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Abstract: An arithmetic function f is called a sieve function of range @, if it is the convolution
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1. Introduction and statement of the results

A basic tool for the study of the distribution of an arithmetic function f: N — C
in short intervals is the so-called Selberg integral of f, that is

2N

def 2

™ |5 s - payta |
N r<nlz+h

where M¢(z, H) is the (short interval) mean-value of f and h, N € N are such
that h = o(N), as N — co. Indeed, non-trivial bounds for J¢(N, h) might yield
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results on the distribution of f in almost all the short intervals (z, x + h, i.e. for all
x € [N,2N]| NN with o(N) exceptions. On the other side, the symmetry properties
of f in almost all the short intervals are linked to the symmetry integral of f,

2N
I;(N, h) def / ‘ Z sgn(n — z) f(n) ’ dz,
N In—z|<h

where the sign function is defined as sgn(0) def 0, and sgn(t) def |t|/t if t #0.

The aim of the present paper is to continue the study of J¢(N, h) and I¢(N, h),
started in [2] and considered also in [3—5], for a sieve function f of range Q@ < N,
meaning that its Eratosthenes transform g ) f * u is supported in [1, Q| and g is
essentially bounded, i.e. g(q) <. ¢° (V& > 0). Here, we recall that < is Vinogradov’s
notation, synonymous to Landau’s O-notation. In particular, <, means that the
implicit constant might depend on an arbitrarily small € > 0, which might change
at each occurrence. Since by the Mobius inversion formula one has

f(n) = (g 1)(n) = > 9(d),

dln

a<Q
where 1(n) = 1 for all n € N, then g is essentially bounded if and only if so is f.
Moreover, since

i = @ [E] =2 2D o (L3 ).

n<z <Q d<Q d<Q

where [t] is the integer part of t € R (hereafter, in sums over positive integers like
>~ 1 it is implicit that @ > 1), we expect the (short interval) mean-value of f to be

alx
independent of z, namely given by (see [5] for further comments)

ROESDY @.
d<Q

Before stating our results, let us introduce some auxiliary notation and convention.
When h = [N?], with @ € [0, 1], we refer to @ as the width of the short interval
|z — h,z + h] or (z, z + h|. We adopt the convention that § < 6 (resp. 6 > )
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means 0 < 0y — § (resp. 8 > 0, + §) for some absolute constant § > 0. Further, we
say that f has level A € [0, 1] ifit is a sieve function of range Q = [N*], and for \ we
adopt the same convention as for the width. Finally, given the arithmetic functions
¢1 and ¢,, we write @;(n)<K @,(n) to mean that ¢(n) K. n°Py(n) Ve > 0
(as n — 00).

THEOREM 1. Fix a small § > 0. If f: N — R has level X € (1/2, 1), then

J¢(N, h)<< Nh+ N°Q*“h? + N'™Pp? 4 Qh?,

Is(N, h)<< Nh + N‘5Q2—Ah2 + N1‘2‘5/3h2,
as N — 0o, where Q@ = [N*], h = [N?] with 6 € (0, 1/2), and A = 1/48.

Remark. In [2] the above inequalities hold with A = 0 (for a small k). In particular,
such inequalities yield the non-trivial bound N'~¢h? for both integrals J f(N , h) and
I¢(N, h) with f oflevel A < (14-8)/2 and for any width 6 € (0, 1) (see Corollary 1.1
of [2]), whereas the previous theorem holds for A > 1/2. By combining Theorem 1
above with the results given by Corollary 1.1 of [2] we immediately obtain the
following non-trivial bounds that however improve on [2] estimates only in very
short intervals, namely 6 € (0, 1/95).

COROLLARY 1. Let 0 € (0, 1/2) be fixed. If f:N—R has level X € (0, max{(1+6),/2,
48/95}), then there exists €y = €o(6, \) > 0 such that

Ji(N,h) <, N"2h*, TN, h) <, N,

as N — oo, where h = [N?].

