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Abstract: In this paper, we give an upper bound on the number of representations of a positive

integer N as N = (qx � 1)/(q� 1) with prime q and integer x. We use our result to give an upper

bound on the number of n 6N such that the sum of divisors function of n is a multiple of a fixed

prime p.
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1. The Goormaghtigh equation

Given N let A(N) =

�
(q, x) : N =

qx � 1

q � 1
, q prime, x integer

�
.

Note that A(31) = f(2, 5), (5, 3)g. In [5], Loxton proved that

#A(N) 6 (log N)1/2+o(1)

as N !1.

In fact, he proved that the above upper bound holds for all positive integer

solutions (q, x) of the equation N = (qx � 1)/(q � 1) as N !1, without the as-

sumption that q is prime. Here, we prove the following theorem.
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Theorem 1. The estimate

#A(N) 6 (log N)1/4 exp

��
c0 + o(1)

� log log N

log log log N

�
holds as N !1 with c0 = (log 2)/2.

Proof. Note that since N is fixed, if q is such that (q, x) 2 A(N) for some x, then q

determines x uniquely and x determines q uniquely. In particular, if (q, x) 6= (q0, x0)

are both in A(N) , then q 6= q
0 and x 6= x

0 .

Any solution (q, r, x, y) in integers > 1 of the equation

N =
qx � 1

q � 1
=
ry � 1

r� 1
(1)

leads to the inequality���y log r� x log q + log

�
q � 1

r� 1

���� < 2

N
. (2)

For the proof, observe that (1) leads to���� qx

q � 1
� ry

r� 1

���� 6 max

�
1

q � 1
,

1

r� 1

�
6 1.

Thus, ����� ry

r� 1

��
q � 1

qx

�� 1

���� 6 q � 1

qx
<

1

N
,

which implies (2), via the observation that if z and t are real numbers with

t 2 (0, 1/2] and jez � 1j < t, then jzj < 2t.

Assuming that (qi, xi) are in A(N) for i = 1, . . . , n and are ordered in such a way

that q1 < q2 < � � � < qn , we see that inequality (2) with (q, r, x, y) = (q1 , qi, x1 , xi)

for some i > 1 is ���xi log qi � x1 log q1 + log

�
q1 � 1

qi � 1

���� < 2

N
.

For i = 2, . . . , n, let Li(X) be the linear form in 2n� 1 variables

X = (X1 , Y2 , . . . , Yn, Z2 , . . . , Zn),
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given by

Li(X) = Yi log qi �X1 log q1 + Zi log

�
q1 � 1

qi � 1

�
, i = 2, . . . , n.

Since q1 < � � � < qi are distinct primes, they are multiplicatively independent.

A result of Loxton [5] based on simultaneous linear forms in logarithms of rational

numbers shows that there exist absolute constants c1 and c2 such that the inequality

x < (log N)1/2 exp
�
c1

p
log log N log log log N

�
(3)

holds for all solutions (q, x) 2 A(N) except for a subset A1 (N) (which might be

empty) of cardinality

#A1 (N) 6 c2

s
log log N

log log log N
(4)

provided that N > ee , which we assume. From now on, we work with pairs

(q, x) 2 A2 (N) = A(N)nA1 (N) .

Lemma 1. There exists a constant c3 such that if (q1 , x1 ), (q2 , x2 ) are in A2 (N) and

are such that x1 > x2 and d = gcd(x1 � 1, x2 � 1) > 1, then

x1 > c3 (log N)1/2 (5)

and

d < exp
�

4c1

p
log log N log log log N

�
. (6)

