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Abstract: In this paper, we give an upper bound on the number of representations of a positive
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1. The Goormaghtigh equation

Given N let

XL

A(N) = {(q,x):N: ‘;

-1

, g prime, T integer}.
Note that A(31) = {(2,5), (5, 3)}. In [5], Loxton proved that
#A(N) < (log N)/>o)

as N — o0.

In fact, he proved that the above upper bound holds for all positive integer
solutions (g, z) of the equation N = (¢° — 1)/(¢ — 1) as N — oo, without the as-
sumption that ¢ is prime. Here, we prove the following theorem.
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THEOREM 1. The estimate

#A(N) < (log N)* exp ((Co +o(1)) loglog N )

log log log N
holds as N — oo with ¢y = (log 2)/2.

PrOOF. Note that since N is fixed, if ¢ is such that (g, z) € A(N) for some z, then ¢
determines z uniquely and x determines g uniquely. In particular, if (¢, z) # (¢, )
are both in A(N), then ¢ # ¢ and = # z'.

Any solution (g, 7, z, y) in integers > 1 of the equation

-1 y_ 1
A L. (1)
g-1 r—1
leads to the inequality
‘ I log g + log | 4~ ‘< 2 )
ogr—xlo og | —— —.
y log gq+log| — N

For the proof, observe that (1) leads to

q* rY 1 1
- <maxq ——, —— ¢ < L.
qg—-1 r—-1 g—1 r—1

Y -1 -1 1
L) PP
r—1 q° q° N
which implies (2), via the observation that if z and ¢ are real numbers with

t € (0,1/2] and |e” — 1] < t, then |z| < 2t.
Assuming that (g;, z;) are in A(N) for i = 1, ..., n and are ordered in such a way

Thus,

that ¢; < ¢y < -+ < @y, we see that inequality (2) with (¢, 7, z, y) = (q1, ¢, 1, T;)
for some ¢ > 1 is

ql—l 2
z; log ¢; — x; log q; + log =1 ‘< N

Fori=2,...,n, let L;(X) be the linear form in 2n — 1 variables

X:(Xlayéa""y;MZZ"";Zn)a
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given by
q—1 )
Li(X) =Y;logg; — X, log q; + Z; log ) 1=2,...,m.
q; —
Since q; < --- < ¢; are distinct primes, they are multiplicatively independent.

A result of Loxton [5] based on simultaneous linear forms in logarithms of rational
numbers shows that there exist absolute constants ¢; and ¢, such that the inequality

z < (log N)"/? exp (¢14/1og log N log log log N) (3)

holds for all solutions (g, z) € A(N) except for a subset .4,(N) (which might be

empty) of cardinality
loglog N
#A(N) <oy | —=2 (4)
log log log N

provided that N > €° which we assume. From now on, we work with pairs

(g, ) € Ay(N) = A(N)\Ai(N).

LEMMA 1. There exists a constant c3 such that if (q1, 1), (g2, x2) are in Ay(N) and
are such that x\ >, and d = ged(xy — 1, z, — 1) > 1, then

z > ¢3(log N)"/2 (3)

and

d < exp (401 /log log N log log log N). (6)

PrOOF. Theorem 3 in [6] shows that if we write z; — 1 = dr, z, — 1 = ds, then

a < 9dr H pordp(r!)’

pld

where for a positive integer m and a prime number p we write ordp(m) for the exact
exponent of p in the factorization of m. Since

d, () H+VJ+ <li—4
ord,(r!) = | — — < —F =+ = ,
P p P p P

we get that

lo
q < 9exp (rlogd—l—rz in)
p_
pld
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Since certainly

(d)
10 o lo .
2 p fli <D p.g_pzl K log pug) < log(w(d) + 1) < log d,
pld i=1 £t

(here, p; is the ith prime number and w(d) is the number of distinct prime factors
of d), we get that

q1 < exp(cqr log d),
where ¢4 is some absolute constant. Thus,

1’1*1

N=l+qg+...+¢""<2q < 2exp(csr’dlog d),

which gives ¢47°d log d > log(N/2) > (log N)/2. Hence

d
— 1) =(dr)* > log N —— 7
(zy — 1) = (dr)” > ¢5 log ogd’ (7)

where we put ¢; = (204)71/ 2 Since logd < d, we get inequality (5). Since also
d/logd > d"? holds for all d > 2, inequalities (3) and (7) lead to inequality (6). (J

LEMMA 2. For each d > 12 let
Si={(gz) € AH(N):z2=1 (mod d)}.

