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Abstract: Let P 2 F2 [z] with P(0) = 1 and A = A(P) be (cf. [12]) the unique subset of N

such that
1P
n=0

p(A, n)zn � P(z) (mod 2) , where p(A, n) is the number of partitions of n with

parts in A. In [10], the elements of the set A0 = A(P (0) ) , where P (0) = 1 + z+ z3 + z4 + z5 ,
are determined and an asymptotic to the counting function of this set is given. In F2 [z] , one has

1 � z31

1 � z
=

5Y

i=0

P (i) , where the P (i) 0s are all irreducible of degree 5 and order 31 . In this paper,

we’ll make general the results of [10] for all Ai
0s = A(P (i) ) 0s, 0 � i � 5 . Surprisingly, we obtain

for all i, 0 � i � 5 , the counting function A(P (i) , x) of the set Ai , when x tends to infinity,

satisfies A(P (i) , x) � κ
x

(log x)
1
4

, where κ = 1.469696766... . Moreover, we’ll give estimates to the

counting functions of all A = A(P) when P 2 F2 [z] is any squarefree polynomial of order 31 .
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1. Introduction

Let N be the set of positive integers, A = fa1 , a2 , ...g � N and p(A, n) be the
number of partitions of n with parts in A, i.e. the number of solutions of the
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diophantine equation

a1x1 + a2x2 + ... = n,

in non negative integers x1 , x2 , ... , with p(A, 0) = 1 . Let F2 be the field with two
elements, f 2 F2 [[z]] with f(0) = 1 and A = A(f) be the unique set of positive
integers satisfying (cf. [12] p. 299 , [4] p. 67 ),

F(z) = FA(z) =
Y
a2A

1
1 � za =

1X
n=0

p(A, n)zn � f(z) ( mod 2). (1.1)

Let us recall the construction of these sets. We write

f(z) =
1X
n=0

εnz
n with εn 2 f0, 1g and ε0 = 1,

so that the set A(f) will satisfy (1.1) if and only if

p(A(f), n) � εn (mod 2), n = 1, 2, 3, .... (1.2)

For n = 1 ,

p(A(f), 1) = χ(A(f), 1) =

8<: 1 if 1 2 A(f),

0 if 1 62 A(f)

and therefore, by (1.2),

1 2 A(f) , ε1 = 1.

By assuming that the elements of A(f) up to n� 1 are known, we set (A(f))n�1 =

A(f)\f1, 2, ..., n� 1g and use the fact that there is exactly one partition of n with
the part n to obtain

p(A(f), n) = p((A(f))n�1 , n) + χ(A(f), n),

so that, from (1.2),

n 2 A(f) , χ(A(f), n) = 1 , εn � p((A(f))n�1 , n) + 1 (mod 2).

Of course, if f = P is a polynomial in F2 [z] with P(0) = 1 , then we can consider
P as a formal power series with all coefficients zero from a certain rank and obtain
a unique set A(P) which satisfies (1.1).
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Let A(P , x) be the counting function of the set A(P) ,

A(P , x) =j fn : 1 � n � x, n 2 A(P)g j . (1.3)

In 1998 when J.-L. Nicolas, I. Z. Rusza and A. Sárközy introduced the sets A(P) ,
they hoped obtain some one satisfying A(P , x) � x

2 , x!1 and gave A(1+z+z3 )
and A(1 + z+ z3 + z4 + z5 ) as candidates. Their claim turned to be not true, when
F. Ben Saїd et al. proved (cf. [5] p. 1118 ) that for all P , A(P , x) = o(x) . Moreover,
Ben Saїd et al. determined (cf. [9] and [10]) the elements of A(1 + z + z3 ) and
A(1 + z+ z3 + z4 + z5 ) .

Let σ(A(P), n) be the sum of the divisors of n belonging to A(P) , i.e.

σ(A(P), n) =
X

djn, d2A(P)

d =
X
djn

dχ(A(P), d) (1.4)

where χ(A(P), d) = 1 if d 2 A(P) and χ(A(P), d) = 0 if d 62 A(P) . By making
the logarithmic derivative of (1.1), one obtains

1X
n=1

σ(A(P), n)zn = z
F 0(z)
F(z)

� z
P 0(z)
P(z)

(mod 2). (1.5)

This formula first allowed to prove that the sequence (σ(A(P), n) mod 2)n�1 is
periodic, then after being generalized to

1X
n=1

σ(A(P), 2kn)zn = z
F 0

(k) (z)

F(k) (z)
� z

P 0
(k) (z)

P(k) (z)
(mod 2k+1 ),

where P(k) is the Graeffe transformation of P of order k and P 0
(k) is the derivative

of P(k) (cf. [8] p. 190 ), gave that for all k � 0 , (σ(A(P), 2kn) mod 2k+1 )n�1 is
periodic. F. Ben Saїd and J.-L. Nicolas gave first (cf. [8] p. 192 ) the smallest period
of (σ(A(P), 2kn) mod 2k+1 )n�1 for all k � 0 .

Let β be an odd integer � 1 , P 2 F2 [z] with P(0) = 1 and of order β,
i.e. β is the smallest positive integer such that P divides 1 + zβ in F2 [z] . In [3]
p. 28 , N. Baccar et al. showed that β is the smallest period of all the sequences
(σ(A(P), 2kn) mod 2k+1 )n�1 and that if m2 � 2am1 (mod β) for some a � 0 ,
then

σ(A(P), 2km2 ) � σ(A(P), 2km1 ) (mod 2k+1 ). (1.6)
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Let (Z/βZ)� be the group of invertible elements modulo β and < 2 > be its

subgroup generated by 2 . By setting r =
ϕ(β)
s

, where s is the order of 2 modulo

β, that is the smallest positive integer s such that 2s � 1 (mod β) , one has

Z/βZ = fx0 = 1, ..., xr�1 , y1 , ..., yqg,

where the x0is are the invertible orbits and the y0is are the non invertible ones. The
orbit Orb(n) of some n 2 Z/βZ is given by

Orb(n) = f2kn, 0 � k � s� 1g. (1.7)

Let φβ be the cyclotomic polynomial of index β,

φβ =
Y

1�i�β, gcd(i,β)=1

(z� ζi),

where ζ is some primitive βth root of unity over F2 . If φβ is written as

φβ = P (0)P (1) � � � P (r�1)

where for all j, 0 � j � r� 1 ,

P (j) =

s�1Y
i=0

(z� ζ2ixj )

and if Aj = A(P (j) ) is the set obtained from (1.1) then (cf. [3] p. 30 ), for all k � 0 ,
one has