Proof. Theorem 3 in [6] shows that if we write x1 � 1 = dr, x2 � 1 = ds, then

q1 6 9dr
Y
pjd pordp(r!) ,

where for a positive integer m and a prime number p we write ordp(m) for the exact

exponent of p in the factorization of m. Since

ordp(r!) =

�
r

p

�
+

�
r

p2

�
+ . . . <

r

p
+

r

p2
+ . . . =

r

p� 1
,

we get that

q1 6 9 exp

�
r log d+ r

X
pjd log p

p� 1

�
.
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Since certainlyX
pjd log p

p� 1
6

ω(d)X
i=1

log pi

pi � 1
� log pω(d) � log(ω(d) + 1) � log d,

(here, pi is the ith prime number and ω(d) is the number of distinct prime factors

of d), we get that

q1 < exp(c4r log d),

where c4 is some absolute constant. Thus,

N = 1 + q1 + . . .+ q
x1�1
1 < 2qx1�1

1 < 2 exp(c4r
2
d log d),

which gives c4r
2
d log d > log(N/2) > (log N)/2 . Hence

(x1 � 1)2
= (dr)2 > c2

3 log N
d

log d
, (7)

where we put c3 = (2c4 )�1/2 . Since log d < d, we get inequality (5). Since also

d/ log d > d
1/2 holds for all d > 2 , inequalities (3) and (7) lead to inequality (6). �

Lemma 2. For each d > 12 letSd = f(q, x) 2 A2 (N) : x � 1 (mod d)g.

Then

#Sd < c5

p
log log N log log log N ,

where we can take c5 = 2c1 (log 1,1)�1 provided that N is sufficiently large.

Proof. Let (q, r, x, y) be a solution of equation (1) with (q, x) and (r, y) in Sd .

Since

gcd(x� 1, y � 1) > d > 12 > 4 � 1,1 + 6 +
1

1,1
,

Theorem 3 in [3] shows that (x� 1)/(y� 1) > 1,1 provided that N is large enough.

Assume that (q1 , x1 ), . . . , (qt, xt) are all the elements of Sd with x1 < � � � < xt .

05-luca.tex
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Lemma 1 shows that xi > c3 (log N)1/2 for i = 2, . . . , t. Since also xi+1 > 1,1xi
holds for all i = 1, . . . , t� 1 , we get, by inequalities (3) and (5), that

(log N)1/2 exp
�
c1

p
log N log log N

�
> xt > x2 (1,1)t�2

> c3 (log N)1/2 (1,1)t�2 ,

and therefore,

t 6 2 + (log 1,1)�1
c1

p
log log N log log log N � (log c3 )(log 1,1)�1 ,

which implies the desired conclusion when N is sufficiently large. �

Now let T = #A2 (N) . We order the solutions (qi, xi) 2 A2 (N) in such a way

that q1 < q2 < � � � < qT . Whenever i > j, we put di,j = ℓqj (qi) defined as the smallest

positive integer ℓ such that qi j qℓj � 1 . Since qi > qj , we observe that di,j > 1 .

Furthermore, since ℓqj (qi) j qi � 1 , we get that di,j j qi � 1 . Moreover, the relations

N � 1 =
qi(qxi�1

i � 1)

qi � 1
=

qj(q
xj�1
j � 1)

qj � 1

show that di,j j xj� 1 . We construct a square matrix D = (di,j)16i,j6T where we put

di,j = 0 provided that qi 6 qj . Clearly, D is lower triangular and contains

�
T

2

�
nonzero entries.

Put D = fdi,j : 1 6 i 6 jgnf0g. To count the nonzero elements in D, we

proceed in the following way.

We first give an upper bound on the number of repetitions of an integer d in

the same column say corresponding to j. Assume that d appears say c := cj(d)

times in column j. Then there exist c distinct primes qi1
, . . . , qic all larger than qj

such that qis j qdj � 1 for all s = 1, . . . , c. Hence

cY
s=1

qis j qd � 1,

showing that

q
d
> q

d � 1 >

cY
s=1

qis > q
c,
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so c < d. Thus,

c < d. (8)

On the other hand, we have qis � 1 (mod d) for all s = 1, . . . , c. Thus,

N = q
xis�1
is

+ . . . + 1 � xis � 1 (mod d)

for all s = 1, . . . , c. Hence we see that all xis are in the same residue class modulo d.

