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Abstract: Let P € F,[z] with P(0) = 1 and A = A(P) be (cf. [12]) the unique subset of N
o0

such that > p(A4,n)z" = P(z) (mod 2), where p(A, n) is the number of partitions of n with
n=0

parts in A. In [10], the elements of the set 4y = A(P(())), where PO = 142425 4+ 2% + 2,

are determined and an asymptotic to the counting function of this set is given. In F,[z], one has

ST (i) 1 i i i

- = 1_10 P, where the P\ 's are all irreducible of degree 5 and order 31. In this paper,
i=

we’ll make general the results of [10] for all A4; s = A(P(i)) 's, 0 <4 < 5. Surprisingly, we obtain

for all ¢, 0 < 4 < 5, the counting function A(P(i), x) of the set A;, when z tends to infinity,

satisfies A(P(i), z) ~ K d -, where k = 1.469696766.... Moreover, we’ll give estimates to the
(logz)3

counting functions of all A = A(P) when P € F,|z] is any squarefree polynomial of order 31.
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1. Introduction

Let N be the set of positive integers, A = {a, as,...} C N and p(A, n) be the
number of partitions of n with parts in A, i.e. the number of solutions of the
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diophantine equation
AT+ arxy + ... =n,
in non negative integers xp, x, ..., with p(A, 0) = 1. Let [F, be the field with two

elements, f € F,[[z]] with f(0) =1 and A = A(f) be the unique set of positive
integers satisfying (cf. [12] p. 299, [4] p. 67),

F(2) = Fa(z) = [ | 1 _lza =3 " p(A )" = f(z) (mod 2).  (L.1)
acA n=0

Let us recall the construction of these sets. We write

0
f(z) = Z €,2" with €, € {0, 1} and ¢y = 1,

n=0

so that the set A(f) will satisfy (1.1) if and only if
p(A(f),n) =€, (mod?2), n=1,2,3,.. (1.2)

Forn=1,
Lif 1 € A(f),
0if 1 ¢ A(f)

p(A(f), 1) = x(A(f), 1) =

and therefore, by (1.2),
16./4(](.)@61 =1.
By assuming that the elements of A(f) up to n — 1 are known, we set (A(f))n—1 =

A(f)n{l1,2,...,n— 1} and use the fact that there is exactly one partition of n with
the part n to obtain

P(A(f), n) = p((A(f)n-1. 1) + X(A(f), n),

so that, from (1.2),
n € A(f) © x(A(f),n) =1 < €, = p((A(f))n_1,n) + 1 (mod 2).

Of course, if f = P is a polynomial in F,[z] with P(0) = 1, then we can consider
P as a formal power series with all coefficients zero from a certain rank and obtain
a unique set A(P) which satisfies (1.1).
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Let A(P, z) be the counting function of the set A(P),
AP,z)=|{n: 1<n<z, ne AP)}]|. (1.3)

In 1998 when J.-L. Nicolas, 1. Z. Rusza and A. Sarkézy introduced the sets A(P),
they hoped obtain some one satisfying A(P, x) ~ 7, ® — oo and gave A(1+2+2°%)
and A(1 + z+ 2>+ 2z* + 2°) as candidates. Their claim turned to be not true, when
E Ben Said et al. proved (cf. [5] p. 1118) that for all P, A(P, x) = o(z). Moreover,
Ben Said et al. determined (cf. [9] and [10]) the elements of A(1 + z + 2*) and
A(l + 2+ 23 + 24 + 2°).

Let o(A(P), n) be the sum of the divisors of n belonging to A(P), i.e.

o(AP),n)= > d=>_ dx(AP),d) (1.4)

dln, deA(P) dln

where x(A(P),d) =1 if d € A(P) and x(A(P),d) = 0 if d ¢ A(P). By making
the logarithmic derivative of (1.1), one obtains

f: a(A(P),n)2" = zFI(Z) = zP,(:) (mod 2). (1.5)

