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Abstract: We prove new qualitative and quantitative results on the linear independence measure
of logarithms, dilogarithms and trilogarithms of algebraic numbers. For example, our method yields
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g > 486 or ¢ < —471. We briefly indicate how to obtain linear independence measure over Q(¢)
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1. Introduction

Let Lis(z) be the s-th polylogarithm defined by

Lif@) =3 2=,  Jel<l,s=123...;

ks

0 k
=5

k
in this note we adapt the method developed by Zudilin in [12, Section 1] and
in [13] to obtain new qualitative and quantitative results for the linear independence

over Q of 1, Lij(1/2), Li(1/z) and Lis(1/2) when z takes suitable rational values.
In a simpler form, our method was introduced by Gutnik [1]. Later on, Hata [2]
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introduced simultaneous approximations to the Lerch functions, and in particular
obtained a new proof of Gutnik’s result.

A linear independence measure of a finite set of real numbers is a lower bound
of the absolute value of a linear combination over Z of these numbers, in terms
of the size of the coefficients of the combination itself (see e. g. Theorem 7.1 below).
In the special case of the polylogarithms, Hata’s constructions of simultaneous
approximations to Lij(1/z), Liy(1/2), ..., Lis(1/2) coincide with Gutnik’s. Indeed,
the simplest expression of the coefficient the polylogarithms in the s linear forms
(i. e. the analogue of the polynomial W, (2) introduced below) is the same in the
two constructions, and this implies that the s linear forms also coincide, by well
known facts on Padé approximations of the second type. In contrast, the analytic
expression of the s linear form is different in the two papers. We prove that
1, Lij(1/2), Liy(1/2), Liz(1/2) are linearly independent over Q, when z belongs to
a set of values wider than in Hata’s paper [2]. We also obtain a linear independence
measure that in particular improves the quantitative results of Gutnik and Hata.

It seems plausible to obtain the same results as in the present paper by writing the
aforementioned polynomials W,(z) as “multiple Legendre polynomials”, similarly
to [6], and then by constructing the linear forms as integrals of these polynomials
multiplied by suitable weights, i.e. by adapting Hata’s method [3], developed there
for the dilogarithm. Moreover, as a special case of a theorem of Nesterenko [8], the
Barnes’s type integral I,(f) (z) below equals a suitable triple Euler-type integral, i. e.
an integral in the unit cube of a product of powers of x|, | — x|, ,, 1 — x5, 3, 1 — 23
divided by a power of a suitable polynomial of x;, x,, 3, 2. Therefore one could
also adapt the Rhin—Viola method [10] (see section 8 below for a related remark
on the double integrals in [10]) and seemingly obtain our new results along those
lines. However, this could entail the application of a C3-saddle point method, or
perhaps a restriction of the parameters similar to that operated in [10] (see section 8
below for more details on this point). It is worth noticing that in [11] Viola made an
interesting tentative of adapting the method of [10] to polylogarithms, and proposed
an explicit construction for the trilogarithms, based on suitable triple Euler-type
integrals which are different from those in [8].

Our method could be extended to polylogaritms Lis(1/z), but we confine
our discussions to trilogarithms for the sake of simplicity. In the last section, as
a byproduct of the present work, we briefly indicate how to adapt our method to the
linear independence of 1, Li;(1/z2), Li(1/z), where z takes rational or imaginary
quadratic values, by using definitions and results from the paper [7] by Viola and
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the present author. The linear independence criterion we borrow from [7] could
be extended to higher dimensions, therefore it would be possible to obtain linear
independence measures of 1, Li;(1/z2), Li,(1/z), Li;(1/z) for suitable algebraic values
of z: for ease of presentation, we omit the details and the numerical examples.

The paper is organized as follows. In section 2 we introduce our simultaneous
approximations in the form of suitable hypergeometric series, inspired by [13]. In
section 3 we study the arithmetical properties of our approximations. In section
4 we refine the results of section 3 by a standard comparison between companion
constructions. In section 5 we apply the saddle point method and obtain the
asymptotic behavior of our linear forms, and of the common coefficient of Lig(1/2)
(s = 1,2,3) in the three linear forms. In section 6 we compute a standard but
crucial determinant which guarantees that a certain degenerescence does not occur.
In section 7 we state our main theorem and give some numerical applications. In
section 8 we indicate how to adapt the argument when we deal with Li;(1/2) and
Liy(1/z) only, and z is algebraic. For z € Q this leads to an improvement of the
results in 3], for z negative, and in [10], for 2z positive.

2. Linear forms in trilogarithms

Let a;, a,, a3, a4, by, by, b3, by be integer numbers such that
bi, by, b3 < ay, 07,03, a4 < by
as in [13]. In the numerical examples we presente in section 7, the quantity
d=(a;+ay+as+as)— (b +by+b3+by) + 1

will be zero; however, for methodological reasons, we do not make any assumption
on the sign of d (we also remark that the related quantity in the application we
present in section 8 is positive in several numerical examples). Let ﬁ(t) be the
product of four rational functions as follows:

4

R(t) = [ [ Rlai. bis t),

i=1

where
I'(a+1)

“OFY e
o+ = °°

R(a,b;t) =T(b—a)
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and
1 I'(a+t)
I'l+a—-0b)T(b+1t)

R(a, b;t) = ifa > b,

and I' is Euler’s Gamma function. In order to fix the ideas, we take the integers a;,
ay, as, as, by, by, bz, by—1 all multiple of an integer n = 0, 1, 2, ..., and introduce
the fixed nonnegative integers a1, as, as, 81, B2, B3, 7y as follows:

Oé]’l'l:a4—b1, azn:a4—b2, agn:a4—b3,

Bin=a;—b, Bm=a,—by, pn=az—b;

and

yn+ 1 =by — ay.