Note that 48/95 = 1/2+ 1/190 > (1 + 6)/2 if and only if 8 < 1/95. Unlike [2], we
derive Theorem 1 from a slight generalization concerning the mixed Selberg integral
and the mixed symmetry integral of the sieve functions f; and f,, namely

T (N By / [I( X rm-Mmm)ds,

c=12 z<n<lz+h
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™ [T (X seato-a)m) as,

N =L2  |n—z|<h

where as before we set

def 9:(d)
My (h) = > . (e=12),
d<Q.

provided that g. and . are the Eratosthenes transform and the range of f.,
respectively.

THEOREM 2. Fix a small 6 > 0. If for each ¢ = 1,2 the real sieve function f. has
level A, € (1/2, 1) with A\ > Xy, then

Jf]’fz(N, h/)<<< Nh/"‘ Né ?3/48Q;/8h2 + N1—2(5/3h2 + thZJ

Iy, (N, h)<< Nh+ N°Q7*QY*h? + N'~7p?,
where Q, = [N*<] and h = [N?] with 6 € (0, 1/2).

It is plain that Theorem 1 follows immediately by taking \; = Ay = A,
Q1 = @, and f; = f, = f in Theorem 2. On the other side, since Theorem 1.1
and Corollary 1.1 of [2] can be easily extended to Jy, ,(N, k) and Iy, (N, h),
then we can combine such a generalization with Theorem 2 to get the following
immediate consequence.

COROLLARY 2. Let 0 € (0, 1/2) be fixed and let \y > Xy > 0 be such that A\;+ X, < 1
or 53\ + 42X, < 48. If for each ¢ = 1, 2 the real sieve function f. has level X\, then
there exists €y = €¢(6, A1, A2) > 0 such that

Jfl,fz(N, h) Lep Nl—gohlz’ Ifl,fz(Nn h) e N1—50h2’

as N — oo, where h = [N?].

Summarizing, we need to prove only Theorem 2 and this is accomplished in
§4. To this end, we premise a short section on some further notation and basic
formulae, where we introduce the crucial auxiliary function R(a) in terms of the
first Bernoulli periodic function. In §3 we give the necessary lemmata for Theorem 2.
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The first lemma is a famous theorem of Duke, Friedlander and Iwaniec and it is
the novelty of the present approach to estimating R(a). Such an estimate is the
theme of the second lemma. The link to Jy, f,(N, k) and Iy, ¢, (N, h) is provided
by the correlations of the sieve functions f, f, for which the third and last lemma
gives a formula, with an error term taken under control by the new bound of R(a).
We conclude the paper with a section of further comments and with an appendix
including the proof of the Fourier expansion of the first Bernoulli periodic function
on the rational numbers.

2. Some further notation and recurrent properties

As usual in number theory, (m, n) denotes the greatest common divisor of integers
m and n. Although (z, y) denotes also the pair with coordinates z, y or the open
interval with real endpoints z, y, the meaning will be evident from the context. For
the same sake of brevity, we use to write n = a (q) instead of n = a (mod g).

d . d
Moreover, we set e(a) Ll ¢2mia v o € R and eq(n) 2 e(n/q) ¥V (n,q) € Z x N.
. . d . d
The distance of a € R from the integers is ||c|| 2] m% |a — n| and {a} o - [a]
ne
d

is its fractional part. For the main variable N we set L e/ log N.

Without further references, throughout the paper we will appeal to the well-

known inequalities

I
3 e(va)<<min(V2—Vl,m), S 1< (VEEN,Ve>0).
Vi<vsVy “ djt

Let us recall that the first Bernoulli periodic function is defined as
{a} =172 ifa € R\Z,
0 otherwise,

whose (finite) Fourier expansion on the rational numbers is given by (see the
Appendix for the proof)

i o
Bl(z) :——Zcotﬂ—]sin n V(n,q) € Zx N\ {1}. (2.1)
q Rl q
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See that cot(m/2+kmr) = 0, V k € Z. Such expansion is interpreted as B; = 0 when
g = 1. It is easy to see that, for any a € (0, +00)\N, d, ¢ € N one has

#{m € (a,2a]: m=d (g} = M+
la] —d 2a] —d\ .
n BI(T) _BI(T> ifg flea] —dforc=1,2, (2:2)
o(1) otherwise.