Since the xis ’s satisfy inequality (3), we get that

c 6
(log N)1/2

d
exp
�
c1

p
log log N log log log N

�
+ 1 6

6
2(log N)1/2

d
exp
�
c1

p
log log N log log log N

�
. (9)

Comparing estimates (8) and (9), we get that

cj(d) 6 (log N)1/4 exp
�
c1

p
log log N log log log N

�
(10)

provided that N is sufficiently large.

We are now ready to do some counting. Let D1 be the subset of the entries

of D consisting of the values d which appear in only one column of the matrix D.

Since whenever d 2 D appears, say as d = di,j in column j, we have d j xj � 1 , it

follows in view of (10) that the number of such entries is

#D1 6 (log N)1/4 exp
�
c1

p
log log N log log log N

� TX
i=1

τ(xi � 1) 6

6 T (log N)1/4 exp
�
c1

p
log log N log log log N

�
max

16i6T
fτ(xi � 1)g, (11)

where for a positive integer m we write τ(m) for the number of its divisors.

Let now D2 = DnD1 . If d 2 f2, . . . , 11g, then d can take at most 10 values.

Furthermore, by relation (8), each such d appears at most 10 times in each column.

Thus, the number of such entries is 6 100T.

Let now d > 12 be in D2 . Lemma 2 shows that the element d can appear in

at most c5

p
log log N log log log N columns, while Lemma 1 shows that the largest

05-luca.tex
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such d satisfies inequality (6). Thus, in view of (8), the number of entries in D2

with d > 12 is at most X
d<exp

�
4c1

p
log log N log log log N

� c5d
p

log log N log log log N <

< exp
�

9c1

p
log log N log log log N

�
(12)

provided that N is sufficiently large. Noting that we have counted all the possible

entries in D, we arrive at the inequality�
T

2

�
6 100T + T (log N)1/4 exp

�
c1

p
log log N log log log N

�
max

16i6T
fτ(xi � 1)g+

+ exp
�

9c1

p
log log N log log log N

�
.

Since the xi ’s satisfy inequality (3), and since

τ(m) 6 exp((log 2 + o(1)) log m/ log log m)

holds as m!1 (see Theorem 317 on page 345 in [4]), the desired inequality now

follows. �

2. An application

Let φ(n) and σ(n) be the Euler function and the sum of divisors function of positive

integer n. It is known that if p is a prime and if we writeF(p, N) = fn 6 N : φ(n) � 0 (mod p)g,

then the inequality

#F(p, N) � N log log N

p

holds. We remind the reader how it is proved. We assume that p 6 N since otherwiseF(p; N) is empty. If n 2 F(p, N) , then either p2 j n, or q j n for some prime q � 1

(mod p) . Since for an integer a there are bN/a
 positive integers n 6 x which are

multiples of a, we then have

#F(p; N) 6
N

p2
+

X
q6N

q�1 (mod p)

N

q
,
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and the desired estimate for #F(p, N) follows from the known fact thatX
p6N

p�a (mod b)

1

p
6

1

pa,b
+

log log N

φ(b)
(13)

uniformly for coprime integers 1 6 a 6 b 6 N, where pa,b stands for the smallest

prime congruent to a modulo b (note that p1,b > b+ 1 ).

While in many respects the function σ(n) resembles the function φ(n) , it turns

out that it is not as easy to give a similar estimate for the cardinality of the setS(p, N) = fn 6 N : σ(n) � 0 (mod p)g.

Here, we give a result showing that the difficulty in estimating #S(p, N) is given

by precisely the number #A(p) .

Theorem 2. The estimate

#S(p, N) 6
N#A(p)

p
+ O

�
N log log N

p

�
holds uniformly in p > 2 and N > 2.

Theorem 2 above together with Theorem 1 improve Theorem 1 of [2].