We consider the following three series defined for any z € C with |z| > I:

S(j) (z) — z5”(1 _ z)maX{O,(ﬂl+ﬁ2+ﬁ3—’Y)”}

di-! (t - aln)ﬁln (t - azn)ﬂzn (t - a3n)ﬂ3n (7”)‘ ) —t
’ 24-:6 (- D dt-! ( Gt Bt B O )
(J=12,3),

where

0 = max{0, a; — B1, as — Br, a3 — B3}

The rational function E(t — a4) has a unique decomposition in partial fractions:

=~ o (t_aln)ﬂm (t_a2n)ﬂzn (t_a3n)ﬂ3n (’)”I’L)' _ - i
B0 =G G Gl s~ 2 1 T B

where

Al = (ﬁ(t - (1,4)(t + l))t:—l

= (= 1) Pt Pyntd y\ fam+1\ fan+1\ [asn+1
! Bin Bn Bin
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and B(t) is a polynomial in ¢ of degree < d+ 1 = (8, + 5, + B3 — y)n with rational
coefficients (by definition deg 0 = —00). Note also that R(t — as) vanishes with its
first and second derivatives for t = éon + 1, ..., min{a,, oy, a3}n.

Therefore szl)(z) splits into two parts:

n
SW(z) = (1 — 2O BrttBimnt § ( 3 Ay B(t)) Z

t>1+60n =0 t+ !

m
_ (1 _ Z)max{O,(ﬂlJrﬁerﬁ}—v)n} Z A Z

=0 t>1+0n

4 25”(1 _ Z)max{O,(ﬂHrﬁerﬂrv)n} Z B(t)Zit,
t>1+46n

zén—t

t+1

and similarly for Sy(lz)(z) and SS)(Z), as we see later on. The first part of Sg)(z)
(j = 1,2, 3) splits further, using

St ontl snti—t

z n+iy
Z - =2""'Lij(1/2) - Z
t>14-dn (t+1) t=1

Y l=0,....,vyn;5=1,2,...),

where the finite sum at the right-hand side is 0 if én + [ = 0. For the second part
of Sgl)(z) we have

] ()
- tle;sn B(t)z™" = 2001 — z)BithatBs=7)n
for a suitable polynomial Ufll)(z) of degree < (B1+0,+063—7)n (see e.g. [9, Lemma
1]). Hence U,(ll)(z) is nonzero if and only if (8, + B, + B3 — y)n > 0.
For any positive integer m, we consider the least common multiple of 1, 2, ..., m,
and denote it by D,,.
By [13, Lemma 5] we have that

Dy, max{ ,ﬂzaﬁs}B(t)

is an integer-valued polynomial (i.e. a polynomial that takes integer values over
integers). Therefore, again by [9, Lemma 1]

Dn max{, ,ﬂz,ﬁz}U}ll)(z) € Z[z]
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Hence
SV (2) = Wa(2)Lii(1/2) — (U (2) + VO(2)),
where
m
Wa(2) = Z5n(1 _ z)maX{O»(ﬂHrﬂerﬂs—v)n} Z A7
1=0
and

m on+l z6n+l—t
Vr(bl)(z) =(1- z)maX{O,(ﬁl—s-ﬁﬁﬂz—v)n} Z A, Z
=0  t=I

t

Similarly Sf?(z) splits into two parts:

m
A
~ §0(2) = (1 = O GHBBn, § (Z 1)2 _ B/(t)) ot

t>14n =0 (t + !

on—1

n
z
—(1- max{0,(8,+06,+8;—7)n} A
(1-2) DoAY (t+1)?

=0 t>146n

B Z(sn(l . Z)max{O,(ﬂl-i-/Bz-i-ﬂz*’Y)n} Z B’(t)zit.

t>1+460n
If (B + B>+ B3 —v)n > 1 we also have
~(2
> Bl - -
o 25”(1 - z)maX{O,(ﬂ1+ﬂ2+ﬁg—7)n}—1

t>1+6n

for a suitable polynomial T, (2) of degree < max{0, (1 + B, + B3 — y)n} — 1.
Hence

—87(2) = Wa(2)Lia(1/2) — (UP (2) + Vi(2)),
where U,(LZ)(Z) =(1- z)ﬁ,&z)(z) and
m dn+l zénJrl—t