σ(Aj, 2kβ) � �s (mod 2k+1 ), (1.8)

σ(Aj, 2kn) � σ(A0 , 2knxj) (mod 2k+1 ). (1.9)

In this paper, we are interested on the case β = 31 . The order of 2 modulo
31 is s = 5 . The group (Z/31Z)� is cyclic with g = 3 as a generator. The orbits of
Z/31Z are xi = 3i , 0 � i � 5 and y1 = 31 . In F2 [z] , we will write

1 � z31

1 � z = P (0)P (1) ...P (5) ,
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where

P (0) = 1 + z+ z3 + z4 + z5 , P (1) = 1 + z2 + z5 , P (2) = 1 + z2 + z3 + z4 + z5 ,

P (3) = 1 + z+ z2 + z4 + z5 , P (4) = 1 + z3 + z5 , P (5) = 1 + z+ z2 + z3 + z5

(1.10)

in a way that (cf. (1.9)) for all i, 0 � i � 5 ,

σ(Ai, 2kn) � σ(A0 , 2k3in) (mod 2k+1 ). (1.11)

This choice of indexing the P (i) ’s is very important. It is the basic idea which leads
to the results of this paper.

From now on, for 0 � i � 5 , Ai = A(P (i) ) is the set defined by (1.1). To
determine the elements of the sets Ai , 0 � i � 5 , of the form 2km, where k � 0
and m is odd, we should consider the sum

SAi
(m, k) =

kX
h=0

2hχ(Ai, 2hm). (1.12)

as well as the 2 -adic number

Si(m) =
1X
j=0

2jχ(Ai, 2jm), (1.13)

which satisfies

Si(m) � SAi
(m, k) (mod 2k+1 ), 8 k � 0. (1.14)

Note here that for all k � 0 , we have

0 � SAi
(m, k) < 2k+1 ,

so that

SAi
(m, k) � 0 (mod 2k+1 ) ) SAi

(m, k) = 0 ) 2hm 62 A, 8 h, 0 � h � k.
(1.15)
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For n = 2km with m odd, we have

σ(Ai, n) =
X
δjn

δχ(Ai, δ) =
X
djm

kX
h=0

2hdχ(Ai, 2hd) =
X
djm

dSAi
(d, k)

and by Möbius inversion formula,

mSAi
(m, k) =

X
djm

µ(d)σ(Ai,
n

d
) =
X
djm

µ(d)σ(Ai,
n

d
), (1.16)

where m =
Q

pjm p is the radical of m, with 1 = 1 .
Since a divisor of 2k+1m is a divisor of 2km or a multiple of 2k+1 , from (1.4), we
have

σ(Ai, 2k+1m) � σ(Ai, 2km) (mod 2k+1 ), 8 k � 0

and the sequence
�
σ(Ai, 2km)

�
k�0 defines a 2 -adic integer ρi(m) which satisfies

ρi(m) � σ(Ai, 2km) (mod 2k+1 ), 8 k � 0. (1.17)

This with (1.14) and (1.16) give

mSi(m) =
X
d jm

µ(d)ρi(
m

d
) =
X
d jm

µ(d)ρi(
m

d
). (1.18)

In Section 2 , for 0 � i � 5 , we evaluate the 2 -adic integer Si(m) , from which
we obtain results of section 3 that give the elements of the sets Ai = A(P (i) ) ,
0 � i � 5 . The last section is devoted to the determination of asymptotic estimates
to the counting functions A(P (i) , x) , 0 � i � 5 , as well as A(P , x) when P is any
squarefree polynomial in F2 [z] of order 31 . Our paper is inspired from and based
on [10].

2. The 2 -adic integers Si(m) , 0 � i � 5

We begin by the following:

Remark 2.1. [3] p. 28. No element of the set Ai , 0 � i � 5 , has an odd prime
factor in the orbit Orb(1) and no integer divisible by 312 belongs to Ai .
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For k � 0 and 0 � j � 5 , let

uk,j = σ(A0 , 2k3j) (mod 2k+1 ). (2.1)

Since a divisor of 2k+1 3j is either a divisor of 2k3j or a multiple of 2k+1 , then
from (1.4) and (2.1), uk+1,j � uk,j (mod 2k+1 ), 8 k � 0 , holds and the sequence
(uk,j)k�0 defines a 2 -adic integer Uj satisfying for all k � 0 ,

Uj � uk,j (mod 2k+1 ). (2.2)

In [1] Theorem 1 , it is shown that the U 0
js are the roots of the polynomial

R(y) = y6 � y5 + 3y4 � 11y3 + 44y2 � 36y+ 32.

Moreover, it is given in [10] p. 55 that the Galois group of R(y) is cyclic of order
6 and that the roots U1 , ..., U5 are polynomials in θ = U0 . We have (cf. [10] p. 55 )

Z Z mod 211

U0 = θ 1183

U1 =
1

32
(3θ5 + 5θ3 � 36θ2 + 84θ) 1598

U2 =
1

32
(�3θ5 � 5θ3 + 20θ2 � 100θ) 1554

U3 =
1

32
(�θ5 � 7θ3 + 12θ2 � 44θ+ 32) 845

U4 =
1

32
(�θ5 + 4θ4 + θ3 + 24θ2 � 68θ+ 96) 264

U5 =
1

16
(θ5 � 2θ4 + 3θ3 � 10θ2 + 48θ� 48) 701

TABLE 1

Since the U 0
js are periodic with period 6 , we write for all j 2 Z ,

Uj = Uj mod 6 . (2.3)
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Let (vi)i2Z be the periodic sequence of period 12 defined by

vi =

8>><>>:
2p

3
cos
�
i
π

6

�
if i is odd

2 cos
�
i
π

6

�
if i is even.