Then

#S5 < cs \/ log log N log log log N,
where we can take cs = 2¢,(log 1,1)7l provided that N is sufficiently large.

PrROOFE. Let (g, 7, z,y) be a solution of equation (1) with (g, z) and (r,y) in S;.
Since

1
gediz—1, y—1)=>d> 12>4-1,1+6+ﬁ,

Theorem 3 in [3] shows that (z —1)/(y — 1) > 1,1 provided that N is large enough.
Assume that (qi, x1), ..., (g z:) are all the elements of Sy with z; < --- < ;.
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Lemma 1 shows that x; > c;(log N)l/2 for ¢ = 2,...,t. Since also z;1; > 1,lz;
holds for all ¢ = 1,...,t — 1, we get, by inequalities (3) and (5), that

(log N)"? exp (c14/1og N loglog N) > z; > z(1,1)" > > es(log N)'*(1,1)"2,

and therefore,

t <2+ (log 1,1)7101 /log log N log log log N — (log ¢3)(log 1,1)71,

which implies the desired conclusion when N is sufficiently large. ]

Now let T = #A,(N). We order the solutions (g;, ;) € Ay(N) in such a way
that ¢; < ¢» < --- < gr. Whenever i > j, we put d; j = £,,(g;) defined as the smallest
positive integer £ such that g; | qf — 1. Since ¢; > q;, we observe that d;; > 1.
Furthermore, since éqj(qi) | ¢ — 1, we get that d; j | ¢; — 1. Moreover, the relations

i—1 (o
N_o1— qi(qf -1) _ q](qj] 1)
g —1 g — 1

show that d; ; | x; — 1. We construct a square matrix D = (di,j)lgi,ng where we put

d;; = 0 provided that ¢; < g;. Clearly, D is lower triangular and contains (f)
nonzero entries.

Put D = {d;; : 1 < i < j}\{0}. To count the nonzero elements in D, we
proceed in the following way.

We first give an upper bound on the number of repetitions of an integer d in
the same column say corresponding to j. Assume that d appears say c := cj(d)
times in column j. Then there exist ¢ distinct primes g, ..., ¢;, all larger than g;
such that g;, | q? —1forall s=1,...,c. Hence

C

d
||qz'3|q -1,
s=1

showing that

Cc
¢ >q¢-1>]]a >,

s=1
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so ¢ < d. Thus,
c<d. (8)

On the other hand, we have ¢;, =1 (mod d) forall s=1,...,c. Thus,

N=¢" '+ .. +1==z -1 (modd)

s

forall s=1, ..., c. Hence we see that all z;, are in the same residue class modulo d.
Since the z;,’s satisfy inequality (3), we get that

log N 1/2

2(log N)/2
< (ogd)

exp (c;4/log log N log log log N). 9)

Comparing estimates (8) and (9), we get that

ci(d) < (log N)"* exp (c14/log log N log log log N) (10)

provided that N is sufficiently large.

We are now ready to do some counting. Let D; be the subset of the entries
of D consisting of the values d which appear in only one column of the matrix D.
Since whenever d € D appears, say as d = d; ; in column j, we have d | z; — 1, it
follows in view of (10) that the number of such entries is

T
#D, < (log N)l/4 exp (01 v/log log N log log log N) Z T(z; — 1) <
i=1

< T(log N)l/4 exp (c1 \/log log N log log log N) max {r(z; = 1)}, (11)

X

where for a positive integer m we write 7(m) for the number of its divisors.

Let now D, = D\D,. If d € {2, ..., 11}, then d can take at most 10 values.
Furthermore, by relation (8), each such d appears at most 10 times in each column.
Thus, the number of such entries is < 1007.