Vn(z)(z) _ (1 _ z)maX{O,(ﬂl-Fﬁz-i-ﬂs—’Y)n} Z A Z v
1=0 t=1
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As to SS)(Z), we have

n
2z
SS)(@ =(1- Z)maX{O,(ﬂl—i-ﬂz—Irﬂs—v)n} Z A Z (
=0 t>146n

1
+ zﬁn(l _ z)maX{O,(ﬂ1+ﬂz+ﬂs—7)n} Z EB"(t)z_t,
t=>14n

and, if (8, + 6 + B3 — 7)n > 2,

U:(2)
. Z B/l(t)zft — n
L z5n(1 _ Z)maX{O,(ﬁ1+ﬂ2+,33*’7)n}*2
=1+on

for a suitable polynomial [7,(L3>(z) of degree < (B; + B, + B3 — y)n — 2. It follows
that

259 (2) = 2W,(2)Lis(1/2) — (UP(2) + 2V (2),
with U (2) = (1 — 2)2(7,(L3)(z) and
m ontl spti—t
V() = (1 — OB Hossmm 37 4§ i

3
=0 t=1 ¢

Moreover,
Wo(2) € Z[2] (1)

and

deg Wy (2), degUY(2), deg VP (2) < (max{ By + B+ G5, 7} +O)n—1  (j=1,2,3).

3. Properties of binomial coefficients

In this section we derive the arithmetic properties of the polynomials V,gj ) () (4=
1,2, 3), and review and extend the methods in [13, Lemata 3,4 and 5| in order to
apply them to the polynomials Uéj ) () j=1,2,3).

In the sequel we denote by [z] the integer part of the real number z, i.e.
[z] € Z and [z] <z < [z] + 1.
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LEMMA 3.1. Let 0 <1 < m be integers. Then

l+m
Dy, € Dy .
m

ProOF. For a prime number p and a positive integer k, let Vp(k) be the p—adic

valuation of k. Then
Dy log(l + m) log m
v = |- |—
P\ D, log p log p
X
I+m l m I+ m)!
> ([57]-5]-[5]) - (5):
— P P P I'm!
because [u + v] > [u] + [v] for any u, v integers, and

l l 1 log(l
[ +bm} — I and [—b} _ [Tb] —0forb= [ogm} N [M] O
P P 4 log p log p

By applying the above lemma we get

a:n+1 .
Dmax{,@jn,(ajfﬂj)n—&—l} ( Jﬂ n ) € -Dajn+lZ (l =0,..., m;J) = 1,2, 3)
J

Since

a;n =as —b; > max{0, as — a,, ay — ay, a4 — a3} = on,

then

1 oin+l .
;Dmax{,@jn,(ajﬁj)nﬂ}( Jﬂn )EZ (t=1,....,0n+0lil=1,...,yn;5=1,2,3).
j

In particular

Dy, max{ﬂl,al-i-’y—ﬂl}D" maX{ﬁz,az-‘r’Y—ﬂz}D” maX{ﬂLOéS'F’Y—ﬂs}V?gj)(z) € Z[z] (.7 =12, 3)'
2)

We now review and extend the method of [13, Lemata 3,4 and 5].
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LEMMA 3.2. For any nonnegative integer j the following equality between two polyno-

()% 0007

PrOOF. This is the well-known Chu-Vandermonde identity. O

mials in x and y holds:

LEMMA 3.3. Let a > b be integers. Then the following equality between two polynomials
in w and v holds:

—b
u+a—1 v+a-—1 X lfu—-v-1 v+a—1
(o) - Con ) e () ()
ProOOE. This follows from the Chu-Vandermonde identity, with z = u—v, y =v+

a—1land j=a-0». O

The following identity is a reformulation of the above lemma:

R(a, b; u) — R(a, b; v)

u-—-"v

Z Rz,l,u—v—z)R(a,b—i—i;v).

LEMMA 3.4. Let a > b be integers. Then the following equality between two polynomials

d fu+a-1 at D' futa—1
du a—b — a—-b—1i)’

PRrROOE. This follows from letting v — u in the above lemma. O

in u holds:

The interested reader can see [6, Lemma 3.1] for a similar expression for (R(a, b; u))l
without alternation of the sign.
The next Lemma is [4, Lemma 2.2]. For completeness we repeat the proof.

LEMMA 3.5. Let 1 < i < j < m be integers. Then

1
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Prookr. If ¢ < m/2 there is nothing to prove. If 4 > m/2, then 1 < j—7 < m—
t<m-—m/2=m/2 and
1 1 (1 1)
—=—l>—=] O
1] J—it\t j
LEMMA 3.6. Let 1 < i, 5 < m be integers such that 1 + j < m. Then
1
Dy Din)— € Z.
]

Proor. Either ¢ < m/2, or j < m/2, for otherwise we would have ¢ + j > m/2 +
m/2 =m. O

LemMA 3.7. Let 1 <4, j <1< m be integers such that © + j < l. Then

1
DD Dryy 77 € 2.

ProoE. If min{i, j} < m/3 we apply our lemma 3.5. If min{s, j} > m/3, then
1<I-(+7) <m-—(i+j) <m—(m/3+m/3) =m/3. After the decomposition

I (1+1)_ 1 (1 1)(1+1)
il G+l\i  j) l—-i—-j\i+j U/\i j

we again apply lemma 3.5. O

We now apply Lemata 3.3-3.7 to the polynomial B(t) and its first and second
derivatives. On multiplying

(M)« m\ 1
(t)*yn—i—l - IZ(_I)l< l )t_—l—l’

by C(t), we get

where

) = OO, Cy(t) = (” “”‘; a)n - 1) (=129
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By writing

Ci(t)C(t)C3(t) — CL(=1)C2(=1)C5(~1)
= (Ci(t) = C1(=D) Co()C5(t) + C1(=1)(Ca(t) — Ca(=1)) C5(D)
+CI(=DC(=D(C5(t) - C5(-D)  (4)

and by applying Lemma 3.3 we obtain
Dy max{ﬂl,ﬂz,ﬂ3}B(k) €z for any k € 7Z,

which confirms [13, Lemma 5].