Given the functions g;, g, supported in [1, @], [1, @], respectively, for all ac€Z\{0}
we set

R@YS S ate) 3 alte) Z(_l)c+l(gl(M)+

fa g @ [y =12 9,

q D~
LB, ([ac]q: (_Lb)),

(g1.q5)=1
where z ~ X means that € (X,2X] NN, the integer g € [1, g,| is defined by
q,q, = 1 (modgq,) when (q,,q,) = 1, and we set b e/ lal/l, o 2 cN/lq,. We
explicitly remark that R(a) depends also on g, g, and N. Note that Q. > |a]
ensures (Q./¢,2Q./f] NN # & for every £|a. On the other side, Q; < |a]
yields R(a)<< |a|Q,, which in turn becomes R(a)<< N'~% when we assume also
Q> = o(N'7%/|a|) (the same property holds by interchanging the roles of Q; and Q,).

3. Lemmata

The first lemma comes in a straightforward way from Theorem 2 of [6].

LEMMA 1. Let N, Q, Q> € Nand k € Z\{0} suchthat Q,, @, < N and k <€ Q,Q>,
as Q1, Q; — . If g1, g2 : N — R are essentially bounded and supported in [Q, 2Q1]
and |Q,, 2Q,], respectively, then

S 0@) Y 0@)en k)<< (@iQ:) Qi+ Q).

q,~Q: n~@
(g).05)=1
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The first part of the next lemma is basically Lemma B of [3], reformulated for
a pair of essentially bounded functions with support in a bounded interval. Here we
take this opportunity to give a more detailed proof. The second part is where we
apply the previous lemma and it constitutes the novelty of the method, in comparison
with [2] and [3].

LEMMA 2. Fix a sufficiently small § > 0. Let N,Q,, Q> € N and a € Z \ {0} such
that Q,Q, > N3, Q, < Q, = o(N'"%) and |a| = o(N), as N — oo. If
g1, 9> : N = R are essentially bounded and supported in [Q1,2Q,] and [Q,, 2Q>],
respectively, then for every € > 0 one has

I) Z > oailtg) O gz€q2)2—+0 (N'7F),

la g,~Qi/t quQz/f J<J
(g1.07)=

where J =J({,q,,4q,, N, 5) [éqlqud '] and

waN/ i g, NI o 2l

def .
A=Al q,q,a, N (sm
=24l )= g, g, lq,

Also,
II) (a) &e N&(N Q53/48 7/8+N1 5)

PrOOF. 1) For every {|a, let us set b ) lal/¢ € N and note that J = [{q,q,N°~'] =
= 0(Q,/f), while M def Q:1Q,N°~'L~! > 1 from the hypothesis Q,Q, > N'~2/3
Moreover, since B; < 1, the contribution to R(a) from all £|a such that £ > M is
trivially
1 _
KQQ )Y 7 < N'7?,

La
>M

Thus, let us consider the sum over £ < M such that £|a. Together with ¢, ~ Q,/£ and
g, ~ @,/¢, the condition ¢ < M yields J — 00, as N — co. By using formula (2.1)
and the identity sin(z—w)—sin(y—w)+sin(z+w)—sin(y+w)=2(sinz —siny)cosw,
it is readily seen that

R(a) = ()(N1 ‘”E)Jrzz S alte) > 9:(ta,) 3 Ajeot 2 (3.0)

0 ~ ~Qy/t 2 i< %
Kl';u q,~Qi/t (2 qz)z 1 7<q,/2
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Let us split the last sum as

ZAjcot— ZA cot——|— Z Acotq—J—D1+D2, say,

3<gq,/2 2 i<J 2 J<jLg,/2 2

and first evaluate the contribution to (3.1) from D,. To this end, note that

8= 5 0s (22) 3 ) (exfiloch — enf—ilacd) =

where for ¢ = 1, 2 we set a, def cN/lq, and

Euj = Eoill a4, 0, N) ey (llael +3,0)) + e, (i(lac] - 7,D)).