We also consider the 2 -adic integers

Ei =

5X
j=0

vi+2jUj, Fi =
5X
j=0

vi+4jUj, i 2 Z, G =

5X
j=0

(�1)jUj. (2.4)

The values of these integers are given (cf. [10] p. 60 ) in the following table:

Z Z mod 211

E0 =
1

32
(11θ5 � 8θ4 + 29θ3 � 124θ2 + 500θ� 256) 1157

E1 =
1

16
(3θ5 � 2θ4 + 9θ3 � 26θ2 + 136θ� 64) 1533

E2 = 3E1 �E0 1394

E3 = 2E1 �E0 1909

E4 = 3E1 � 2E0 237

E5 = E1 �E0 376

F0 =
1

32
(�3θ5 � 21θ3 + 36θ2 � 36θ+ 64) 1987

F1 =
1

32
(�3θ5 � 4θ4 � 13θ3 + 24θ2 � 28θ� 64) 166

F2 = 3F1 � F0 559

F3 = 2F1 � F0 393

F4 = 3F1 � 2F0 620

F5 = F1 � F0 227

G =
1
4

(�θ5 + θ4 � θ3 + 11θ2 � 34θ+ 20) 1905

TABLE 2
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Note here that we have,

Ei+12 = Ei, Ei+6 = �Ei, Fi+12 = Fi, Fi+6 = �Fi. (2.5)

We also have (cf [10] p. 60 ),

Lemma 2.1. The polynomials (Uj)0�j�5 form a basis of Q[θ] . The polynomials E0 ,
E1 , F0 , F1 , G, U0 form another basis of Q[θ] . For all i0s, Ei and Fi are linear
combinations of respectively E0 and E1 and F0 and F1 .

Some other properties of these 2 -adic integers and the sequence (vi)i2Z can be
found in [10] p. 59 .

We make (cf. [10] p. 56 ) the following definitions:
� ` is the completely additive function from Z n 31Z to Z/6Z given by

`(n) = j if n 2 Orb(3j). (2.6)

From (1.6) and (1.17), we have for 0 � i � 5 , k � 0 and 31 - n1n2 ,

`(n1 ) = `(n2 ) ) σ(Ai, 2kn1 ) � σ(Ai, 2kn2 ) (mod 2k+1 ) ) ρi(n1 ) = ρi(n2 ).
(2.7)

� The set of odd primes different from 31 is split into six classes (Pj)0�j�5 according
to the values of `. More precisely, for 0 � j � 5 ,

p 2 Pj , `(p) = j, p � 2k3j (mod 31), k = 0, 1, ..., 4. (2.8)

� For 0 � j � 5 , ωj : N ! N [ f0g is the additive function given by

ωj(n) =
X

pjn, p2Pj

1 =
X

pjn, `(p)=j

1 (2.9)

and ω(n) = ω0 (n) + ... + ω5 (n) =
P
pjn

1 , (n, 31) = 1 .

The radical m of an odd integer m 6= 1 , relatively prime with 31 and free of prime
factors belonging to P0 will be written

m = p1 � � � pω1pω1+1 � � � pω1+ω2pω1+ω2+1 � � � pω1+ω2+ω3+ω4+1 � � � pω, (2.10)
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where `(pi) = j for ω1 + � � �+ωj�1 + 1 � i � ω1 + � � �+ωj , ωj = ωj(m) = ωj(m)
and ω = ω(m) = ω(m) � 1 . We also define, for 0 � i � 5 , the arithmetical
functions from Z n 31Z into Z/12Z :

αi = αi(m) = 2ω5 � 2ω1 + ω4 � ω2 � 2i mod 12, (2.11)

ai = ai(m) = ω5 � ω1 + ω2 � ω4 � 4i mod 12 (2.12)

and make the convention

0n =

8<: 1 if n = 0

0 if n > 0.
(2.13)

Lemma 2.2. [10] p. 61. Let m be an odd integer not divisible by 31 , with m of the
form (2.10) and

T (m, j) = T (m, j) =
X

djm, `(d)�j (mod 6)

µ(d), (2.14)

where µ is the Möbius function and ` is the function defined by (2.6). Under the
convention (2.13), we have

T (m, j) = 2ω3�1 3d
ω2+ω4

2 �1evαj +
0ω3

2
3d

ω
2 �1evaj + 0ω2+ω4

(�1)j

3
2ω�1 , (2.15)

where

dxe = inffn 2 Z, n � xg

is the ceiling of the real number x.

Theorem 2.1. Let m 6= 1 be an odd integer relatively prime with 31 and with m of the
form (2.10). Under the above notation and the convention (2.13), for all i, 0 � i � 5 ,
we have:

(1) The 2 -adic integer Si(m) defined by (1.13) satisfies

mSi(m) = 2ω3�1 3d
ω2+ω4

2 �1eEαi�2`(m) +
0ω3

2
3d

ω
2 �1eFai�4`(m) +

0ω2+ω4

3
2ω�1 (�1)`(m)+iG.

(2.16)

(2) The 2 -adic integer Si(31m) satisfies

Si(31m) = �31�1Si(m), (2.17)

where 31�1 is the inverse of 31 in Z2 .
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Proof of Theorem 2.1 (1). From (1.18), we have

mSi(m) =
X
d jm

µ(d)ρi(
m

d
),

which, by (1.17) and (1.11), gives

mSi(m) =
X
d jm

µ(d)ρ0 (3i
m

d
).

Since gcd(m, 31) = 1 , 3i
m

d
and 3`(3i md ) are in the same orbit so that

mSi(m) =
X
d jm

µ(d)ρ0 (3`(3i md ) ).

This with (1.17) and (2.2) give

mSi(m) =
X
d jm

µ(d)U`(3i md ) .

Further, from the additivity of ` and (2.14), we get

mSi(m) =
X
djm

µ(d)U`(m)+i�`(d) =

5X
j=0

T (m, j)U`(m)+i�j =

5X
j=0

T (m, `(m)� j)Ui+j.

So, by using Lemma 2.2 and (2.4), we obtain

mSi(m) = 2ω3�1 3d
ω2+ω4

2 �1e
5X
j=0

vα`(m)�jUi+j +
0ω3

2
3d

ω
2 �1e

5X
j=0

va`(m)�jUi+j

+0ω2+ω4
(�1)`(m)

3
2ω�1

5X
j=0

(�1)jUi+j

= 2ω3�1 3d
ω2+ω4

2 �1e
5X
j=0

vαi�2`(m)+2jUj +
0ω3

2
3d

ω
2 �1e

5X
j=0

vai�4`(m)+4jUj

+0ω2+ω4
(�1)`(m)

3
2ω�1

5X
j=0

(�1)i(�1)jUj

= 2ω3�1 3d
ω2+ω4

2 �1eEαi�2`(m) +
0ω3

2
3d

ω
2 �1eFai�4`(m) + 0ω2+ω4

(�1)`(m)+i

3
2ω�1G. �
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Proof of Theorem 2.1 (2). By using (1.18), we get

31mSi(31m) =
X
dj31m

µ(d)ρi(31
m

d
) =

X
dj31m

µ(d)ρi(31
m

d
)

=
X
djm

µ(d)ρi(31
m

d
) �
X
djm

µ(d)ρi(
m

d
)

=
X
djm

µ(d)ρi(31
m

d
) �mSi(m). (2.18)