Let now d > 12 be in D,. Lemma 2 shows that the element d can appear in

at most c;s \/ log log N log log log N columns, while Lemma 1 shows that the largest
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such d satisfies inequality (6). Thus, in view of (8), the number of entries in D,
with d > 12 is at most

Z csd\/ loglog N logloglog N <

d<exp (4(:] log Tog N log log log N)
< exp (9¢14/log log N log log log N) (12)

provided that N is sufficiently large. Noting that we have counted all the possible
entries in D, we arrive at the inequality

T
( 5 ) < 1007 + T'(log N)l/4 exp (cl /log log N log log log N) max {7(z; — 1)} +

NIA

+ exp (961 \/ log log N log log log N )
Since the z;’s satisfy inequality (3), and since
7(m) < exp((log 2 + o(1)) log m/ log log m)
holds as m — oo (see Theorem 317 on page 345 in [4]), the desired inequality now

follows. O

2. An application

Let ¢(n) and o(n) be the Euler function and the sum of divisors function of positive
integer m. It is known that if p is a prime and if we write

Fip,N)={n<N:¢(n)=0 (modp)},

then the inequality
N log log N
p
holds. We remind the reader how it is proved. We assume that p < N since otherwise

#F(p, N) €

F(p; N) is empty. If n € F(p, N), then either p2 | m, or ¢ | n for some prime ¢ = 1
(mod p). Since for an integer a there are | N/a| positive integers n < x which are
multiples of a, we then have

#F(p; N) <

==

D
q<N
g=1 (mod p)

N
q b
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and the desired estimate for #F(p, N) follows from the known fact that

1 1 log log N
> g — 2T (13)
p<N b Dab ¢(b)

p=a (mod b)

uniformly for coprime integers 1 < a < b < N, where p,; stands for the smallest
prime congruent to a modulo b (note that p;; > b+ 1).

While in many respects the function o(n) resembles the function ¢(n), it turns
out that it is not as easy to give a similar estimate for the cardinality of the set

S(p,N)={n< N:0o(n) =0 (mod p)}.

Here, we give a result showing that the difficulty in estimating #S(p, N) is given
by precisely the number #.4(p).

THEOREM 2. The estimate

N#A N loglog N
#s<p,N><J+o(%)

holds uniformly in p > 2 and N > 2.
Theorem 2 above together with Theorem 1 improve Theorem 1 of [2].

PrOOF. We write ¢y, ¢y, ... for computable constants. By the multiplicativity of the sum
of divisors function, it follows that whenever n € S(p, N), there is a prime power qk
such that p | U(qk) and ¢* || n. Recall that ¢ || n means that ¢" | n and ¢""' I n.
Let Sy be the set of m which are divisible by at least one such prime to exactly
the first power. Then p | ¢ + 1. Since ¢ | n, it follows that ¢ < N. Let ¢ = —1
(mod p) be fixed. The number of positive integers n < N such that ¢ | n does not
exceed N/q. Hence, summing up over all the possibilities for ¢, we get

N 1 Nloglog N
#SH< Y, —=N D S BT (14)
q<N q q<N q p
g=—1 (mod p) g=—1 (mod p)

where in the above estimates we used again estimate (13) and the fact that the smallest
prime ¢ = —1 (mod p) is > 2p — 1.
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From now on, we assume that n is divisible by qk, where k> 2 and p | a(qk).
Note that 2% < qk < N, therefore, k < ¢y log N, where ¢y = (log 2)71. For fixed p
and k, the congruence

od)=¢"+¢"+...+1=0 (mod p)

puts ¢q into s; < k arithmetical progressions ¢ = g; (mod p) Here, we write g;
for the smallest positive integer in the above progression and we assume that
< <gp<--<g, <p—1. We also write g, , for the smallest prime con-
gruent to ¢; modulo p. Note that

ko k 1
2q; > q; (1+q—+-~> =D,
i

therefore, ¢; > p"*. Put \,; = (qqurl 1)/(p(qqz.,p — 1)). Note that A\; < 2q§i,p/p,

and that 1 < Mgy < -+ < Ags,. Fix ¢ € {1,. k} and write Si; for the subset
of S(p, N) formed by the integers n < N such that q | n for some ¢ = ¢; (mod p)

Given such a prime ¢, the number of the integers n < N which are multiples of q

does not exceed N /qk. Summing up the contributions to S(p, N) over all such
primes q, we get

N N N N N¢(2) N N
#8ki < E —<—+§ — =<+ < +—=. (15)
¢=¢; (mod p)

Summing up the above inequality (15) over all the possibilities for i < s < k, we
get that

Sk
Z#Skl<< —Z )\i N—k.