Since cot(m/2) = 0, by partial summation we can write

q,/2
D2<<‘/ ZA —cot—)dv‘<<
J<j<v
q,/2
1 _ _
< q, / —2‘ Z (gz,j - gl,j + gl,j - 52’]‘) ‘dv.
7 v J<j<v
q,/2
dv
The contribution from g, |g, [a.] £ b is trivially < ¢, / —‘<<< g,, which in turn
v
T

contributes to (3.1) as

< YD #g,~Q/l: (g,9)=1 and glg[a]+ b}

la q,~Qi/¢

<> ( dYooo> 1+ — 1)<<< @ +Q))> %<<< NI,

la a~Q1/8 (0y.9))= q,1b la
aq b glg [ac]ib
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where we have taken into account: ¢ [a.| £b < (¢N £ a|)/l K N/, 0 < |a] € N
and Q, < Q; = o(N'"%. On the other side, the contribution to D, from
q,|ac] £ b # 0 (mod ¢,) amounts to

4
<<J

c=1,2

o] o] —,b -
(e I e I

Now, observe that ¢, [a.] £b Z 0 (mod g,), with (g,, ¢,) = 1, yields ¢, [a.]£b = rq,
(mod g,) for some 7 such that 1 < |r| < ¢,/2, i.e.

H [ac] i?LbH _ Il
g,

Therefore, since J = [£q,q,N°~'], the contribution to (3.1) from ¢ [N/£q,] +b%Z 0
(mod g, ) through D, is

«X 0 ZE Z > H[N/Kq('lﬂ“l«

Ql 4 ~Qa/¢
(7p.q))=1
qy [N/lq, 1+b20 (g5)

1
QIQZZEZ‘L 2 2 I

~Q/t
B M
119)=

qy [N/tqy |+b=rq; (a,)

Qlezgz Z |L Z A

La NQI < <Qz 0 ~Q/t
4 1<irl< 0, ([N/tg, |=r)g, +b

N176Q2 1
« = ZZZ ZJ it

qlb ([N/fgy]-r)q) +b=0

K

K

o
I
3
N

O

{a 71 1<I< % %
(IN/tq, ]—T)ql +b#0

Nl—6 B B
<« Q—Q2 + N0« N9,
1
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The same bound holds in the other three cases ¢ [2N/4g,|+b# 0(mod g,),
ql[N/Z(L] - bi—é O(l’l’lOd qz)

Now, we turn our attention to D;. By using the expansion of the cotangent
function in power series, for a fixed K > 1 we can write

D, Z%Z%+§a—22jnAj+O(J(q—JZ)K),

<7 = &<y

where the coefficients a,, < 1 are given in terms of the Bernoulli numbers (see [10],
Appendix B, exercise 11 and formula (B.20)). Note that the first sum gives the main
term of the stated formula for R(a), whereas the O-term is < ¢,(Q,/N'~%)k+! « ¢,
from the hypothesis Q; = o(N'7%). In order to see that also the sum over n
contributes to (3.1) as a remainder term, we first apply partial summation to write

K-l K-l n
IS SIUNPTE SEA T S|
n=1 %, i<J n=1 % - Jj<v

Then we observe that the argument previously used for D, applies here, because it
turns out that

The formula I) is completely proved.
In order to prove the inequality stated in II), from what we have seen in the
proof of I), it is plain that we may confine to consider only

Re(a) défz > ogitg) D ga(tg) > ZJ—(C) (c=1,2),

By 0% w et
(g).07)=1
where M = Q,Q,N° 'L is defined as above, and
d 2m|alg 2mq bj cN a
¥(c) “J Sin laclg cos J, with ¢, = —, b= la]

q, q, lq, .
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Thus, we have to show that R.(a)<< N‘;QTMSQ;/S + N9 Ve=1,2. To this end,
we write
2moj 2mq bj
Y;(c) =sin I o5 T2 _
q, q,
2n{acty,
) sin
qz qz qZ
2r{ac}j 2mag 2mq bj
n cos cos =

q, q, q,
_ v (1) ()]
=3 (c) - Dy (c) - ¥ (c), say.