This formula first allowed to prove that the sequence (o(A(P),n) mod 2),>; is
periodic, then after being generalized to

x (2) _ P2
0' TL Z =2z (k) =2z (k) mo ket
2 AP 2 Fiy(2)  Py(2) (mod 2770,

n=1

where P is the Graeffe transformation of P of order k and P, is the derivative
of Py (cf. [8] p. 190), gave that for all k > 0, (c(A(P),2fn) mod 2¥*1),5; is
perlodlc. E Ben Said and J.-L. Nicolas gave first (cf. [8] p. 192) the smallest period
of (c(A(P), 2¥n) mod 2F+1),5, for all k > 0.
Let 3 be an odd integer > 1, P € F,[z] with P(0) = | and of order §3,
i.e. @ is the smallest positive integer such that P divides 1 + 2° in F,[z]. In [3]
p. 28, N. Baccar et al. showed that G is the smallest period of all the sequences
(o(A(P), 2*n) mod 2¥*1),5, and that if m; = 2°m; (mod () for some a > 0,
then
o(A(P), 2°m,) = o(A(P), 2"m;) (mod 2F™). (1.6)
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Let (Z/BZ)* be the group of invertible elements modulo 3 and < 2 > be its

subgroup generated by 2. By setting r = M, where s is the order of 2 modulo
s

B, that is the smallest positive integer s such that 2° =1 (mod ), one has

Z/ﬁZ - {wO — 15 coos T 15 Y1y -evs yq}a

where the z}s are the invertible orbits and the s are the non invertible ones. The
orbit Orb(n) of some n € Z/BZ is given by

Orb(n) = {2"n, 0<k<s—1}. (1.7)

Let ¢4 be the cyclotomic polynomial of index f3,

¢s= [ (-0

1<i<B, ged(i,B)=1

where ¢ is some primitive 8 root of unity over F,. If @4 is written as
¢,@ _ P(O)P(]) . P(T—l)

where forall j, 0 < j<r—1,
s—1 ]
pY — H(z _ CMJ‘)
i=0

and if A; = A(PY) is the set obtained from (1.1) then (cf. [3] p. 30), for all k > 0,
one has

o(A;, 2"8) = —s  (mod 2FT1), (1.8)
o(Aj, 2"n) = o (Ao, 2°na;)  (mod 2711, (1.9)

In this paper, we are interested on the case # = 31. The order of 2 modulo
31 is s = 5. The group (Z/31Z)* is cyclic with g = 3 as a generator. The orbits of
Z./31Z are z; = 3", 0 <4 < 5 and y; = 31. In F,[2], we will write

[ — 23!

= pOpY_ PO,

1-2
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where

PO=142424+2 42, PV =142+, PP =142+ 4212,
PO 14242+ +2, PP =142+, PO = 142472+ +7
(1.10)
in a way that (cf. (1.9)) for all 4, 0 < ¢ <5,

o(A4;, 2°n) = 0(A4y, 2°3'n)  (mod 281). (1.11)

This choice of indexing the P)g js very important. It is the basic idea which leads
to the results of this paper.

From now on, for 0 < i < 5, 4; = A(PY) is the set defined by (1.1). To
determine the elements of the sets A4;, 0 < i < 5, of the form 2¥m, where k > 0
and m is odd, we should consider the sum

(m, k) = Zzh (4;, 2"m) (1.12)
as well as the 2-adic number
w . .
m) = Vx(Ai, 2m), (1.13)
=0
which satisfies
Si(m) = 84, (m, k) (mod 2"™"), v k> 0. (1.14)

Note here that for all k£ > 0, we have
0< 84 (m, k) <28,
so that

Su(m,k)=0 (mod 25M) = S, (m, k) =0=>2"m ¢ A, Vh, 0<h<kE
(1.15)
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For n = 2¥m with m odd, we have

= ox(Ai 0) = ZZz dx(Ai, 2%d) = dSu,(d. k)
dlm

dln dlm h=0

and by Mobius inversion formula,

M8 (m. k) = Zu A D) =D pdo(4n ), (116)

dfm

where m = lem p is the radical of m, with 1 = 1.
Since a divisor of 2*!m is a divisor of 2¥m or a multiple of 2*+!, from (1.4), we

have
o(A4;, 2'm) = o(A;, 2"m)  (mod 21, V k>0

and the sequence (o(A;,25m)) . defines a 2-adic integer p;(m) which satisfies

k>0
pi(m) = o(A;, 2"m)  (mod 2", ¥ k> 0. (1.17)

This with (1.14) and (1.16) give

Zu i) =3 w(d)pi( ), (1.18)

d|m

In Section 2, for 0 <7 < 5, we evaluate the 2-adic integer S;(m), from which
we obtain results of section 3 that give the elements of the sets A; = A(PY),
0 <14 < 5. The last section is devoted to the determination of asymptotic estimates
to the counting functions A(P®, z), 0 < i < 5, as well as A(P, x) when P is any
squarefree polynomial in F,[z]| of order 31 . Our paper is inspired from and based
on [10].