Finally, summing up the latter inequality over all k > 2, we get

> Z#Sm<<5 ZI%. (16)

2<k<Lcylog N i=1 2<k<cologN i=1 k>2

It is clear that the second sum is O(N/p). Thus, it remains to deal with the first
double sum. We write

S:{(k,qi):nggcologNandlgigsk}.
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From now on, to simplify notation, we assume that ¢; = ¢, is prime for all
(k, g;) € S. We split S into several subsets as follows.
Let S; be the set of pairs (k, ¢;) such that A\y; > (log N )2. Note that

Z ! < ! #S, < ! Z < ! (17)
< < —— s K —.
P pllog N2 p(log N)? P

(k.g:) €S 1<k<cylog N

Let S, be the set of pairs (k, ¢;) € S\S; such that ¢f < (log N). In this case, we
get that k < ¢; loglog N for some appropriate constant ¢;. Thus,

#S, < Z sk < (¢ log log N)z.
2<k<c loglog N

Furthermore, if S, is nonempty, then p < (log N )2, therefore, pA;; < (log N)4 for
all (k,¢;) € S,. Fixing A = A; we see that the equation
k+1 _ 1
qg—1
has at most (log(pA))**°V < (loglog N)"/* solutions (g, k) if N is sufficiently
large by Theorem 1. Since A can take at most (c; log log N)2 distinct values, we
get that

1 (log log N)!/3 1
< —
2. 2. 3¥

)\ ,
(k,qi) €S, PARii p 1<AL (¢ log log N)?

log log N)!/3
<<(g g N)

(18)

loglog N
logloglog N = O(%).

p

Let 83 be the set of pairs (k, ¢;) € S\ (S; US,) such that ¢; < (log N)?. Assume
that S; has at least two elements in it, since otherwise we certainly have

> <

(s, PAk

"@_I»—‘

Let (ko, qo) and (k;, q;) be two pairs of elements in S; with ky maximal. Writing

- qgo-‘rl -1 _ qlfl+l -1
Ml@o=1) Mg =1)
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we get that
(@ = DX g™ = (@ — Dhog ' =4, (19)
where § = (Q1 - 1))\1 - (q0 - 1))\0

Assume first that 6 = 0. Since ¢ is coprime to gy — 1, it follows that either
go=q,or qgﬁl | Ao. The second situation is impossible since Ay < (log N )2 < q§°+1.

Thus, ¢; = qo and then k; < ky. But

ko+1 ki+1
') —1 ko—k; 90 — 1

LN N ko—ks
g — 1 0 @ — 1

ko—k
p(log N)* > py = =g "phi = ¢ "D,

giving qg"_k‘ < (log N)*. Since q§°+1 Eq{f‘“ =1 (mod p), we get that p|q§°_k‘ —1.
Thus, p< qg"_k' < (log N)z, giving q§° <2pA < 2(10gN)4, whence ky < c;(loglog N).
Assume now that § # 0. We then rewrite equation (19) as

)

k41 —ko—1 1

l—vq" gy = kotl’
)

where v = MAT (o — 1)(q1 —1)"" and &; = 6A; (¢ — 1)~". Applying a linear form
in logarithms a la Baker (see, for example, [1]), we get that

ko log gy — log(6) < log H(v) log g, log g log ky,

where H(7) is the height of the rational number «y (i.e., the maximum between its
numerator and denominator). Since certainly H(y) < (log N)* and gy, ¢ do not
exceed (log N)*, we get that

ko log ¢y < (log log N)* log gy log ko + log log N,

whence

ky < (log log N)2 log ky,

leading to ky < (log log N)2 log log log N. Thus, in both cases, namely if § = 0 or
not in equation (19), we get that ky < ¢,(loglog N )2 log log log N. In particular,