For all d dividing m, 31
m

d
2 Orb(31) . Hence, from (1.8), ρi(31m

d ) = ρi(31) = �5 ,

so that from (2.18), we get

31mSi(31m) +mSi(m) = �5
X
djm

µ(d). (2.19)

Since m 6= 1 , the sum
P
djm

µ(d) vanishes and therefore 31mSi(31m)+mSi(m) = 0 ,

so that 31Si(31m) + Si(m) = 0 and Si(31m) = �31�1Si(m) , which ends the
proof. �

3. Elements of the sets Ai = A(P (i) ), 0 � i � 5

As mentioned in Remark 2.1, no element of the set Ai has a prime factor in the
orbit Orb(1) and no integer divisible by 312 belongs to Ai . So, here, we consider
integers of the form n = 2k31τm, where m satisfies (2.10) and τ 2 f0, 1g. In [1]
Theorem 3.1 , it is shown that the elements of the set A0 of the form 2k, k � 0 ,
are given by the 2 -adic solutionX

k�0

χ(A0 , 2k)2k = S0 (1) = U0 = 1 + 2 + 22 + 23 + 24 + 27 + 210 + 211 + ...

of the equation

y6 � y5 + 3y4 � 11y3 + 44y2 � 36y+ 32 = 0.
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Hence, by using (1.9), we may conclude that the elements of Ai , 0 � i � 5 , with
this form, are given by the 2 -adic solution Ui of the same equation. For instance,
those of A1 are given by

U1 = 2 + 22 + 23 + 24 + 25 + 29 + 210 + ...

From (2.19), it follows that the elements of the set Ai of the form 31 � 2k , k � 0 ,
are given by X

k�0

χ(Ai, 31 � 2k)2k = Si(31) =
5 + Si(1)

1 � 32

For example, those of the set A1 are given by

S1 (31) =
5 + U1

1 � 32
= (1 + 4 + U1 )(1 + 25 + 210 + ...) = 1 + 2 + 25 + 27 + 29 + ...

Now, let us look for the other elements.

Theorem 3.1. Let m 6= 1 be an odd integer not divisible by any prime in Orb(1)
neither by 31 . Then the sum Si(m) , 0 � i � 5 , given by (1.13) does not vanish. Let

γi = γi(m) = v2 (Si(m)) (3.1)

be the 2 -adic valuation of Si(m) . We recall the quantities ωi = ωi(m) given by (2.9),
`(m) defined by (2.6), αi = αi(m) , ai = ai(m) from (2.11) and (2.12). We also
introduce, for 0 � i � 5 , the quantities

α0i=α
0
i(m)=αi�2`(m) mod 12=2ω5�2ω1 +ω4�ω2�2i�2`(m) mod 12, (3.2)

a0i=a
0
i(m)=ai�4`(m) mod 12=ω5�ω1 +ω2�ω4�4i�4`(m) mod 12, (3.3)

t = t(m) = dω1 + ω5 + ω2 + ω4

2
� 1e � dω2 + ω4

2
� 1e

=

8><>:
dω1 + ω5

2
e if ω1 + ω5 � ω2 + ω4 � 1 (mod 2)

dω1 + ω5

2
� 1e if not.

(3.4)
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We have

(i) If ω3 6= 0 and ω2 + ω4 6= 0 , the value of γi = γi(m) is given by

γi =

8>>><>>>:
ω3 � 1 if α0i � 0, 1, 3, 4 (mod 6)

ω3 if α0i � 2 (mod 6)

ω3 + 2 if α0i � 5 (mod 6).

(3.5)

(ii) If ω2 + ω4 = 0 and ω3 6= 0 , we set

αi” = α0i + 6(`(m) + i) mod 12 and δj = v2 (Ej + 2v2 (Ej)G) (3.6)

and we have

if ω1 + ω5 < v2 (Eαi” ), then γi = ω3 � 1 + ω1 + ω5 ,

if ω1 + ω5 = v2 (Eαi” ), then γi = ω3 � 1 + δ(αi”),

if ω1 + ω5 > v2 (Eαi” ), then γi = ω3 � 1 + v2 (Eαi” ).

(iii) If ω3 = 0 and ω2 + ω4 6= 0 , we have

γi = �1 + v2 (Eα0
i
+ 3tFa0i ).

(iv) If ω2 = ω3 = ω4 = 0 and ω1 + ω5 6= 0 , we have

γi = �1 + v2 (Eα0
i
+ 3tFa0i + 2ω1+ω5 (�1)`(m)+iG).

Proof of Theorem 3.1 (i). From (2.16), we get

mSi(m) = 2ω3�1 3d
ω2+ω4

2 �1eEαi�2`(m) = 2ω3�1 3d
ω2+ω4

2 �1eEα0
i

.

Since, from TABLE 2 and (2.5), Eα0
i
6= 0 , then Si(m) does not vanish and

γi = v2 (Si(m)) = ω3 � 1 + v2 (Eα0
i

).

To obtain (3.5), it suffices to use the values of Eα0
i

mod 211 given in TABLE 2 . �
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Proof of Theorem 3.1 (ii). In this case, by use of (3.6) and (2.5), formula (2.16)
becomes

mSi(m) =
2ω3�1

3
(Eα0

i
+ 2ω1+ω5 (�1)`(m)+iG) =

2ω3�1

3
(�1)`(m)+i(Eαi” + 2ω1+ω5G).

This with Lemma 2.1 show that Si(m) does not vanish and that

γi = ω3 � 1 + v2 (Eαi” + 2ω1+ω5G). �

Proof of Theorem 3.1 (iii). If ω3 = 0 and ω2 + ω4 6= 0 , formula (2.16) gives

mSi(m) =
3d

ω2+ω4
2 �1e

2
Eαi�2`(m) +

3d
ω
2 �1e

2
Fai�4`(m) =

3d
ω2+ω4

2 �1e

2
(Eα0

i
+ 3tFa0i ).

Since, from Lemma 2.1, Ei and Fi are non-zero linear combinations of respectively
E0 and E1 and F0 and F1 , then Eα0

i
+ 3tFa0i does not vanish and

γi = �1 + v2 (Eα0
i
+ 3tFa0i ). �

Proof of Theorem 3.1 (iv). If ω2 = ω3 = ω4 = 0 , formula (2.16) gives

mSi(m) =
1
6

(Eα0
i
+ 3tFa0i + 2ω1+ω5 (�1)`(m)+iG).