Proof. We write c0 , c1 , . . . for computable constants. By the multiplicativity of the sum

of divisors function, it follows that whenever n 2 S(p, N) , there is a prime power qk

such that p j σ(qk) and q
k k n. Recall that qk k n means that qk j n and q

k+1 ∤ n.

Let S0 be the set of n which are divisible by at least one such prime to exactly

the first power. Then p j q + 1 . Since q j n, it follows that q 6 N. Let q � �1

(mod p) be fixed. The number of positive integers n 6 N such that q j n does not

exceed N/q. Hence, summing up over all the possibilities for q, we get

#S0 6
X
q6N

q��1 (mod p)

N

q
= N

X
q6N

q��1 (mod p)

1

q
� N log log N

p
, (14)

where in the above estimates we used again estimate (13) and the fact that the smallest

prime q � �1 (mod p) is > 2p� 1 .

05-luca.tex
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From now on, we assume that n is divisible by q
k , where k > 2 and p j σ(qk) .

Note that 2k 6 q
k

6 N, therefore, k 6 c0 log N, where c0 = (log 2)�1 . For fixed p

and k, the congruence

σ(qk) = q
k
+ q

k�1
+ . . .+ 1 � 0 (mod p)

puts q into sk 6 k arithmetical progressions q � qi (mod p) . Here, we write qi

for the smallest positive integer in the above progression and we assume that

1 6 q1 < q2 < � � � < qsk 6 p� 1 . We also write qqi,p for the smallest prime con-

gruent to qi modulo p. Note that

2qki > q
k
i

�
1 +

1

qi
+ . . .

�
> p,

therefore, qi � p
1/k . Put λk,i = (qk+1

qi,p � 1)/(p(qqi,p � 1)) . Note that λk,i < 2qkqi,p/p,

and that 1 6 λk,1 < � � � < λk,sk . Fix i 2 f1, . . . , kg and write Sk,i for the subset

of S(p, N) formed by the integers n 6 N such that qk j n for some q � qi (mod p) .

Given such a prime q, the number of the integers n 6 N which are multiples of qk

does not exceed N/qk . Summing up the contributions to S(p, N) over all such

primes q, we get

#Sk,i6
X
q6N

q�qi (mod p)

N

qk
6

N

qkqi,p

+

X
ℓ>1

N

(qi+ℓp)k
6
N

qki
+
Nζ(2)

pk
� N

pλk,i
+
N

pk
. (15)

Summing up the above inequality (15) over all the possibilities for i 6 sk 6 k, we

get that
skX
i=1

#Sk,i � N

p

skX
i=1

1

λk,i
+
Nk

pk
.

Finally, summing up the latter inequality over all k > 2 , we getX
26k6c0 log N

skX
i=1

#Sk,i � N

p

X
26k6c0 log N

skX
i=1

1

λk,i
+N

X
k>2

k

pk
. (16)

It is clear that the second sum is O(N/p) . Thus, it remains to deal with the first

double sum. We writeS =
�

(k, qi) : 2 6 k 6 c0 log N and 1 6 i 6 sk
	

.
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From now on, to simplify notation, we assume that qi = qqi,p is prime for all

(k, qi) 2 S . We split S into several subsets as follows.

Let S1 be the set of pairs (k, qi) such that λk,i > (log N)2 . Note thatX
(k,qi)2S1

1

pλk,i
6

1

p(log N)2
#S1 6

1

p(log N)2

X
16k6c0 log N

sk � 1

p
. (17)

Let S2 be the set of pairs (k, qi) 2 SnS1 such that qki 6 (log N)2 . In this case, we

get that k < c1 log log N for some appropriate constant c1 . Thus,

#S2 6
X

26k6c1 log log N

sk 6 (c1 log log N)2 .

