ3(mτ), θ3(nτ))

���alg.
HHH alg.

Q (θ3(ℓτ), θ3(mτ), θ3(nτ)) Q (θ2(τ), θ3(τ))

���
HHH

Q
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Theorem 3� �
Let ℓ,m, n ≥ 1 be integers and τ ∈ H. Then the three values

θ3(ℓτ), θ3(mτ), θ3(nτ)

are algebraically dependent over Q.� �
Q (θ2(τ), θ3(τ), θ3(ℓτ), θ3(mτ), θ3(nτ))

���alg.
HHH alg.

Q (θ3(ℓτ), θ3(mτ), θ3(nτ)) Q (θ2(τ), θ3(τ))

���
HHH

Q
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Example 2. The polynomial

Q(X,Y, Z) := X8+8Z2X6−64Z2Y 2X4+64Z2Y 4X2+18Z4Y 4−27Z8

vanishes at

X = θ3(τ) = 1 + 2
∞∑
n=1

1

2n2 , Y = θ3(2τ) = 1 + 2
∞∑
n=1

1

4n2 ,

Z = θ3(3τ) = 1 + 2
∞∑
n=1

1

8n2 ,

where τ ∈ H satisfies eiπτ = 1/2.
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Thank you for your attention