Once again, from Lemma 2.1, we have

Eα0
i
+ 3tFa0i + 2ω1+ω5 (�1)`(m)+iG 6= 0,

so that Si(m) 6= 0 and

γi = �1 + v2 (Eα0
i
+ 3tFa0i + 2ω1+ω5 (�1)`(m)+iG). �

Remark 3.1. Under the same hypothesis made on m in Theorem 3.1, by using
(2.17), we obtain for all i 2 f0, ..., 5g, Si(31m) 6= 0 and

v2 (Si(31m)) = v2 (Si(m)).
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Theorem 3.2. Let m be an odd integer satisfying m 6= 1 , gcd(m, 31) = 1 and with
m of the form (2.10). Let γi = γi(m) = v2 (mSi(m)) be the 2 -adic valuation of
mSi(m) and dmSi(m) be the odd part of the right hand side of (2.16), so that

mSi(m) = 2γi(m) dmSi(m) (3.7)

(i) If k < γi , then 2hm /2 Ai and 2h31m /2 Ai, 8 h � k.

(ii) If k = γi , then 2km 2 Ai and 2k31m 2 Ai .

(iii) If k = γi + r, r � 1 , then we set Sr = f2r + 1, 2r + 3, ..., 2r+1 � 1g and we
have

2γi+rm 2 A , 9 l 2 Sr, m � l�1 dmSi(m) (mod 2r+1 ),

2γi+r31m 2 A , 9 l 2 Sr, m � �(31l)�1 dmSi(m) (mod 2r+1 ).

Proof of Theorem 3.2 (i). From (1.14), we have

Si(m) � SAi
(m, k) (mod 2k+1 ). (3.8)

Since m is odd then, from (3.7), we get for γi > k, SAi
(m, k) � 0 (mod 2k+1 ) . So

that from (1.15), SAi
(m, k) = 0 and 2hm /2 Ai , for all h, 0 � h � k. This with

(2.17) also give 2h31m /2 Ai , for all h, 0 � h � k. �

Proof of Theorem 3.2 (ii). When γi = k, proceeding as above gives,

mSAi
(m, k) � 2k dmSi(m) (mod 2k+1 ).

So that, from Theorem 3.2 (i) and (1.12), we get

2kmχ(Ai, 2km) � 2k dmSi(m) (mod 2k+1 ).

Since m and dmSi(m) are odd, we obtain

χ(Ai, 2km) � 1 (mod 2),

which shows that 2km 2 Ai . This with (2.17) give 2k31m 2 Ai . �
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Proof of Theorem 3.2 (iii). In this case, (3.7) and (1.14) give,

mSAi
(m, k) � 2γi dmSi(m) (mod 2γi+r+1 ).

So that , from Theorem 3.2 (i) and (ii), we get

m
�

2γi + 2γi+1χ(Ai, 2γi+1m) + ... + 2γi+rχ(Ai, 2γi+rm)
�

� 2γi dmSi(m) (mod 2γi+r+1 ),

which reduces to,

m
�

1 + 2χ(Ai, 2γi+1m) + ... + 2rχ(Ai, 2γi+rm)
�
� dmSi(m) (mod 2r+1 ).

Here, we can observe that 2γi+rm 2 A if and only if

l = 1 + 2χ(Ai, 2γi+1m) + ... + 2γi+rχ(Ai, 2γi+rm)

is an odd integer in Sr = f2r + 1, 2r + 3, ..., 2r+1 � 1g and we get

2γi+rm 2 A , m � l�1 dmSi(m) (mod 2r+1 ), l 2 Sr.

This with (2.17) give the result for 2γi+r31m. �

4. The counting function of the set A(P ) when P

is any polynomial of order 31

We begin by some results from [10]. In the sequel O denotes the Landau’s symbol.

Lemma 4.1. [10, Lemma 4.3 ] . For i 2 f2, 3, 4g, let

Ki = Ki(x) =
Y

p�x, `(p)2f0,ig

p =
Y

p�x, p2P0[Pi

p,

where `, P0 and Pi are defined by (2.6)-(2.8). Then for x large enough,

j fn : 1 � n � x, gcd(n, Ki) = 1g j= O
 

x

(log x)
1
3

!
.
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Lemma 4.2. [10, Lemma 4.5 ] . We keep the above notation and we let G be the set
of integers of the form n = 2ω3 (m)m with the following conditions:

(i) m odd and gcd(m, 31) = 1 .

(ii) m = m1m2m3m4m5 , where all prime factors of mi satisfy `(p) = i.

If G(x) is the counting function of the set G , when x tends to infinity, we have

G(x) = C
x

(log x)
1
4

�
1 +O

�
log log x

log x

��
,

where

C =
C1C2

C3
= 0.61568378... (4.1)

with

C1 =
Y
p2P3

�
1 +

1
2(p� 1)

��
1 � 1

p

� 1
2

=
Y
p2P3

�
1 � 1

2p

��
1 � 1

p

�� 1
2

� 1.000479390466.

C2 = lim
x!1

Y
p2P1[P2[P4[P5 , p�x

�
1 � 1

p

��1 Y
p2P3 , p�x

�
1 � 1

p

�� 1
2 Y
p�x

�
1 � 1

p

� 3
4

� 0.75410767606

C3 = Γ(
3
4

) � 1.225416702465...

Lemma 4.3. [10, Lemma 4.7 ] . Let G be the set defined in Lemma 4.2, ωj and α00
be the functions given by (2.9) and (3.2). For 0 � j � 11 , r, u, λ, t 2 N [ f0g such
that t is odd, we let Gj,r,u,λ,t be the set of integers n = 2ω3 (m)m in G with the following
conditions:

(i) α00 (m) � j (mod 12) ,

(ii) ω2 (m) + ω4 (m) � λ (mod 2u) ,

(iii) m � t (mod 2r+1 ) .
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If ρ is the completely multiplicative function defined on primes by

ρ(p) =

8<: 0 if p 2 P0 or p = 31

1 if not,
(4.2)

the counting function Gj,r,u,λ,t(x) of the set Gj,r,u,λ,t is equal to

Gj,r,u,λ,t(x) =
X

2ω3 (m)m�x, m�t (mod 2r+1 )
α0

0 (m)�j (mod 12), ω2 (m)+ω4 (m)�λ (mod 2u)

ρ(m).

If u � 1 and λ 6� j (mod 2) , Gj,r,u,λ,t is empty while, if λ � j (mod 2) , when x

tends to infinity, we have

Gj,r,u,λ,t(x) =
C

6 � 2r+u
x

(log x)
1
4

�
1 +O

�
1

(log x)2�2u�3

��
,

where C is the constant given by (4.1).
If u = 0 , then

Gj,r,0,0,t(x) =
C

12 � 2r
x

(log x)
1
4

 
1 +O

 
1

(log x)
1
8

!!
.