#8; < Z s < c%(log log N)4(log log log N)z.
2<k<ea(log log N)?(log log log N)
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Since p < 2q§°, we get that log p < (log log N )3(10g log log N). Again, for any fixed
value of A < (log N )2, by Theorem 1, the equation

has at most (log p + log )\)1/4“(1) < (loglog N)O’8 solutions (g, x) once N is suffi-
ciently large. Thus,

0.8
Z 1 < (loglog N) Z %<<

A
(k,qi)€S5 PAk p 1AL (log log N)?(log log log N)2

< (log log N)%3 oglog N

1
log log log N < (20)

Let S, be the subset of S\ (S; US, US;) such that k+ 1 is not prime. Then

qk—H —1
PA=——1 = 1T 249,

q d|k+1
d>1

where ®4(X) € Z[X] is the dth cyclotomic polynomial. Since p is prime, we get
that p | ®4(q) for some divisor d of k+ 1. In particular, p < (¢+ 1)¢<k+1), therefore,

, qk+1 1 qk 1 —p(k+1)
logN)" > A > 1+ - .
(log ) plg—1) g q‘““”( " q)

Since certainly ¢(k+ 1) < k < log N, but ¢ > (log N)Q, we get that

1 kD ok + 1) 1 1
1+ - —1+0(>—"L)=1+0 -
( +q> " ( q ) " (logN) 72

if IV is sufficiently large. Thus,

2(10g N)2 > qk*(]ﬁ(k—‘rl) > q\/k-i-lfl,

where for the latter inequality we used the fact that k+ 1 — ¢k + 1) > Vk+ 1,
since k + 1 is not prime. Taking logarithms, we get

VEk+1logg < loglog N,
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leading to klog ¢ < (loglog N )2. In particular,
k < ¢3(log log N)z,

therefore,

#8, < Z S < cg(log log N)4,
2<k<e;3(log log N)?

and logp < log2 + klog 2 < (loglog N)z. Again, Theorem 1 tells us that for each
fixed A < (log N)? the equation

1/44-0(1)

has at most (log p + log ) < (loglog N )3/ * solutions (g, z) once N is large,

therefore,

1 (log log N)¥/4 1
< —
> >, <

AL
(k,q:) €8s DAk p 1< (log log N)*

log log N)3/4 log log N
< & log log log N <« &.

(21)

Let Ss be the set of pairs in S\ (S; U S, US; US,) such that A # 1. If n € Ss,
then k -+ 1 is a prime. It is known that all prime factors of (¢""' — 1)/(g — 1) are
congruent to 1 modulo k+ 1. In particular, k+ 1 divides p— 1. Let r be any fixed

prime factor of p — 1. Let us count the number of solutions (k, ¢;) with k =r — 1.
Then

g — 1
- = PAr— 1
qg—1
and since r is now fixed, it follows that A._,; are distinct as ¢ = 1,..., s,_;. All

such solutions have the property that A,_;; = 1 (mod ). Thus,

Sr4-1 1 r 1

>

i=1

1 logr
< - — L —.
piz; 1+4ar

PA—1i pr

We now sum up this last relation over all possible prime factors r of p — 1. Since
w(p—1) < 2log N/loglog N for large N, it follows by the Prime Number Theorem
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that

1 1 logr  loglog N
> «- 3 EL L ERA (22)

Y .
(k,q:)€Ss PAik p 1<r<3log N p

It is clear that if Sg denotes the set for remaining pairs (k, g;), then they all
have \;; = 1. In particular, #S¢ < #.4(p). Furthermore, for each such solution we
have

and ¢; > (log N )2, therefore,
I S ( 1 )
¢ p p(logN)? )

i #A(P) #A(p) B #A(p) l
P AN o signy) = 5o 0G) @

Thus,

(

Theorem 2 now follows immediately from estimates (14), (15), (16), (17), (18),
(20), (21), (22) and (23). O

Remark. If (¢“ — 1)/(g— 1) = p, then ¢ | p— 1. Thus, #A(p) < w(p— 1). For most
primes p, w(p — 1) < 2log log p. Hence we see by Theorem 2 that the estimate

log log N

holds for most primes p. Of course, since the believed conjectures are that #.A(p) = O(1),
the above inequality should be true for all primes p in light of Theorem 2.
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