2. The 2-adic integers S;(m), 0 < i< 5

We begin by the following:

Remark 2.1. [3] p. 28. No element of the set A;, 0 < 4 < 5, has an odd prime
factor in the orbit Orb(1) and no integer divisible by 312 belongs to A;.
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For k> 0and 0 < j <35, let
ugj = o(Ag, 2"3%)  (mod 2"1"). (2.1)
Since a divisor of 28137 is either a divisor of 2¥37 or a multiple of 28!, then
from (1.4) and (2.1), ugs1; = ug; (mod 2¥*1), V k > 0, holds and the sequence
(uk,j)k>0 defines a 2-adic integer U; satisfying for all k > 0,
Uj=uy; (mod 28 (2.2)
In [1] Theorem 1, it is shown that the U ;-s are the roots of the polynomial

R@y) =v° — " +3y" — 11y’ + 44> — 36y + 32.

Moreover, it is given in [10] p. 55 that the Galois group of R(y) is cyclic of order
6 and that the roots Uy, ..., Us are polynomials in § = Uy. We have (cf. [10] p. 55)

A Z mod 2"

Up= | 0 1183
1 5 3 2

U= | 35(36° +56° — 360" + 840) 1598
1 5 3 2

U= | 35(=36" = 56° +206° — 1006) 1554
1 5 3 2

Us= | 35(=0° =707+ 126" — 446 + 32) 845
1

Uy, = 5(—95 +460* 4 6 + 2407 — 680 + 96) | 264
1

Us = E(05 — 20" +36° — 100> + 480 — 48) | 701

TABLE 1

Since the U}s are periodic with period 6, we write for all j € Z,

Uj = Uj mod 6- (2.3)
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Let (”i)ie 7, be the periodic sequence of period 12 defined by

2 (ﬂ) £1is odd
—cos| 1— ifiis o
V3 6

LT o
2 cos (zg> if i is even.

P =

We also consider the 2-adic integers

5 5 5
E; = Z Vi12;Uj, Fy = Z vi+4Uj, 1€ Z, G = Z(_l)jUj‘ (2.4)
=0 =0 =0

The values of these integers are given (cf. [10] p. 60) in the following table:

Z Z mod 2"
Ey = 31—2(1195 — 80" +296° — 1246 4 5000 — 256) | 1157
E, = %(395 — 20" + 96 — 2607 + 1360 — 64) 1533
E,= | 3E, - E, 1394
Ey= | 2E, - E, 1909
E,= | 3E, - 2E, 237
Es= | E, - E, 376
Fy = 312(—395 —216° + 360" — 360 + 64) 1987
F, = 312(—395 —46% — 1307 + 246” — 286 — 64) 166
F,= | 3F, - F, 559
Fy,= | 2F, - F, 393
F,= | 3F, - 2F, 620
Fs= | F—F, 227
G= %(—95+04—93+1192—349+20) 1905

TABLE 2
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Note here that we have,
Ei n=FE;, Ei ¢=—-E;, Fi ,=F,Fc=-F,. (2:5)

We also have (cf [10] p. 60),

LEMMA 2.1.  The polynomials (U;)o<j<s form a basis of Q[8]. The polynomials E,,
E\, Fy, F\, G, Uy form another basis of Q|0|. For all i's, E; and F; are linear
combinations of respectively Ey and E, and Fy and F).

Some other properties of these 2-adic integers and the sequence (”i)ieZ can be
found in [10] p. 59.

We make (cf. [10] p. 56) the following definitions:
e / is the completely additive function from Z \ 317Z to Z /67 given by

£(n) = j if n € Orb(37). (2.6)
From (1.6) and (1.17), we have for 0 < i <5, k> 0 and 31 {nn,,

L(ny) = L(ny) = o(A;, 2kn1) = o(A;, 2kn2) (mod 2k+]) = pi(ny) = pi(ny).
(2.7)
e The set of odd primes different from 31 is split into six classes (Pj)og j<s according
to the values of £. More precisely, for 0 < j < 5,

pEP; e Up)=jop=23 (mod3l1), k=0,1,..,4. (2.8)

e For 0 <j <5, w;j: N— NU{0} is the additive function given by

win) = D 1= > 1 (2.9)

pln, pEP; pln, £(p)=j

and w(n) = wy(n) + ... + ws(n) =>_ 1, (n,31) = 1.
pln
The radical m of an odd integer m # 1, relatively prime with 31 and free of prime

factors belonging to P, will be written

m = pl ot pwlpwl—l—l o pw1+w2pw]+w2+l ot pw|+w2+w3+w4+l ot pw; (210)
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where £(p;) = j forw; + -+ w1 +1 <5 <w + - Fwj, w; = wj(m) = wj(m)
and w = w(m) = w(m) > 1. We also define, for 0 < 7 < 5, the arithmetical
functions from Z \ 31Z into Z/127.:

a; = a;(m) = 2ws — 2w; + wy —wp — 2i mod 12, (2.11)

a; = al(m) =W; — W] W) — Wy — 44 mod 12 (212)

and make the convention

o Jritn=o o)
0ifn > 0. '