2T 2mq bj
— (1 = cos cos -

Accordingly we have R.(a) = Rﬁo)(a) — R (a) — (2)(a) with

)
2 (0)
v def
WU T o) 3 o) 3 50 wm01n
éil;/[ q,~ quﬁ J§4% J

(g7.9,)=1

By applying partial summation with respect to g, we see that

mcNj  2mq b]
S aa) Y 9e)V =" ata) > g9(g,)sin qu]cos

0l e 0l e 2
(4 ‘12) (g qz)
2Q,/¢
2weNj 92(fq,) 2mgbj 2mcNjdv
+ 7 Z g1(4q,) Z 2~ cos——cos 7 -
o < q a, ¢,V v
Qi/t 7 <gq v O~F

(g7.0,)=1
Thus, from Lemma 1 it follows that R (a)<< N Q" Q]*. Now let us prove
R (), RY (a)<< N'=°. To this end, by using the expansion of the cosine function
in power series, we fix an integer K > 1 and write

> Eg'l)'(c) = > (1 — cos 2m{ac}j ) EE‘O).(C) —

J<4ML/t J J<4ML/L %, J

Sk s rero((3)) «

2 j<aML/t ta,
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(0) ‘ (4ML)
—_ E
<oy max | 35 Z

where we have set £ ; ) €q, (j(ac +q,b)) + eqz(j(ac —¢,b)), and we have used

b, <1, ML/({q,) = 0(1) (the latter following straightforwardly from the hypothesis
Q) = o(N'7%)). Now, it is easy to see that, according as q,|a, £ q,b or not, the
same arguments adopted in the proof of I) to treat the exponential sums lead to

R(l <<< 010 ZZ Z Z rr}g)é Z(Eé,j—flc,j)‘<<<N175
12 192

fa SN j<v
< 4G IN A

(g .qz)zl

In a completely similar way, we conclude also that R(z)( )& N 1=0 after using the
expansion of the sine function in power series and noticing that
2mo] 2mq bj

!
4 cos cos ——— =&
9, %

!
c,j*

+ &
The lemma is completely proved. O

Now, we can state and prove the main lemma of the paper. It gives a fairly
general asymptotic formula for the correlation

Cr.pla ) Y i) fr(n - a)

n~N

of real sieve functions fi, f,. In particular, it provides a strong level (> 1/2) for the
autocorrelation €y = Cy ¢ of a real sieve function f. It is also worthwhile to remark
that the next lemma applications to Jy, ¢, and Iy, (i.e., Theorem 2) improve the
non-trivial bounds given in [2].

LEMMA 3. Fix a sufficiently small § > 0. Let N, Q, Q> € N such that Q, — o0
and Q, € Q; K N'79, as N — 0. If g1, 9> : N = R are essentially bounded and
supported in |1, Q] and |1, Q,], respectively, then for every € > 0 and uniformly



15]  On the correlations, Selberg integral and symmetry of sieve functions... 15

Va € 7\ {0}, with |a| = o(N), one has

Cr.p(a) +Cp g (= 91(¢q,)g L’qz
18 2ff —NZ Zzl 2

fla 0 <Q1/t 749,
9 <Q2/5
(g1.35)=1

0 (N6+s 53/48 7/8—|—N1 25/3+5)

where fi =g %1, f, =g, % 1.

PRrOOF. First, we observe that

Crp@=>_Ffim) D g0@)=> o) > > gal)=

n~N B ln—e 4,5Q> N gyfn
4, <@ n=a(ty) ¢,<Q
la ¢,<Q> 4, <Q N
2 (a)4)=" i ‘(33
=3 D ailtg) D gltg) > 1,
N
fa ¢ <9 e® -
(g1 » qz) 1 m=q,b(q,)

where we set b = |a|/£ as before. Then, plainly we can write

efl,fz(a) +26f"f2(_a) = % Z Z gl(ﬂQl) Z 92(&12) Z L.