Furthermore, if S2 is nonempty, then p 6 (log N)2 , therefore, pλk,i 6 (log N)4 for

all (k, qi) 2 S2 . Fixing λ = λk,i we see that the equation

qk+1 � 1

q � 1
= pλ

has at most (log(pλ))1/4+o(1) < (log log N)1/3 solutions (q, k) if N is sufficiently

large by Theorem 1. Since λ can take at most (c1 log log N)2 distinct values, we

get that X
(k,qi)2S2

1

pλk,i
6

(log log N)1/3

p

X
16λ6(c1 log log N)2

1

λ
�� (log log N)1/3

p
log log log N = O

�
log log N

p

�
. (18)

Let S3 be the set of pairs (k, qi) 2 Sn (S1 [ S2 ) such that qi < (log N)2 . Assume

that S3 has at least two elements in it, since otherwise we certainly haveX
(k,qi)2S3

1

pλk,i
6

1

p
.

Let (k0 , q0 ) and (k1 , q1 ) be two pairs of elements in S3 with k0 maximal. Writing

p =
q
k0+1
0 � 1

λ0 (q0 � 1)
=

q
k1+1
1 � 1

λ1 (q1 � 1)
,
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we get that

(q1 � 1)λ1q
k0+1
0 � (q0 � 1)λ0q

k1+1
1 = δ, (19)

where δ = (q1 � 1)λ1 � (q0 � 1)λ0 .

Assume first that δ = 0 . Since q0 is coprime to q0 � 1 , it follows that either

q0 = q1 , or qk0+1
0 j λ0 . The second situation is impossible since λ0 6 (log N)2 < q

k0+1
0 .

Thus, q1 = q0 and then k1 < k0 . But

p(log N)2
> pλ0 =

q
k0+1
0 � 1

q0 � 1
> q

k0�k1

0

q
k1+1
0 � 1

q0 � 1
= q

k0�k1

0 pλ1 > q
k0�k1

0 p,

giving q
k0�k1

0 6 (log N)2 . Since qk0+1
0 � qk1+1

0 �1 (mod p) , we get that p j qk0�k1

0 �1 .

Thus, p<qk0�k1

0 6 (logN)2 , giving qk0

0 6 2pλ0 6 2(logN)4 , whence k0 6 c2 (log logN) .

Assume now that δ 6= 0 . We then rewrite equation (19) as

1 � γq
k1+1
1 q

�k0�1
0 =

δ1

q
k0+1
0

,

where γ = λ0λ
�1
1 (q0 � 1)(q1 � 1)�1 and δ1 = δλ

�1
1 (q1 � 1)�1 . Applying a linear form

in logarithms à la Baker (see, for example, [1]), we get that

k0 log q0 � log(δ1 ) � log H(γ) log q1 log q0 log k0 ,

where H(γ) is the height of the rational number γ (i. e., the maximum between its

numerator and denominator). Since certainly H(γ) � (log N)4 and q0 , q1 do not

exceed (log N)2 , we get that

k0 log q0 � (log log N)2 log q0 log k0 + log log N,

whence

k0 � (log log N)2 log k0 ,

leading to k0 � (log log N)2 log log log N. Thus, in both cases, namely if δ = 0 or

not in equation (19), we get that k0 6 c2 (log log N)2 log log log N. In particular,

#S3 6
X

26k6c2 (log log N)2 (log log log N)

sk 6 c2
2 (log log N)4 (log log log N)2 .
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Since p < 2qk0

0 , we get that log p� (log log N)3 (log log log N) . Again, for any fixed

value of λ 6 (log N)2 , by Theorem 1, the equation

qx � 1

q � 1
= pλ

has at most (log p+ log λ)1/4+o(1)
< (log log N)0,8 solutions (q, x) once N is suffi-

ciently large. Thus,X
(k,qi)2S3

1

pλk,i
<

(log log N)0,8

p

X
16λ6c2

2 (log log N)3 (log log log N)2

1

λ
�� (log log N)0,8

p
log log log N � log log N

p
. (20)

Let S4 be the subset of Sn (S1 [ S2 [ S3 ) such that k+ 1 is not prime. Then

pλ =
qk+1 � 1

q � 1
=

Y
djk+1
d>1

Φd(q),

where Φd(X) 2 Z[X] is the dth cyclotomic polynomial. Since p is prime, we get

that p j Φd(q) for some divisor d of k+ 1 . In particular, p 6 (q+ 1)φ(k+1) , therefore,

(log N)2
> λ >

qk+1 � 1

p(q � 1)
>

qk

qφ(k+1)

�
1 +

1

q

��φ(k+1)

.