Let 87, B3, 33 be a reordering of 3, 3,, B3 such that 8] > (5 > (5. Using the
decompositions (3) and (4), Leibniz’s formula for the derivative and lemata 3.3—3.5
we obtain

DﬂTanax{ (4] ﬂ;n}B'(k) €EZ forany k € Z,

whence
. . (2)
DgnD { [ﬁ]Tn}’ﬂ;n}Un (2) € Z[2].

Similarly, using the decompositions (3) and (4), Leibniz’s formula for the second
derivative and lemata 3.3—3.7 we obtain

/1
D’HTanax{ [577"] ,ﬂ’;n}Dmax { [ﬁ}"] ﬂ’gn}B (k) Y/ for any k € Z,

hence

. . . (3)
DginD o 117 10} Pone { [ 2] 20} U (2) € Z[2].

3
Let (a1, 81)*, (a2, £2)*, (a3, B3)* be a reordering of (v, £1), (a2, £2), (a3, B3) such
that (3} is the second component of (aj, B;)* (= 1,2,3), and let of, o3, o}
be a reordering of «;, a,, a3 such that oz;‘- is the first component of (aj, ﬂj)*
(7= 1,2,3). In other words, a; = « if and only if 8; = ;. Then

% * ( )
Dinanigin@i-+7-50m Do £ 47 a5 - ggm } Do [22] 1m0 14-m} 57 )

€Zlz], (X=U,Vij=1,2,3). (5)
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4. Refined arithmetic

From now on we suppose that
b1, by, b3 < ay,as,a3,a4 <by— 1.
Hence n=1,2,3,..., and oy, ay, a3, §1, B2, B3, ¥ are positive integers such that
a;+v—=Pi, 0+ Bj—a; >0 (t,j=1,2,3).

Let ¢ € G4 be an element of the symmetric group &4, i.e. a permutation

of 1,2,3,4. Let
4

R\U(t) = H R((J,U(Z’), bi; t)

1=1

Then

(ao(y — b1)(as) — b2)!(ag) — b3)!(bs — as — 1)! <
(a1 = b0z — b)l(as = bo)ibs —agg — D1 o ©

R(t) =

We remark that A; = 0 for [ < 0 or | > yn, whence

. X4
Rit—as)= > it B(t).
l=—x

For any o € &, we also introduce the coefficients A;, and the polynomial B,(t)

by the relation
—+00

~ Ao
Bolt = agw) = > 75+ Bo (1)

l=—

For any o, there are only finitely many [ such that A;, # 0. Moreover, 4;, € Z
for any [ and any o. By the uniqueness of the decomposition in partial fractions
and the relation (6) we get

(ag(l) - bl)!(ag(z) — bz)!(ag(3) — b3)!(b4 — a4 — 1)!

A—a == —a, o
P T T (@ = by)as — ba)!(as — b3)!(by — Gy — 1)1 O

(7)
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and

(a5(1) = b1)(@s() = b2)(ag(z) — b3)!(bs — ag — 1)!
(0,1 - bl)!(az — bz)!(ag - b3)'(b4 - a0(4) - 1)'

B(t+as4) = By(t + as@4))- (8)

We rewrite the series ng)(z) (7 =1,2,3) as follows:

1@ »
G- ap R ae)2

Silj)(z) — 25"(1 _ Z)max{(),(ﬁ1+ﬂz+ﬂ3—’¥)"} Z

t>1+40n

By changing the index ¢ into t=t- a4 we also have

. | IR U
S(]) _ max{-a;,—ay,—a3,—as} 1— max{0,d+1} ——R(t _t_
W (2) =2 (1-2) Z (j— 1)! dgi-! (t)2

t>14max{—a;,—ay,—a3,—a4}
Now the exponents of z and 1 — z, as well as the range of the summations, are
symmetric in a,, a,, a3, a4. The same remark also applies to the polynomials W,,(2)
and ng)(z) (X=U,V;j=1,2,3). For example:

+o0
Wn(z) _ zmax{—al,—az,—ag,—a4}(1 _ Z)max{O,d—H} Al . zl.
E —ay?

l=—0
UT(LI)(Z) _ _Zmax{*al,*azﬁasﬁad(l _ Z)max{O,d-i-l} E B(t+a4)zft;
t>14+-max{—a;,—a;,—as,—a4}
and so on. For any €&, we introduce the parameters & 4,02.5,03.5,01.0-02.0-03.0- Yo
analogue to a1, @y, a3, B, B2, B3, 7:

Yoo+ 1 = by — Gg4), QjoN =A@ —bj,  Bjon = as; — b; (j=1,23)

and the polynomials W, ,(z) and ng; )g(z) (X =U,V;j=1,2,3) associated to the
rational function R, (t) as we did in section 3 for R(t). By (7) and (8),

(ﬂ'"’n)!(ﬁZ,J”)!(ﬁ3,an)!(’yn)!W
(B1m)!(B2m)!(B3m) ! (yom)!t 7

Wn<z) = (2:)

and

(B1,67)!(B2.07)!(B3,01)!(Y0)! _ (5) (2) (X=U,V;j=123).