LEMMA 2.2. [10] p. 61. Let m be an odd integer not divisible by 31, with m of the
Jorm (2.10) and
T(m, j) = T(m, j) = > w(d), (2.14)
dlm, £(d)=j (mod 6)
where  is the Mdbius function and £ is the function defined by (2.6). Under the

convention (2.13), we have
(-1

w, OW3 w
Tmm:ﬂ%[ﬂﬁ%+7ﬁ4%+ww—rﬂﬂ (2.15)

where
[z] =inf{n € Z, n >z}

is the ceiling of the real number .

THEOREM 2.1. Let m # 1 be an odd integer relatively prime with 31 and with m of the
Sorm (2.10). Under the above notation and the convention (2.13), for all i, 0 < i <5,
we have:

(1) The 2-adic integer S;(m) defined by (1.13) satisfies

wyFw, 0“-’3 w 0w2+u)4 )
mSZ(m) = 2w3713[ 2; 471]Ea¢—2l(m) 4 73[77”Fa,’—4l(m) + 2w71(_1>l(m)+1G.
(2.16)
(2) The 2-adic integer S;(31m) satisfies
Si(31m) = =317'8;(m), (2.17)

where 317! is the inverse of 31 in Z,.
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PROOF OF THEOREM 2.1 (1). From (1.18), we have
m
mSi(m) = > m(d)pi(),
d|m
which, by (1.17) and (1.11), gives

mS,(m) =3 ,u(d)po(3i%).
d|m

Since ged(m, 31) =1, 3"% and 3%3"%) are in the same orbit so that
mSi(m) = p(d)po(3"" D).
d|m

This with (1.17) and (2.2) give

mSz(m) = Z ,U,(d)Ug(y%)
d|m

Further, from the additivity of £ and (2.14), we get

5

5
mSi(m) = w(d)Usmysi-e@ = Y _, T )Usimyi—j = Y, T(m, £(m) = §)Ui.

dm j=0 j=0

So, by using Lemma 2.2 and (2.4), we obtain

5 5
o [e2tes 0% rw_
mS;(m) = 2% EA E : Vo Uitj + 73“ ! Z Vaymy-; Uit
7=0 j=0

5
0w2+w4 (_l)é(m) zwfl 1 jU
AL S
=0

5 5
_ wtws 0“3 w_
= 3 Zvai—ﬂ(m)-&-ZjUj—i_T‘g[z 1D vt +4iU;
i=0 =0
_1)tm) > . .
s T e Sy,
=0

wy +

g LEIER)) 0 es
a;—24(m) + D a;—44(m) +

= 2713l
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PROOF OF THEOREM 2.1 (2). By using (1.18), we get

3mS,(31m) = 3 w(dp317) = D wld)pi(317)

d31m d3im

=> u(d)pi(3l%) -3 M(d)Pi(%)

dm dim
-y p(d)pi(31%) — mS;(m). (2.18)
dm

For all d dividing m, 31% € Orb(31). Hence, from (1.8), p;(31%) = p;(31) = -5,

so that from (2.18), we get

31mS;(31m) + mS;(m) = =5 _ p(d). (2.19)
dm

Since m # 1, the sum » u(d) vanishes and therefore 31m.S;(31m)+mS;(m) = 0,
dm

so that 315;(31m) + S;(m) = 0 and S;(31m) = —317'S;(m), which ends the

proof. U

3. Elements of the sets 4, = A(P?), 0<i<5

As mentioned in Remark 2.1, no element of the set 4; has a prime factor in the
orbit Orb(1) and no integer divisible by 312 belongs to A;. So, here, we consider
integers of the form n = 2¥317m, where m satisfies (2.10) and 7 € {0, 1}. In [1]
Theorem 3.1, it is shown that the elements of the set .4, of the form 2%, k> 0,
are given by the 2-adic solution

> (A 22 =S() =Ty =1+2+22 +27+ 2" +27 420 42" 4

£>0

of the equation

v — o’ +3y" — 11y’ 4+ 44y’ — 36y + 32 =0.
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Hence, by using (1.9), we may conclude that the elements of A;, 0 < i < 5, with
this form, are given by the 2-adic solution U; of the same equation. For instance,
those of A; are given by

U=2+2+2+2"+224+22+210 1 .