Theorem 4.1. Let A be a set of positive integers such that no element of A has an
odd prime factor in the orbit Orb(1) and no element of A is a multiple of 312 . We
assume that for any odd integer m relatively prime with 31 and such that ω3 (m) > 0

and ω2 (m) + ω4 (m) > 0 , the 2 -adic integer SA(m) =
1P
h=0

2hχ(A, 2hm) satisfies

mSA(m) = 2β+ω3 (m)�1δEh+α0
i

, (4.3)

for some integers h, i 2 f0, 1, ..., 5g, where β is a non-negative integer and δ is an
odd integer. If A(x) is the counting function of the set A, when x tends to infinity, we
have

A(x) =
κ

2β
x

(log x)
1
4

+O
 

x

(log x)
1
3

!
, (4.4)

with κ =
74
31
C = 1.469696766... and C is the constant given by (4.1).
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Proof. From Lemma 4.1, we can deduce that

A(x) = A0(x) +O
 

x

(log x)
1
3

!
, (4.5)

where A0(x) is the counting function of the set

A0 = fn : 1 � n = 2km � x, n 2 A, ω3 (m) 6= 0 and ω2 (m) +ω4 (m) 6= 0g. (4.6)

Let us write

A0 = B0 [ B1 , (4.7)

where

Bj = fn : n = 2k31jm 2 A0, gcd(m, 31) = 1g, 0 � j � 1.

If bEi is the odd part of Ei then

bEi = 2�1�νiEi, (4.8)

where (cf. TABLE 2 ),

νi = v2 (Ei) � 1 =

8>>><>>>:
�1 if i � 0, 1, 3, 4 (mod 6)

0 if i � 2 (mod 6)

2 if i � 5 (mod 6).

(4.9)

If γ(m) = v2 (SA(m) then from (4.3),

γ(m) = β+ ω3 (m) � 1 + v2 (Eh+α0
i

),

so that if h+ α0i � j (mod 12) then

γ(m) � ω3 (m) = β+ νj. (4.10)

Let us consider the integers of the form 2km in B0 with k = γ + r, r 2 Z .
From Theorem 3.2, if r < 0 then 2km /2 Ai . Hence if Bj(x) is the counting
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function of Bj , 0 � j � 1 , we have

B0 (x) =
X
r�0

11X
j=0

T (j)
r (x), (4.11)

where

T (j)
r (x) =

X
n=2γ(m)+rm2A0, n�x
h+α0

i(m)�j (mod 12)

ρ(m) (4.12)

and ρ is the function given by (4.2). Let us begin by estimating T (j)
0 (x) , We have

T
(j)

0 (x) =
X

n=2γ(m)m2A0, n�x
h+α0

i(m)�j (mod 12)

ρ(m) =
X

n=2γ(m)m2A, n�x, ω3 (m)6=0, ω2 (m)+ω4 (m) 6=0
h+α0

i(m)�j (mod 12)

ρ(m).

So, by Theorem 3.2 (ii),

T
(j)

0 (x) =
X

n=2γ(m)m�x, ω3 (m)6=0, ω2 (m)+ω4 (m) 6=0
h+α0

i(m)�j (mod 12)

ρ(m),

which, via (4.10), gives

T
(j)

0 (x) =
X

2ω3 (m)m�2�β�νjx, ω3 (m)6=0, ω2 (m)+ω4 (m)6=0
h+α0

i(m)�j (mod 12)

ρ(m).

By Lemma 4.1, we get

T
(j)

0 (x) =
X

2ω3 (m)m�2�β�νjx
h+α0

i(m)�j (mod 12)

ρ(m) +O
 

x

(log x)
1
3

!
.

So that, from Lemma 4.3 and (3.2), we obtain

T
(j)

0 (x) = Gj+2i�h,0,0,0,1

� x

2β+νj

�
+O

 
x

(log x)
1
3

!

=
C

12
x

2β+νj (log x)
1
4

 
1 +O

 
1

(log x)
1

12

!!
. (4.13)



64 Sana Saadouli (Monastir) [468

Now, let us consider r positif. With the conditions ω3 (m) 6= 0 and ω2 (m)+ω4 (m) 6=
0 , by using (4.3), (4.10) and (4.8), we get when h+ α0i � j (mod 12) ,

dmSA(m) = 2�γ(m)mSA(m) = 2β+ω3 (m)�1�γ(m)δEj

= 2�νj�1δEj = δbEj. (4.14)

From (4.12) and (4.6), we obtain

T (j)
r (x) =

X
n=2γ(m)+rm2A, n�x, ω3 (m) 6=0, ω2 (m)+ω4 (m)6=0

h+α0
i(m)�j (mod 12)

ρ(m)

and, by using Theorem 3.2 (iii) and (4.14), we get

T (j)
r (x) =

X
l2Sr

X
2ω3 (m)m�2�β�νj�rx, ω3 (m) 6=0, ω2 (m)+ω4 (m)6=0
h+α0

i(m)�j (mod 12), m�l�1δbEj (mod 2r+1 )

ρ(m),

where Sr is the set defined in Theorem 3.2 (iii). From Lemma 4.1, we can remove the

conditions ω3 (m) 6= 0 and ω2 (m) +ω4 (m) 6= 0 with an error term O
 

x

(log x)
1
3

!
.

This with Lemma 4.3 give

T (j)
r (x) =

X
l2Sr

Gj+2i�h,r,0,0,l�1δbEj

� x

2β+νj+r

�
+O

 
x

(log x)
1
3

!

=
C

24
x

2β+νj+r(log x)
1
4

 
1 +O

 
1

(log x)
1
8

!!
+O

 
1

(log x)
1
3

!
=

=
C

24
x

2β+νj+r(log x)
1
4

 
1 +O

 
1

(log x)
1

12

!!
(4.15)

So that, by use of (4.11), (4.13) and (4.15), we get

B0 (x) =
C

12 � 2β
x

(logx)
1
4

0@0@ 11X
j=0

1
2νj

1A 1 +
1
2

1X
r=1

1
2r

!1A 1 +O
 

1

(logx)
1

12

!!
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This with (4.9) give when x tends to infinity

B0 (x) =
C

12 � 2β
x

(log x)
1
4

�
37

2

��
3
2

� 
1 +O

 
1

(log x)
1

12

!!

=
37

16 � 2β
Cx

(log x)
1
4

+O
 

x

(log x)
1
3

!
.