Q Q ~ N
la 4<% o< F e

(g1.45)=1 m=+q b(qz)

Now, let us set Q.. k f yk- Q. forallk =0,...,[log, Q.], c = 1,2, and confine to
the dyadic intervals (Qcx/%, 2Q..x/¢], where we define Ry(a) analogously to R(a).
Thus, by the formula (2.2) we get

_Z Z 91(4q,) Z g:(£q,) Z I_NZ Zzgl (4q, Qz(éq2

q,9
N 112
Qlk qu% mNE Z|(1 4~ Qck

(g7.9)=1 m=£g,b(q;) (g >q2):1

Rk
£
Lio.(n Z > X ).
la Qe ~k/t

W~ 1, lgy [ac]+b



16 G. Coppola (Avellino), M. Laporta (Napoli) [16

Since |a| = o(N) yields ¢ [eN/(£q,)] £b # 0, the latter O-term is << Q<< N'°.
Moreover, we can assume that @ ;Q2x > N 1=20/3 " for otherwise trivially R(a)<<
< N'=29/3_ Hence, the conclusion follows from II) of Lemma 2. O

Remark. Since fi, f, are essentially bounded, then for any a > 0 one has

Gf] f2 a) Zfl f2 n+a Z fz(’ﬂ)f] (n_a):eﬁ,ﬁ (a)—i—Oe(aNE).

n~N N+a<n<2N+a
In particular, if f; = f,, this implies that

Cs.p(a) + Cp ()
f fZ 2 f f2 :ef(a)+OE(NE|(Z|)

Therefore, from the previous lemma we obtain the following formula for the value
attained at a = o(N) by the autocorrelation of a sieve function f = g* 1 of range
Q < N'-¢:

eqz b+e 2 1-28/3+¢
N§j §j§j v OE(N OF + N )
4.4, ~Q/t 2
(g1.45)=1

that means level A = 1/2 + 1/190 for autocorrelations of f.

4. Proof of Theorem 2

Let us consider the symmetry integral first, and write

I p(Vh)y = D03 fin) fa(m) / sgn(z —n)sgn(z —m)dz =
N—h<n,m<2N+h N<z<2N
0<n—m| <2h |z=n|<h
le—mi<h

= >, fl(")fz(m)/sgn(t)sgn(t+(n—m))dt+06(N€h3):

N+h<n,m<2N—h

0<|n-m[<2h [tI<h

[t+(n—m)|<h

- Z fi(n Z fr(n—a) /sgn )sgn(t + a)dt + O, (N°RY).

N<n<2N 0<|a|<2h H<h
lt+al<h
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To simplify our exposition, the symbol (T) within some of the next formulae will
warn the reader of some fails, i.e. terms being << h*<« Nh, that are discarded to
abbreviate the formulae themselves. Thus, the above equation becomes

L)Y S Wa)e a),  with W)Y / sgn(t)sgn(t — a)dt.

0<]a|<2h ltl<h
|t—a|<h

Since f, f> are essentially bounded, then

W(0)€;, 1,(0) = 2k Y _ fi(n) f>(n)<< Nh.

n~N

Moreover, note that W is even and W(a) < h uniformly for all a. Therefore,

Lemma 3 implies that

> W) pla)= > W(a)Cyp(a)+Cpp(-a) =

0<|a|L2h 0<a<2h
(4 (4
_2NZW Z Zzglqu q2
0<a<2h La 9, <Q /¢ q, qz

0, <@/t
(g).0;)=1

+o. (N5+e ?3/48 Z/shz I N1725/3+5h2).