From (2.19), it follows that the elements of the set .A; of the form 31 - 2k k>0,
are given by
54+ 8i(1)

, kVk o _
D X(Ai,31-292° = 5,031) = ——

£>0

For example, those of the set 4, are given by

5+ U,
1-—32

$,(31) = =(14+4+U0)0+2+2"+ ) =14+24+24+2" 42"+ .

Now, let us look for the other elements.

THEOREM 3.1. Let m # 1 be an odd integer not divisible by any prime in Orb(1)
neither by 31. Then the sum S;(m), 0 <14 <5, given by (1.13) does not vanish. Let
%i = Yi(m) = v2(Si(m)) (3.1)

be the 2-adic valuation of S;(m). We recall the quantities w; = w;(m) given by (2.9),
£(m) defined by (2.6), a; = a;(m), a; = a;(m) from (2.11) and (2.12). We also
introduce, for 0 < 1 < 5, the quantities

o = a;(m)=a; —2(m) mod 12 =2ws — 2w, +ws —w; —2i —2¢(m) mod 12, (3.2)
a;=a;(m)=a; —4£(m) mod 12=ws —w| +w, —ws —4i—4£(m) mod 12, (3.3)

Wi +ws +wy + wy Wy + Wy

t=t(m)=1 5 == -1
w + ws : _ _
_ [ ) —| lfa)]—i—UJ5:£4)2—|—UJ4:1 (mod2) (34)
fwl T 1] if not. '

2



56 Sana Saadouli (Monastir) [460

We have
(i) If wy #£ 0 and wy + wy # 0, the value of y; = 7;(m) is given by

wy—1if a¢;=0, 1, 3, 4 (mod 6)
wy if a;=2 (mod 6) (3.5)

Yi
wy+2if ;=5 (mod 6).

(1) If wy + wq =0 and w3 # 0, we set
@;” = a; + 6(£(m) + i) mod 12 and §; = vy(E; + 22E) @) (3.6)
and we have
if wi+ws <vy(Eay), then v = ws — 1+ wi + ws,
if wy +ws =vy(Eqy,), then v; = w3 — 1+ 8(a;”),

if wi+ws > vy(Ey,~), then v; = ws — 1 + vy(Ey,~).
(#5i) If wz =0 and wy + wy # 0, we have
vi = =1+ v (Eqy +3'Fy).
(iv) If wy = w3 =wy =0 and w; + ws £ 0, we have
i = —1 4 0y(By, + 3 Fy + 2915 (— 1) M q),
PROOF OF THEOREM 3.1 (i). From (2.16), we get

wy twy

Eoyoapomy = 21302 1B,

+
w22u471-‘

mS;(m) =23
Since, from TABLE 2 and (2.5), E,, # 0, then S;(m) does not vanish and
Yi = ’Uz(SZ(m)) =wy;—1+ ’Uz(Ea;).

To obtain (3.5), it suffices to use the values of E, mod 2'! given in TABLE 2. [J
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PROOF OF THEOREM 3.1 (ii). In this case, by use of (3.6) and (2.5), formula (2.16)
becomes

2w3—1

2w3—1 .
_ - (- l)f(m)H(Eai” 4 purtws Q).

mS;(m) = 3

(Ba + gertes _)m+ig) —
This with Lemma 2.1 show that S;(m) does not vanish and that

Yi = w3y — 1 + vy(Eq,» +2°7Q). O
PROOF OF THEOREM 3.1 (iii). If w3 =0 and w; + w4 # 0, formula (2.16) gives

3511 3l
D) Fai74€(m) =

3] 23
mS;(m) = TEarze(m) +

o (B + 3'Fy).

Since, from Lemma 2.1, E; and F; are non-zero linear combinations of respectively
Ey and E; and F, and Fj, then Ea; + 3tFa; does not vanish and

%=~ 1+ v2(Eo + 3'Fy). O
PROOF OF THEOREM 3.1 (iv). If w; = w3 = wy = 0, formula (2.16) gives
mS;(m) = é(Ea; + 3Ty 20T (- mG),
Once again, from Lemma 2.1, we have
Eo + 3'Fy + 297 (—1)"™ig 2 0,
so that S;(m) # 0 and
% = —1 4 0y(By + 3 Fy + 295 (= 1) M G), O