Proceeding as above and using Remark 3.1, we also obtain

B1 (x) =
1

31
37

16 � 2β
x

(log x)
1
4

+O
 

x

(log x)
1
3

!
,

so that, from (4.7) and (4.5), we get

A(x) =
κ

2β
x

(log x)
1
4

+O
 

x

(log x)
1
3

!
,

where κ =
37
16

�
1 +

1
31

�
=

74
31
C = 1.469696766... �

Corollary 4.1. For 0 � i � 5 , let P (i) be the polynomial defined by (1.10), Ai =

A(P (i) ) be the set obtained from (1.1) and Ai(x) = A(P (i) , x) be its counting function.
When x tends to infinity, we have

Ai(x) = κ
x

(log x)
1
4

+O
 

x

(log x)
1
3

!
,

where κ =
74
31
C = 1.469696766... and C is the constant given by (4.1).

Proof. From Remark 2.1, for all i, 0 � i � 5 , no element of the set Ai = A(P (i) )
has an odd prime factor in the orbit Orb(1) and no element of Ai is a multiple
of 312 . Moreover, for all odd integer m relatively prime with 31 and such that

ω3 (m) > 0 and ω2 (m) +ω4 (m) > 0 , the 2 -adic integer Si(m) =
1P
h=0

2hχ(Ai, 2hm)

satisfies (cf. (2.16)),

mSi(m) = 2β+ω3 (m)�1δEh+α0
i

,

with β = 0 , δ = 3d
ω2+ω4

2 �1e and h = 0 . Hence, the result follows immediately from
Theorem 4.1. �



66 Sana Saadouli (Monastir) [470

Corollary 4.2. Let P 6= P (i) be a polynomial of order 31 in F2 [z] , i.e. P =Q
i2Ij

P (i) is the product of j distinct polynomials from (1.10) with j = Card(Ij) 2
f2, 3, ..., 6g or P = 1 � z31 . Let A = A(P) be the set obtained from (1.1) and
A(P , x) be its counting function. When x tends to infinity, we have:

(1) i. If P = P (i)P (j) with j� i 6� 0 (mod 3) then A(P , x) � κ
x

(log x)
1
4

.

ii. If P = P (i)P (i+3) then A(P , x) = O
 

x

(log x)
1
3

!
.

(2) i. If P = P (i)P (i+1)P (i+2) or P = P (i)P (i+1)P (i+5) or P = P (i)P (i+4)P (i+5) then

A(P , x) � κ

2
x

(log x)
1
4

.

(ii) If P = P (i)P (i+2)P (i+4) then A(P , x) = O
 

x

(log x)
1
3

!
.

(iii) If P = P (i)P (j)P (k) is not of the last two forms then A(P , x) � κ
x

(log x)
1
4

.

(3) i. If P = P (i)P (i+1)P (i+3)P (i+4) then A(P , x) = O
 

x

(log x)
1
3

!
.

(ii) If P is the product of four distinct polynomials P (i) , 0 � i � 5 , and not of the

last form then A(P , x) � κ
x

(log x)
1
4

.

(4) If P is the product of five distinct polynomials P (i) , 0 � i � 5 , then A(P , x) �
κ

x

(log x)
1
4

.

(5) If P =
Q5

i=0 P
(i) then A = A(P) = f1g [ f2k � 31, k � 0g and A(P , x) =

log x
log 2

+O(1) .

(6) If P = 1�z31 then A = A(P) = f2k �31, k � 0g and A(P , x) =
log x
log 2

+O(1) .

κ is the constant of Theorem 4.1. We remind that P (i) = P (i mod 6) .

Proof. For m odd � 1 , let (cf. (1.13)),

SA(P) (m) =
1X
j=0

2jχ(A(P), 2jm). (4.16)
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From (1.5), (1.16) and (1.14), we can conclude that

SA(P) (m) =
X
i2Ij

SA(P (i) ) (m) =
X
i2Ij

Si(m). (4.17)

From Remark 2.1 and (4.17), we deduce that no element of the set A(P) has an
odd prime factor in the orbit Orb(1) and no integer divisible by 312 belongs to
A(P) . Let m� stands for those odd positive integers which have no prime divisors
in the orbit Orb(1) , 312 - m� and such that ω3 (m�) > 0 and ω2 (m�) +ω4 (m�) > 0 .
From Lemma 4.1, we obtain

A(P , x) =j fn = 2km� 2 A(P), n � xg j +O
 

x

(log x)
1
3

!
. (4.18)

Corollary 4.2 will follow immediately from Theorem 4.1, (2.16), (4.17) and (4.18).
Indeed, we have

E0 +E2 = 3E1 E1 +E3 = E2 E2 +E4 = 3E3 E3 +E5 = E4

E0 +E4 = E2 E1 +E5 = E3 E2 +E6 = E4 E3 +E7 = E5

E0 +E6 = 0 E1 +E7 = 0 E2 +E8 = 0 E3 +E9 = 0

E0 +E8 = �E4 E1 +E9 = �E5 E2 +E10 = E0 E3 +E11 = E1

E0 +E10 = �3E5 E1 +E11 = E0

E4 +E6 = 3E5 E5 +E7 = �E0 E6 +E8 = �3E1 E7 +E9 = �E2

E4 +E8 = �E0 E5 +E9 = �E1 E6 +E10 = �E2 E7 +E11 = �E3

E4 +E10 = 0 E5 +E11 = 0

E8 +E10 = �3E3 E9 +E11 = �E4

TABLE 3

From this table, (4.17) and (2.16), we obtain

� If P = P (i)P (i+1) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�))

= 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1e �
8<: 3Eα0

i�1 if α0 is even

Eα0
i�1 if α0 is odd.