Hence, the stated inequality for Iy, ¢, (N, h) follows from

PIRUCHIY Zzglgq )o:(l,) SO ‘ > Wfb‘<<<h

0<a<2h la 7, <Q/t £<2h 0<b<2h/{
9 <Q2/Z
(g1.05)=1

where we have applied the property (see [2], Lemma 2.4)

3 W) :2@”%“ <h, forl<£<2h

0<a<2h
a=0 (¢)
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Now, let us turn our attention to the Selberg integral Jy, fz(N , h). First we
observe that for any ¢ =1, 2

?Z fe(n) dz = Z fe(n) / dz =

N t<nlz+h N<n<2N+h N<z<ON

n—h<z<n

n

= > fc(n)/derOs(NEhz):

N+h<n<2N—h neh
=h Y fo(n) + O(N°R?).
n~N

Since

St =Y a@ (] - [3]) =8O L o.v 0.
d

n~N
then, by recalling that @, > @, and My, (h)<< h, we can write

2N

T8 = [ 3757 il alm)da— Ny ()0, (0)+0. (N (@I +1).

N z<nm<z+h

Now, by arguing as we have done before for Iy, fz(N , h), it is easy to see that

[ X smstmiz= 3 - la) X A +a) + 000K,

N z<nm<z+h 0<|al<h n~N

which yields

Jr s, (N R) 537 (h—lal)€y, 1, (—a) — NMy, (h) My, (h) + O, (N°(Nh + Qi 1)).

0<l|al<h

Note that h—|a| is an even function of the variable a. Thus, the previous calculations
and Lemma 3 apply again here to get

Y (h—la)Csp(—a) = D (h—a)(Cpp(-a) + € p(a) =

0<|a|<h 0<a<h



19]  On the correlations, Selberg integral and symmetry of sieve functions... 19

vy % S-Sy 9:(ta)g:q,)

(<h  b<h/t 4,5Q1/¢ 9.9,

0, <Qa/t
(g7.07)=1

+o. (N5+5Q?3/48Q;/8h2 4 N1_25/3+Eh2).
By using the formula
h2
> (b - tb) = 2 TOM), VEL<h,
b<h/t

we can write

QNZ% Z(h_%) ZZ 91(4q,)9>(4q,) _

<h = b<h/t 4 <Q1/¢ 49
4y <@/t
(g1.4)=1
1 J4 I
— NR? Z g_2 Z Z 91( q,)gz( qz) 4 05(N1+6h) (T)
£<h 0 <Q1/t 4.9
0,<Qy/t
(g7.35)=1
(o9
1 4 y4
<5>thzﬁzzwz
=1 9, <Q1/¢ %9
0,<Qp/¢
(gy.q5)=1
= 91(g,)92(q,)
=N DTN IR
/=1 4 <Q ql qz
<@
(g7.9,)=¢

LD L) RL) — agy ) ).

1, <Q)

Hence, we conclude that

> (h-lal)es, p(~a)—~NMy, (h) My, (h) <.
0<|a|<h

&, N5+EQ?3/48Q;/8}L2+N1—25/3+€h2+N1+8 h.

Theorem 2 is completely proved. O
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5. Further comments and remarks

1. Though analogous definitions and results can be easily formulated for complex
valued sieve functions, here we stick to the real case for simplicity.

2. A famous example of sieve function is given by the truncated divisor sum Ag,
exploited by Goldston in [8]. We refer the reader to [5] for an application of
our recent study about the distribution of sieve functions to the case of Ag.

3. The key of the present approach is the treatment of the error term R ¢ (@) arising
from the formula of the autocorrelation of a sieve function f = g% 1 written
for any nonzero integer a = o(N) as

S st (2] - [4]) +ro

la (d,g=1 eql

In [2] such an error term is defined by using the orthogonality of the additive
characters. The estimate of Ry(a) leads to the gain A = 1/48 given in
Theorem 1 and, as noted above, it is essentially due to the non-trivial bound
of the bilinear forms with Kloosterman fractions by Duke, Friedlander and
Iwaniec (see Lemma 1). In this respect, the recent improvement obtained by
Bettin and Chandee [1] would yield A = 1/20. Moreover, we think that this
result might lead to an improvement of ours in respect of the short length h as
well. We are going to show such a further achievement in a future paper.