Remark 3.1. Under the same hypothesis made on m in Theorem 3.1, by using
(2.17), we obtain for all i € {0, ..., 5}, S;(31m) # 0 and

v2(8;(31m)) = v2(S;(m)).
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THEOREM 3.2. Let m be an odd integer satisfying m # 1, gcd(m, 31) = 1 and with
m of the form (2.10). Let y; = ~i(m) = vy(mS;(m)) be the 2-adic valuation of

—

mS;(m) and mS;(m) be the odd part of the right hand side of (2.16), so that

mS;(m) = 2™ mS;(m) (3.7)

() If k <, then 2"m ¢ A; and 2"31m ¢ A;, V h <k.
(i) If k =1y, then 2*m € A; and 2F31m € A;.
(i) If k=i+r, r>1, then we set S, = {27 + 1,27 + 3, ..., 27! — 1} and we
have

VmeAeIIES, m= l_lmgi(\m) (mod 2" 1),
VH3ImeAs I LES,, m=—(31) 'mS;(m) (mod 2.
PROOF OF THEOREM 3.2 (i). From (1.14), we have
Si(m) = S4,(m, k) (mod 28). (3.8)
Since m is odd then, from (3.7), we get for v; > k, S4.(m, k) =0 (mod 25*!). So

that from (1.15), S4.(m, k) = 0 and 2"m ¢ A, for all h, 0 < h < k. This with
(2.17) also give 2"31m ¢ A;, forall h, 0 < h < k. O

PROOF OF THEOREM 3.2 (ii). When ~y; = k, proceeding as above gives,
mS,(m, k) = kagi(\m) (mod 2",
So that, from Theorem 3.2 (i) and (1.12), we get
Ymx(Ai, 2°m) = 2km§i(\m) (mod 2.
Since m and m§i(\m) are odd, we obtain

x(Ai,2"m) =1 (mod 2),

which shows that 25m € A;. This with (2.17) give 2¥31m € A;. O
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PROOF OF THEOREM 3.2 (iii). In this case, (3.7) and (1.14) give,
mSa,(m, k) = 2%m§i(\m) (mod 27",
So that , from Theorem 3.2 (i) and (ii), we get

m (27" + 27 (A, 2 m) + L+ 20 (A 27"+Tm)>

=2"mS;(m) (mod 27",
which reduces to,
m (1 + 2x( A, 27 m) L+ 27 (A 2”+’m)) = mgrm) (mod 2"*1).
Here, we can observe that 2%+"m € A if and only if
D=1+ 2x(A;, 27 m) + o+ 25 (A, 27 m)
is an odd integer in S, = {2" + 1,27 + 3, ...,2"T! — 1} and we get
Y *tT'meAem= l_lmgg(\m) (mod 2", 1€ S,.

This with (2.17) give the result for 27+"31m. O

4. The counting function of the set .A(P) when P
is any polynomial of order 31

We begin by some results from [10]. In the sequel @ denotes the Landau’s symbol.

LEMMA 4.1. [10, Lemma 4.3]. For i € {2, 3,4}, let

Ki=K@= [ »= I »

p<z, L(p)€{0,i} p<z, pePUP;

where £, Py and P; are defined by (2.6)-(2.8). Then for x large enough,

[{n:1<n<uz, gcd(n,Ki):1}|:(’)( d 1).
(log z)3
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LEMMA 4.2. [10, Lemma 4.5]. We keep the above notation and we let G be the set
of integers of the form n = 2™, with the following conditions:

(/) m odd and gcd(m, 31) = 1.
(i) m = mymymsmyms, where all prime factors of m; satisfy £(p) = i.

If G(x) is the counting function of the set G, when x tends to infinity, we have

log1
Glz)=C—2 1(1+0(°g°gw)),
(loga})Z log x

where
C,C
C = L2 = 0.61568378... (4.1)
3
with
| g
C - (1+ ) (1__)
=11 2(p—1) P

1 1\ "2
_ (1 - —) (1 - —) ~ 1.000479390466.