(4.19)
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(α0 = α0 (m�) is the quantity given by (2.11) with i = 0 and α0i is given by (3.2).)
� If P = P (i)P (i+2) then

m�SA(P) (m�) = m�Si+1 (m�) = 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1eEα0
i+1

. (4.20)

� If P = P (i)P (i+3) then

m�SA(P) (m�) = m� (Si(m�) + Si+3 (m�)) = 0. (4.21)

For the product of three polynomials, we use the following table:

E0 +E2 +E4 = 2E2 E1 +E3 +E5 = 2E3 E2 +E4 +E6 = 2E4 E3 +E5 +E7 = 2E5

E0 +E2 +E6 = E2 E1 +E3 +E7 = E3 E2 +E4 +E8 = E4 E3 +E5 +E9 = E5

E0 +E2 +E8 = E0 E1 +E3 +E9 = E1 E2 +E4 +E10 = E2 E3 +E5 +E11 = E3

E0 +E2 +E10 = 2E0 E1 +E3 +E11 = 2E1 E2 +E6 +E8 = �E0 E3 +E7 +E9 = �E1

E0 +E4 +E6 = E4 E1 +E5 +E7 = E5 E2 +E6 +E10 = 0 E3 +E7 +E11 = 0

E0 +E4 +E8 = 0 E1 +E5 +E9 = 0 E2 +E8 +E10 = �E4 E3 +E9 +E11 = �E5

E0 +E4 +E10 = E0 E1 +E5 +E11 = E1

E0 +E6 +E8 = �E2 E1 +E7 +E9 = �E3

E0 +E6 +E10 = �E4 E1 +E7 +E11 = �E5

E0 +E8 +E10 = �2E4 E1 +E9 +E11 = �2E5

E4 +E6 +E8 = �2E0 E5 +E7 +E9 = �2E1 E6 +E8 +E10 = �2E2 E7 +E9 +E11 = �2E3

E4 +E6 +E10 = �E0 E5 +E7 +E11 = �E1

E4 +E8 +E10 = �E2 E5 +E9 +E11 = �E3

TABLE 4

We obtain:
� If P = P (i)P (j)P (k) with j� i � 0 (mod 3) then

m�SA(P) (m�) = m�Sk(m�) = 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1eEα0
k

(m�). (4.22)

� If P = P (i)P (i+1)P (i+2) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�) + Si+2 (m�))
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= 2m�Si+1 (m�) = 2ω3 (m�) 3d
ω2 (m�)+ω4 (m�)

2 �1eEα0
i+1

(m�). (4.23)

� If P = P (i)P (i+2)P (i+4) then

m�SA(P) (m�) = m� (Si(m�) + Si+2 (m�) + Si+4 (m�)) = 0. (4.24)

For the product of four polynomials, we will use

E0 +E2 +E4 +E6 = 3E3 E1 +E3 +E5 +E7 = E4 E2 +E4 +E6 +E8 = 3E5

E0 +E2 +E4 +E8 = E2 E1 +E3 +E5 +E9 = E3 E2 +E4 +E6 +E10 = E4

E0 +E2 +E4 +E10 = 3E1 E1 +E3 +E5 +E11 = E2 E2 +E4 +E8 +E10 = 0

E0 +E2 +E6 +E8 = 0 E1 +E3 +E7 +E9 = 0 E2 +E6 +E8 +E10 = �E2

E0 +E2 +E6 +E10 = E0 E1 +E3 +E7 +E11 = E1

E0 +E2 +E8 +E10 = �3E5 E1 +E3 +E9 +E11 = E0

E0 +E4 +E6 +E8 = �E0 E1 +E5 +E7 +E9 = �E1

E0 +E4 +E6 +E10 = 0 E1 +E5 +E7 +E11 = 0

E0 +E4 +E8 +E10 = �E4 E1 +E5 +E9 +E11 = �E5

E0 +E6 +E8 +E10 = �3E3 E1 +E7 +E9 +E11 = �E4

E3 +E5 +E7 +E9 = �E0 E4 +E6 +E8 +E10 = �3E1 E5 +E7 +E9 +E11 = �E2

E3 +E5 +E7 +E11 = E5

E3 +E5 +E9 +E11 = 0

E3 +E7 +E9 +E11 = �E3

TABLE 5

We obtain:
� If P = P (i)P (i+1)P (i+2)P (i+3) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�) + Si+2 (m�) + Si+3 (m�))

= 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1e �
8<: 3Eα0

i�3 if α0 is even

Eα0
i�3 if α0 is odd.

(4.25)
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� If P = P (i)P (i+1)P (i+2)P (i+4) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�) + Si+2 (m�) + Si+4 (m�)) = m�Si+1 (m�)

= 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1eEα0
i+1

. (4.26)

� If P = P (i)P (i+1)P (i+3)P (i+4) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�) + Si+3 (m�) + Si+4 (m�)) = 0. (4.27)

For the product of five polynomials, we have

E0 +E2 +E4 +E6 +E8 = E4 E1 +E3 +E5 +E7 +E9 = E5

E0 +E2 +E4 +E6 +E10 = E2 E1 +E3 +E5 +E7 +E11 = E3

E0 +E2 +E4 +E8 +E10 = E0 E1 +E3 +E5 +E9 +E11 = E1

E0 +E2 +E6 +E8 +E10 = �E4 E1 +E5 +E7 +E9 +E11 = �E3

E0 +E4 +E6 +E8 +E10 = �E2

TABLE 6

We obtain:
� If P = P (i)P (i+1)P (i+2)P (i+3)P (i+4) then

m�SA(P) (m�) = m� (Si(m�) + Si+1 (m�) + Si+2 (m�) + Si+3 (m�) + Si+4 (m�))

= m�Si+2 (m�) = 2ω3 (m�)�1 3d
ω2 (m�)+ω4 (m�)

2 �1eEα0
i+2

. (4.28)

For the product of six polynomials, we have

E0 +E2 +E4 +E6 +E8 +E10 = 0 E1 +E3 +E5 +E7 +E9 +E11 = 0

TABLE 7

So that

m�SA(P) (m�) =m� (S0 (m�) +S1 (m�) +S2 (m�) +S3 (m�) +S4 (m�) +S5 (m�)) = 0.
(4.29)
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In fact, here we can say more. Since P =
Q5

i=0 P
(i) then in F2 [z] ,

P(z) =
1 � z31

1 � z � 1
1 � z

Y
k�0

1

1 � z2k�31
(mod 2).

So that the set A(P) obtained from (1.1) is given by

A(P) = f1g [ f2k � 31, k � 0g

and A(P , x) =
log x
log 2

+O(1) . �

Lastly, if P = 1 � z31 then P � Qk�0
1

(1 � z2k�31 )
(mod 2) so that A(P) =

f2k � 31, k � 0g and A(P , x) =
log x
log 2

+O(1) .

Remark 4.1. In corollary 4.2, we can improve on the results where there is a big O.
By using Selberg-Delange’s formula and a series of lemmas which we found too long
to reproduce here, we obtain: Under the same hypothesis of Corollary 4.2, there are
absolute positive constants α and β such that when x tends to infinity, we have

(1) If P = P (i)P (i+3) or P = P (i)P (i+1)P (i+3)P (i+4) then A(P , x) � α
x

(log x)
1
3

.

(2) If P = P (i)P (i+2)P (i+4) then A(P , x) � β
x

(log x)
1
3

.

It seems difficult to find a general formula for an asymptotic equivalence of A(P , x)
when P is any product of P (i) , distinct or not.
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