0)(,) —
) = G B o))

b
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Let B ,, 03,45 03, be a reordering of B 5, 82,4, B3, such that 87, > 35, > B3 ,;
let aj,, a3 ,, a3, be the corresponding reordering of @y, @24, @3,. By applying
the argument of section 3 we get W, ,(2) € Z[z] and

Drvastungt it D o £1990] gt it +0-01) )

x D ot XY (2) € Z]z X=UV;j=123).
max{[ ﬂg'”],nﬂ§_g,n(a§‘l,+7—ﬂ§0)} n,a( ) 2] ( J )

Let
6 = max max{vs, B1.0, Br.0> B30}
[

For any w € [0, 1) let
plw) = max (1810wl +B2,0w]+[Bs 00] = [Yow]) = [Biw] = [ Bow] = [ Bsw] +[yw] = 0.

Clearly, p(w) = 0 for w < 1/0 and for w > 1 — 1/6. Let us assume 6 > 3.
Let {x} = x — [z] be the fractional part of a real number z. For any integer
n > 0 let

Ay = H pH(W) €Z,

w:%,p prime
Voin<p<on

where
o=minq max{f},a;+y—0F]},max 7,ﬁ2,02+7—52 ,max ?,53,(134")’_53
We get the following refinements of (1), (2) and (5):

AL Wa(2) € Z]2],

-1
An Dmax{ﬂ]n,(al+fy—ﬂ1)n}Dmax{ﬂzn,(a2+fy—ﬁ2)n}
x Dmax{ﬁm,(aﬁr’y—ﬂs)"}VYE])(Z) € Z[z]<.7 =12, 3)5

AL Drasigingai+r-apm D £100] oo

D o X9 (2)ez X=U,V;j=1,2,3).
X mand [22] (e - w (2)€Z| 2] (X=U,V;j=1,2,3)
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Moreover, [0, 1) = U™, [u;, u;4) for suitable rational numbers

1 1
Ozul<u2:§<---<um:1—§<um+1:1
such that p(w) is constant on any interval [u;,u;11), and we may assume that
the sequence uj,...,Upy+; includes u;y; = 1/p for some | = 1,...,m — 2.
By a standard lemma (see e.g. [9, Lemma 6] and [13, Lemma 7])

m—1 1
A= lim oA, = Z ) ($ir) = (wi)) = D plus) (l - )

n—o0 T i U; Uiy

where 9(z) = I"(z)/T'(x) is the logarithmic derivative of Euler’s gamma function.
Using the Prime Number Theorem we also have

1
Jhrgoﬁlog <Dmax{ﬂfn,(af +r=Bi)n} Dmax{ [ﬂ";Tn] Bin,(a} +’Y*K3§)n} Dmax{ [ﬁ;l] Bin,(a} -‘r'Yﬂ}“)n})

%

] ,ﬂi,a*zﬂ—ﬂ*z}

+max{ ['62] 33,05+ y—05 } .

:max{ﬂj{,af—l—’y—m}—i-max{ [’821

5. Saddle point method

We recall from section 2 that the rational function R(t — a4) vanishes with multi-
plicity 3 for t = dn + 1, ..., min{a|, a;, az}n. Let 75 be a real number such that

0 < 19 < min{ay, ay, a3}. We introduce three integrals:

to—l—’iOO
dn(1 _ »\max{0,(8i+B+Bs—7)n}
; 2"(1 — 2) = - .
I(2) = o / R(t - ag)x;(t)z"dt (j=1,2,3),
to*iOO
where
I cos mt 2
(t)= —— forj=1,3, t) = ———.
XJ( ) orj XZ( ) Sll’l2 7t

sind 7t
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The integration domain, i.e. the vertical line Ret = t, = 7Tyn, separates the
decreasing and the increasing sequences of poles of the integrand

R(t - ag)x;(t)z™" (j=1,2,3). ©)
By a standard argument (see e. g. [9, Proposition 1]), after remarking that for |z| > 1

the absolute value of (9) is small on a large half-circle {ty+pe™ : —7/2 < 6 < 7/2},
by the residue theorem we get

x
ID(2) = 27 (1 — OB Rt Pmny R Res (ﬁ(t—a4)x]'(t)z’t)- (10)
k=ont1

It’s easy to see that for any m € Z we have, for t — m,
xjt) = ———+0(1) (j=12,3),
~ ~ ~ 1~
R(t) = R(m) + R (m)(t — m) + ER"(t —m)> +0((t -m)*),

7= z*m(l —(t—m)logz + %(t —m)’log’ 2+ O((t - m)3)).