4. In the literature the level of distribution of an arithmetic function f in the
arithmetic progressions is usually meant to be a positive real number A 4p(f)
such that

Zmax‘Zf )——an)‘<<5m15

n<z n<z
n=a(q) (n.g)=

Yt < g, (a,9) = 1},

((g)

holds for @ < grar(f)=0 (where 6 > 0 is sufficiently small and depends on

e > 0). For example, the celebrated Bombieri-Vinogradov Theorem gives
1

Aap(A) = 3 for the von-Mangoldt function A.

It is a classical and standard argument (see [7] for example) to deduce from the
previous inequality an asymptotic formula for the autocorrelations of a sieve
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6.

function f given by

f) =Yg, with Q< N w(h

qqg‘%
Somehow this justifies our definiton of /evel/ when we refer to a sieve function.
Unfortunately, it seems to be very hard to reverse such a process, that is to
say, information on the level of distribution of f in the arithmetic progressions
seems to be much stronger than knowledge about the autocorrelation of f.
From this point of view, our Lemma 3 provides a substitute for what is still
lacking from the study of distribution of f in the arithmetic progressions.

Appendix: the first Bernoulli function
on the rational numbers

Here we prove the formula (2.1), that equivalently we state as

Bl( ) Z cot;ean) V(n,q) € ZxN\{1}.

0<\J|<q/2

To this end, it suffices to establish the following equality for the Fourier coeffi-

cient of Bj:

def 1 r ) i mj
Cig = - Z B (—)eq(—]r) % cot —.
1 0<|r|<g/2 q q

First, since B, is odd, note that c;, = 32, where we set

def 2 Z ’I'Sll’l —|— Z sin 27';]7"

T<[q/2] r<[g/2]

Note that, for R = [g/2] by Abel’s lemma (see [10], Appendix A, exercise 3) one has

Z T sin 27T]T =R Z sin 27rjr — Z ( Z sin 27r]€)

r<R r<R r<R—1 L<r
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Therefore, by using the identities (see [9], formule n.1.342.1 and n.1.342.2),
VXEN,VacR\Z,

sin(2raX)

Z sin(2rar) = sin’(raX) cot(ra) + 5 ,

r<X

sin(2raX) cot(mra) 1 — cos(2maX)
Z cos(2mar) = 5 - 5 ,

r<X

we can write

E:(__+1)Z 7Tj’l" Z (ZS 27r]€)

<R r<R-1 L<r

2 TIir 2R 1 2mgr 1 2miR
:—cot—Zsm2 J (1——+—)Zsin J — —sin J =
q r<R—1 q q r<R q q q
R iy 1 2miR
:—cot—J+—(co —J—l) t—J—
q q
1 T 2mIR T 2mIR
——cot—](sin J cot—]+cos J —1)+
2q q q q q

b

1+2{q/2} y . , ™R mj 1 . 2mjR 1 . 27jR
+—(s1n —— COt — 4+ = sIn )——sm
q q q 2 q q q

where

1 if g is odd,
2{q/2} = q¢—2[¢/2] =q-2R =
0 otherwise.

Now, since from 27jR = mjq — 27j{q/2} it follows that

27jR . 2midq/2
cos 2 — (Z1) cos M
q
2 R
sin =29 JHZ{ } sin 2
i WJR (=1 27TJ{q/2}
sin” — = — + CcOos R

2 2 q
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then we get

1
Z:—c t——2{ }
2q

+i((—l)j cos 7r]2{q/ } 1) cot W—j—i-

2q q
+ 2{ } cot2 ﬂ+
2q q q
1+ 2{q/2} ( (—1)7 7Tj2{(1/2}) j
=+ - — CcoS cot — =
q 2 2 q q

zzicot—(q 2{ }+2{ Hen cos—+

+2{g}(1 — (=1) cos @)) = %cot%j.
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