1 3

, I ! I 1\ 2 I N

Cz:zlingo (1__) <1_5) (1_1;)
PEP\UP,UPLUPs, p<z pEP3, p<z plz

~ (0.75410767606

3
O3 =T(}) ~ 1.225416702465...

LEMMA 4.3. [10, Lemma 4.7]. Let G be the set defined in Lemma 4.2, w; and o,
be the functions given by (2.9) and (3.2). For 0 < j < 11, r, u, A, t € NU{0} such
that t is odd, we let G; ., \+ be the set of integers n = 295" in G with the following
conditions:
() ap(m)=j (mod 12),
(1) wy(m) + wg(m) = X (mod 2¥),

t

w
(i) m =t (mod 2" 1),
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If p is the completely multiplicative function defined on primes by

0ifpePyorp=31
p(p) = (4.2)

1 if not,

the counting function G,y »+(x) of the set Gj 2+ is equal to

Gj,r,u,/\,t(x) = Z p(m)
293 m<g, m=t (mod2't')
ap(m)=j (mod 12), wa(m)+ws(m)=X (mod 2%)

Ifu>1and X\ # j (mod 2), Gj,unrt is empty while, if X\ = j (mod 2), when x
tends to infinity, we have

C =z !
G =——— | 1+0 | —==5) |,
7., ,)\,t(x) 6.2rtu (log Z‘)Z ( + ((log 37)2 ))

where C' is the constant given by (4.1).
If u=0, then

C T 1
G, x) = - 14+0 ] .
rooil® =13 (log z) ( ((logw)8)>

THEOREM 4.1. Let A be a set of positive integers such that no element of A has an
odd prime factor in the orbit Orb(1) and no element of A is a multiple of 312. We
assume that for any odd integer m relatively prime with 31 and such that w3(m) > 0

o0
and wy(m) + wy(m) > 0, the 2-adic integer S (m) = > 2"x (A, 2"m) satisfies
h=0

mS 4(m) = 2ﬁ+w3(m)*15Eh+a2 , (4.3)

for some integers h, i € {0,1,...,5}, where 3 is a non-negative integer and 0 is an
odd integer. If A(x) is the counting function of the set A, when x tends to infinity, we

A(.’L‘) = ﬁm + 0O ((log x);) s (44)

74
with Kk = aC = 1.469696766... and C' is the constant given by (4.1).

have
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PrROOF. From Lemma 4.1, we can deduce that

A@pau@+o( m]>, (4.5)
(log z)3

where A'(z) is the counting function of the set

A={n:1<n=2>m<z neA w(m)+0andw,(m)+ws(m) # 0}. (4.6)

Let us write

A =ByUB,, (4.7)

where

Bi={n:n=23"med, gedim,31)=1}, 0<j<1.

If E; is the odd part of E; then
E;,=2"""E, (4.8)
where (cf. TABLE 2),

—1if =0, 1, 3, 4 (mod 6)
vi=v(E)—1=4 0 if i=2 (mod 6) (4.9)
2 if i=5 (mod 6).

If y(m) = v5(S4(m) then from (4.3),
¥(m) = B+ wis(m) — 1 + v2(Epya))s
so that if h 4+ a; = j (mod 12) then
y(m) - ws(m) = B +v;. (4.10)

Let us consider the integers of the form 2*m in B, with k = y+r, reZ.
From Theorem 3.2, if r < 0 then 2*m ¢ A;. Hence if B;j(z) is the counting



467] On some sets with even partition functions 63

function of B;, 0 < 7 <1, we have
Boz) =) > TV(x), (4.11)

where

@)= Y pm) (4.12)
n=2"M"*"me A n<zg
h+a}(m)=j (mod 12)

and p is the function given by (4.2). Let us begin by estimating Téj)(a:), We have
n'@= >  pm= > p(m).
n=2""meA’, n<z n=2""meA, n<z, w3(m)#0, wy(m)4ws(m)#0
h+a;(m)=j (mod 12) h+aj(m)=j (mod 12)
So, by Theorem 3.2 (ii),
T (z) = > p(m),
n=2""m<x, wy(m)#£0, w,(m)+ws(m)#0
h+al(m)=j (mod 12)
which, via (4.10), gives
1) (@) = > p(m).

293 m <27 P Vi wa(m)#£0, w)(m)+ws(m)#£0
h+aj(m)=j (mod 12)

By Lemma 4.1, we get
; x
@= >, pm+0 ( ) .

1
2ug(m)m§2*ﬁﬂ/]’z (log $) 3
h+a}(m)=j (mod 12)

So that, from Lemma 4.3 and (3.2), we obtain

)] - .
TO (.’L‘) = Gj+2i—h,0,0,0,1 (W) +0 ((IOg m)i)

C T 1
 12204%(log2)’ <1 o ((logx)é» | e
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Now, let us consider r positif. With the conditions w3(m) # 0 and w,(m) +w4(m) #
0, by using (4.3), (4.10) and (4.8), we get when h + o) = j (mod 12),

mSTATm) _ 2_7(m)mSA(m) _ 2ﬂ+w3(m)—1—7(m)5Ej

=277 '6E; = §E;. (4.14)