Hence (for t — m)

R(t — as)x:(t)z " = R(m — as) tz__T; +0(1),
R(t—a4)x2(t)z '=R(m—ay) % + (ﬁ'(m—a4) —ﬁ(m—a;;)logz) tz—; +0(1),
R(t—a4)x3(t)z™" = R(m—ay) ﬁ—l— (R (m—a4)—R(m—ay) log 2) %
+ (%ﬁ"(m —a4) — R'(m —ay)log z + % log> z) tz_":n + O(1).
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From (10) we get
11(z) = SV (),
I(2) = $P(2) - S (2) log z,

1 1
1)() = 587 (2) = 87 (2) log 2 + 5 81 (2) log” 2.

Moreover, by the residue theorem

dn(1 — »\max{0,(8i+B+pBs—v)n}
2"(1 - z) 7{ = —t
W, (2) = R(t — a4)z "dt,
A(2) — (t - as)
Q
where € is a contour enclosing the poles t =0, 1,...,yn of ﬁ(t —ay4).
Similarly to [9, Propositions 2 and 3] and [13, Lemma 6]), the upper bounds
for
(4)
log |I;" (2
lim sup g |In (2) (1=1,2,3)
n—00 n
and the value of
i 108 Wa(2)
now

can be determined through the roots of the algebraic equation of degree four

(T+B1 —a)(T+Br—ax)(T+ 83— az)T— (T—a )(T— ) (T—a3)(T+7)z = 0. (11)

In all the numerical examples given in the last section of the present paper we make

a<pBi=a<Bh<az3=PB3and y= B + B + Bs. (12)

5.1. The case z > 0

If z > 0, then the equation (11) has four real roots 7y, 7, T3, T4 satisfying
Ty < —y<a; <7 <7 <a; <as < T73. The condition 79 < «; indicates that
here the vertical line Ret = ty, = Tyn is not admissible for the application of the
saddle point method. We need to modify the half-line Re 7 = 7 in the 7-half-plane
Im7 > 0 near the real line, by taking a curve from a suitable 7, close to ay,
tangent to the real line at the point 7; and remaining on the half-plane Re 7 > 0
except for the point 7;. The same modification is due in the 7-half-plane Im 7 < 0.
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Since 7, is irrational, by the residue theorem the value of the integrals I,(Lj)(z)
remains unchanged. By straightforward computations one can verify a curve exists
such that the function Re f(7) has a unique maximum at the point 7; on the curve
from 7 to i00 (resp. from 7y to —io0), where

f(r) = (1 + B — o) log(r + 81 — 1) + (T + B2 — o) log(7 + B2 — )
+ (T4 B3 — a3) log(T + B3 — a3) + Tlog 7 — (7 — o) log(T — ;)
— (1= ap) log(—7 + an) — (1 — @3) log(—7 + a3) — (T + ) log(T + )
— Bilog B1 — By log B, — B3 log B3 + ylogy — Tlog 2. (13)

In our numerical examples, f(72) < f(73) < f(71) and f(73) is very close to f(7y),
and the curve above must cross the vertical line ReT = 73 very closely to the
point 73.

In the integrals Iill)(z) and I,(f)(z) we may relax the condition 7y < a; to
Ty < a,. In those cases we can modify the line Re 7 = 7y, with 7y close to a>,
by taking in the half plane Im 7 > 0 a curve from 7, tangent to the real line in the
point 73, and symmetrically in the half-plane Im 7 < 0.

One can also choose a contour €2 enclosing the poles that t = 0,1,...,vn
of R(t—ay), containing the point 74 and such that the function Re f(7) has a unique
maximum in 7 = 74.

By the saddle point method we get

(4)
lim sup W < f(m) = max{f(r), f(r), f(r)} (G=1,2,3)  (14)
and
(9)
fim W ) oy (15)

n—00 n

5.2. The case 2z < 0

In all the numerical examples given in the last section of the present paper, if
z < 0 the equation (11) has two real roots 7, 74 with —y < 74 < 0 < 71 < oy, and
two complex conjugate roots 7, and 7; with 8, < Re 7, < a3. In this case the line
Re 7 = 7, is admissible in the application of the saddle point method for Iflj)(z)
(j=1,2,3), and the function f(7) is now defined by
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f(r) = (1 + B — ap) log(T + Bi — a1) + (T + B — az) log(T + B2 — a3)
+ (74 63— az)log(T + B — a3) + Tlog T — (7 — ;) log(—7 + 1)
— (17— ay) log(—7 + @3) — (T — a3) log(—7 + a3) — (T + ) log(7 + )

— B1 log 81 — By log B, — B3 log B3 + 7y log y — 7 log(—2).

The formulas (14) and (15) still hold.

6. A non-vanishing determinant

From now on, we suppose that a, ay, as, 81, £2, B3, v satisfy the conditions (12).
In addition, we assume that

Bi—oa; > B —

It is easy to check that degW,,(2)=1n, ord,—oW,(2) = (8, — ay)n, ordzzoV,gl)(z) >
(B2~ ax)n, §7'(2) = O(12l ") (2] = 00 = 1.2.3).