Since certainly φ(k+ 1) 6 k� log N, but q > (log N)2 , we get that�
1 +

1

q

��φ(k+1)

= 1 +O

�
φ(k+ 1)

q

�
= 1 +O

�
1

log N

�
>

1

2

if N is sufficiently large. Thus,

2(log N)2
> q

k�φ(k+1)
> q

p
k+1�1 ,

where for the latter inequality we used the fact that k + 1 � φ(k + 1) >
p
k+ 1 ,

since k+ 1 is not prime. Taking logarithms, we getp
k+ 1 log q� log log N,
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leading to k log q � (log log N)2 . In particular,

k 6 c3 (log log N)2 ,

therefore,

#S4 6
X

26k6c3 (log log N)2

sk 6 c
2
3 (log log N)4 ,

and log p 6 log 2 + k log 2 � (log log N)2 . Again, Theorem 1 tells us that for each

fixed λ 6 (log N)2 the equation

qx � 1

q � 1
= pλ

has at most (log p+ log λ)1/4+o(1) < (log log N)3/4 solutions (q, x) once N is large,

therefore, X
(k,qi)2S4

1

pλk,i
<

(log log N)3/4

p

X
16λ6c2

3 (log log N)4

1

λ
�� (log log N)3/4

p
log log log N � log log N

p
. (21)

Let S5 be the set of pairs in Sn (S1 [ S2 [ S3 [ S4 ) such that λ 6= 1 . If n 2 S5 ,

then k + 1 is a prime. It is known that all prime factors of (qk+1 � 1)/(q � 1) are

congruent to 1 modulo k+ 1 . In particular, k+ 1 divides p� 1 . Let r be any fixed

prime factor of p� 1 . Let us count the number of solutions (k, qi) with k = r� 1 .

Then
qri � 1

q � 1
= pλr�1,i

and since r is now fixed, it follows that λr�1,i are distinct as i = 1, . . . , sr�1 . All

such solutions have the property that λr�1,i � 1 (mod r) . Thus,

sr+1X
i=1

1

pλr�1,i
6

1

p

rX
i=0

1

1 + ir
� log r

pr
.

We now sum up this last relation over all possible prime factors r of p � 1 . Since

ω(p� 1) < 2 log N/ log log N for large N, it follows by the Prime Number Theorem
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that X
(k,qi)2S5

1

pλi,k
� 1

p

X
16r63 log N

log r

r
� log log N

p
. (22)

It is clear that if S6 denotes the set for remaining pairs (k, qi) , then they all

have λk,i = 1 . In particular, #S6 6 #A(p) . Furthermore, for each such solution we

have

qki

�
1 + O

�
1

q

��
= p

and qi > (log N)2 , therefore,

1

qk
=

1

p
+O

�
1

p(log N)2

�
.

Thus, X
(k,qi)2S6

1

qki
6

#A(p)

p
+O

�
#A(p)

p(log N)2

�
=

#A(p)

p
+O

�
1

p

�
. (23)

Theorem 2 now follows immediately from estimates (14), (15), (16), (17), (18),

(20), (21), (22) and (23). �

Remark. If (qx� 1)/(q� 1) = p, then q j p� 1 . Thus, #A(p) 6 ω(p� 1) . For most

primes p, ω(p� 1) < 2 log log p. Hence we see by Theorem 2 that the estimateS(p, N) � log log N

p

holds for most primes p. Of course, since the believed conjectures are that #A(p) = O(1) ,

the above inequality should be true for all primes p in light of Theorem 2.
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