Besides the polynomial W, o(2) = W,,(z) and the three series S%(z) = Y )(z)
(j = 1,2, 3) associated to the rational function

%) —al) = D+ as) — (t B aln)ﬁln (t B Oéz’n,)gm (t B (13n)gm (’)/’n,)'
Ry(t — aq4) = R(t — a4) B! Ban) B Oomrs”

we introduce three more polynomials W, 5(z) and nine more series S(J) w(2) (h,j=

1,2, 3), associated to the rational functions Rj(t — ay) defined by R, (t — a4) =

t—asn—1~ ~ t—oam—1~ ~
= " Ryt —as), Ryt —as) = —————Ry(t — as) and Rs(t — ag) =

5371 +1 ﬁzn +1
t—am-—1~
= —————Ry(t — a4). By a standard argument (see e.g. [5, Lemma 4]), we
,6171 +1
have
Wao(2) Siit(2) Sia(2) S5a(2)
(1) 2 (3)
Sorta—pi=B)n 4. Wai(2) S?l,)l (2) 5?2,)1 (2) S%)] (2) = const. # 0.
Wn,2(z) Sn,Z(z) Sn,2(z) Sn,Z(z)
1 2 3
Was(2) Sy5(2) SiA(2) SEA(2)
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Similarly to Sif)h(z) we may introduce the corresponding integrals I ( ) (h =
0,...,3;5=1,2,3), and the relations (14) and (15) hold for IT(L])h(z) and Won(2)
as well.

7. Linear independence of -, di- and trilogarithms

Along with the series Sff)h(z) (h=0,...,3;5=1,2,3), we introduce the polyno-
mials V,E],)L(z) (h,j =1,2,3), and the integers A, (h =0,...,3) as in section
4. Note that by (12) we have § = 0 and Uq(zj)(z) =0 (j=1,2,3). By section 6 we
have

Sorter—Bi=f)n 4o = const. # 0.

In particular, for any Ao, A;, A2, A3 € Z not all zero, for any z # 0 and for
any n € N!, at least one among the four quantities AW, n(2) + AV, )( ) +
)\zVé })l(z) + AV (3)( ) (h =0,...,3) is non-zero. So we have defined a sequence
{h,} depending on Ag, A, )\2, )\3, and therefore a sequence of integers {4n + h, }
(n € N). One of the seven integers m, m + 1, ..., m + 6 belongs to the sequence
{4n + h,}.

We introduce the notation Wi, ,4(2) = Wy4(2) and V4i)+h( ) = VTEJ,)l(z) (h =
0,...,3;5=1,2,3). Forany m € N, at least

We have

A Wan(2) €Z]2]  (h=0,...,3)

and

-1
A hDrmax{pin-+1,(@1+9-1)m) Dimax{on-+1, 041~} Dimax{fin-+1, s+ 1)}
XV €| (h=0.....3; j=1.2.3).

Let z = a/b be a rational number, with a € Z, b € N We may apply [4, Lemma
6.1] to the sequence

+h A -1
O A Dinax{Bint 1. (e +y—1)ny Dimax{ Byn-+ 1. (a2 47— B2)n) Dmax{Bsnt-1.(as +y—Bs)n}
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X (Win(2), V(2), Vi2(2), V(2)) (m=0,1,2,...), (16)

with the convention that n = [7'] and h = m —4n. It is convenient to repeat Hata’s
Lemma here.

LEMMA 7.1. Let M be a positive integer, let 7y, ..., vy be real numbers, and let d
be a positive real number. Let {qn}, {pin}, ..., {Pun} be sequences in 7 + idZ
satisfying q, 7% 0 for all n, and

1 1
limsup — log |g,| < o, limsup —log|g,y; — pjnl < -7 (G=1,..., M)
n

n—oo n—o0o

for suitable positive real numbers T and o. Suppose further that there exists a positive
integer N such that

N
D [ M@nsk + AiPrnsk + -+ AuParagr] >0
k=0

for any n € N and for any Ay, A1, ..., Ay € Z not all zero.
Then for any € > 0 there exists an effectively computable constant H = H(e)
such that for any w, vy, ..., vy € Z with max{|vi|, ..., |vy|} = H we have

W+ v+ o] > H 7 OC
With M = 3 and N = 6 we obtain the following

THEOREM 7.1. With the notation above, if

vlogb+ max{B, a; + v — Bi} + max{B, ay + v — B2}
+ max{B;, a; +v— B3} — A+ f(n) <0,
then the four numbers 1, Li;(b/a), Li>(b/a), Lis(b/a) are linearly independent over Q,

and for any € > 0 there exists an effectively computable constant H = H(e) such that
Jor any w, vy, vy, v3 € Z with max{|v|, |va|, |v3|} = H we have

|w + v, Li; (b/a) + v,Li(b/a) + v3Liz(b/a)| > H ¢,

where L equals

f(14) = f(11)
A —vlogb—max{f, o +v— 0} —max{B,a, +v— B} —max{Bs, a3 +v— B3} — f(11)
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Alternatively, we could adapt the argument used in [5].
In the table below we give a few numerical applications of the above theorem.
Remarkably, all the values of the parameters giving the optimal values of p satisfy

052:/31 :a1+4k,ﬁ2:a1+5k,a3:ﬁ3:a1+7k,'y:3a1—|—16k

for some k € N For comparison, we note that Hata’s method (see [2, Corollary
2.2]) implies the linear independence of 1, Li;(1/a), Li;(1/a), Li3(1/a) only for any
a € Z with |a|] > 1038. For fixed a;; and k, the measure p is a decreasing function
of a if @ > 0, and is an increasing function of a if a < 0. In particular we obtain
that 1, Li;(1/a), Liy(1/a), Li3(1/a) are linearly independent over Q for any a > 486
and for any a < —471.

a B (0%) B> Q3 B3 Y a v

144 | 172 || 172 | 179 || 193 | 193 544 486 || 33634.75742462...

597 | 713 || 713 | 742 || 800 | 800 || 2255 487 || 12033.98026474...

474 | 566 || 566 | 589 || 635 | 635 | 1790 488 7317.00150985...

165 | 197 || 197 | 205 || 221 | 221 623 489 5233.10245543...

289 | 345 || 345 | 359 || 387 | 387 || 1091 490 4096.44058030...

333 | 397 || 397 | 413 || 445 | 445 || 1255 500 1283.33382990...

167 | 195 || 195 | 202 || 216 | 216 613 700 105.55027709...

477 | 565 || 565 | 587 || 631 | 631 | 1783 | —471 || 15691.27259092...

415 | 491 || 491 | 510 || 548 | 548 || 1549 || —480 1760.88115153...

307 | 363 || 363 | 377 | 405 | 405 || 1145 || —485 1187.90395198...

22| 26 26 | 27 29 | 29 82 || —490 903.96836632...

111 | 131 || 131 | 136 || 146 | 146 413 || =500 607.15490293...

194 | 222 || 222 | 229 || 243 | 243 694 || —900 62.18233153...
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8. Linear independence of logarithms and dilogarithms

Here we briefly review the results found in [10] by Rhin and Viola. The authors
introduce three families of double integrals and construct simultaneous approxima-
tions to Li;(1/z) and Li,(1/2). By applying their permutation group method, Rhin
and Viola obtain the new result Li,(1/6) ¢ Q, and also new irrationality measures
of Liy(r/s) for suitable positive rational numbers r/s.

By the special case m = 3, r = 2 of [8, Theorem 2|, for |z| > 1 the double

11
]1_ hkl_l
O)(hj,klm_zlm//x 33 ( y)
0 0

integral

in [10] equals

Z d ((t — J)jk-m (E = M)iym—; bl z_t)
A\ Grk—m)! (+m=3) Ot~ )’
provided that j+k —m,l+m — 3> 0.
By analogy with our construction in section 2, one may introduce two series

(G=12)

O) (N on max{0.(8) +B2-)n} & (t—ain)gn (t—con)gn () ) »
S(e)=2"(1-2) P> (y—l)uwn( Gt Gl O )

where § = max{0, a; — 3, a; — (5}, and repeat the same discussion as before.

t>14-6n

For brevity, we just give the numerical values of the linear independence
measure p of 1, Lij(1/2), Liy(1/2) for some rational and algebraic numbers z.
Some of them can be slightly refined by increasing the size of the parameters. We
indicate that by applying the saddle point method to the corresponding integrals
I S ) (z) as we did in section 5 one can remove the analytic condition in [10, inequality
(5.23)] and obtain slightly better irrationality measures of dilogarithms than those
in [10, Theorem 5.2]. One can also apply this method to z < 0 (the numerical
results in the table below should be compared with those obtained by Hata in [3])
and more generally to suitable algebraic numbers. For example, one can prove that
1, Li;(¢/q), Li(i/q) are linearly independent over Q(7) for any g > 6. Moreover,
by using a non-vanishing determinant as we did in section 6 we also obtain linear
independence measures of 1, Lij(1/z), Li;(1/2z) instead of irrationality measures
of Liy(1/z) only (see [7, Lemma 2.6] for a linear independence criterion over
a number field).
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o) B Q) Ba Y z H
125 | 75| 230 | 192 || 250 6 372.86747 ...
54| 35 97 | 82 || 108 7 65.74235...
37 | 23 62 | 5l 74 8 42.99008...
56 | 36 91 76 || 112 9 29.45327...

201 13 32| 27 40 10 22.97703...
107 | 88 || 146 | 126 || 214 51/2 348.69415...
126 | 104 || 171 | 148 || 252 53/2 185.72122...
117 | 96 || 158 | 138 || 234 55/2 128.64066...

96 | 80 || 129 | 112 || 192 57/2 99.99291...
18 13 21 18 27 =5 81.21374...
18 13 21 18 27 -6 45.67753...
27 | 24 30 | 25 45 =7 33.97683...
27 | 24 30 | 25 45 -8 27.18769...
41 | 36 51| 46 82 || —49/2 459.60280...
36 | 20 60 | 51 72 61 128.00276...

154 | 111 || 277 | 222 | 308 || 2iv/7 || 1395.262930...

We finally remark that we could also apply the linear forms Silj) J =12
of sections 2—7, and disregard S}f), to obtain results on the linear independence
of 1, Li;(1/z), Liy(1/2) only (as we did in [6] for the linear independence measure

of 1, log 2, log2 2), but we would not improve the above results in this way.
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