From (4.12) and (4.6), we obtain

19 () = > p(m)

n=2""*4"me A, n<a, wi(m)#£0, w(m)+wy(m)#0
h+aj(m)=j (mod 12)

and, by using Theorem 3.2 (iii) and (4.14), we get

(@) =) > p(m),

leS, posmpm<obvi=ry w3(m)#0, wy(m)+ws(m)#0
h+ai(m)=j (mod 12), m=l"'6E; (mod 2"+")

where S, is the set defined in Theorem 3.2 (iii). From Lemma 4.1, we can remove the

T
conditions w3(m) # 0 and w,(m) + w4(m) # 0 with an error term O ((1 ¥ ) .
0g x)3
This with Lemma 4.3 give

. x x
T;J)(-’L') = Z Gj+2i—h,r,0,0,l’l5ﬁj (2ﬂ+yj+r) +0 < >

les, (log .’L’)%
C ! !
—_ — % 1 + O 1 + O 1 =
24 28+vi+7 (log 1) (log z)5 (log z)s
1
SR S FUNPY (R (@.15)
24 2ﬁ+’/j+r(log x)* (log z) 2

So that, by use of (4.11), (4.13) and (4.15), we get

11

C T 1 1 1 1
Bo®) = 1335 gyt | | 22 2 (”52?) (”O((mg.@e))

J=0
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This with (4.9) give when z tends to infinity

C T 37 3 1

Bule) = 1228 (1og ) 3 (?) (5> (1 o ((10ga:)112>)
37 Cz z

" 16-2% (log o) v ((logw)3> '

Proceeding as above and using Remark 3.1, we also obtain

B\(x) 1 37 T ) T
T)=——F— ,
! 3116 -2 (log )+ (log z) ¥

so that, from (4.7) and (4.5), we get

-5 o).
(@) 2 (log )3 9 ((logac)§>

37 1 74
h =—|14+—) =—C = 1.469696766... O
where kK 16(+31> 310 969

COROLLARY 4.1. For 0 < ¢ <5, let PO pe the polynomial defined by (1.10), A; =
A(PY) be the set obtained from (1.1) and A;(z) = A(PY, x) be its counting function.
When x tends to infinity, we have

Ai(z) =k L ]—i-(’)( i 1),
(log z)* (log z)3

74
where Kk = ﬁC = 1.469696766... and C' is the constant given by (4.1).

ProoF. From Remark 2.1, for all 4, 0 < ¢ < 5, no element of the set A4; = .A(P("))
has an odd prime factor in the orbit Orb(1) and no element of A4; is a multiple
of 312. Moreover, for all odd integer m relatively prime with 31 and such that
w3(m) > 0 and w,(m) +ws(m) > 0, the 2-adic integer S;(m) = io: 2hx (A;, 2hm)
satisfies (cf. (2.16)), =

mS;(m) = 29 +w3(m)_16Eh+a/i ,

with =10, 0 = 3511 and h = 0. Hence, the result follows immediately from

Theorem 4.1. U
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COROLLARY 4.2. Let P # P be a polynomial of order 31 in F,|z], ie. P =
I L PY s the product of j distinct polynomials from (1.10) with j = Card(I;) €
{2,3,..,6} or P =1— 2. Let A = A(P) be the set obtained from (1.1) and
A(P, x) be its counting function. When x tends to infinity, we have:

(1) i. If P=PWPU) with j—i %0 (mod 3) then A(P,z) ~ Kk i -
(log z)4
ii. If P=POPE) then A(P,z) =0 [ —— ).
(log z)>
(2) i. If P = POPEH)Pi+2) op p — pl) pitl) pi+3) op p = P pli+4) pits) tpen
APz~
2 (log z)+

(ii) If P = POPEIPitd) then AP, z) =0 | —2— ).
(logz)3
xr

(iii) If P = PYPUWPE js not of the last two forms then A(P,z) ~ Kk oz )t
0gx)?

(3) i. If P = POPGt)pitd) plitd) ghen A(P,z) =0 | —— ).
(log z)3
(éf) If P is the product of four distinct polynomials PO 0 <{<5, and not of the
last form then A(P,x) ~ K

(logz)*
(4) If P is the product of five distinct polynomials P, 0 < i < 5, then A(P, z) ~
— -
(log z)4
(5) If P=TI_, P9 then A= A(P) = {1} U {2F .31, k > 0} and A(P,z) =
log x
—— + O(1).
log2 +0(1)
31 k log
(6) IfP=1-2" then A= A(P) = {2"31, k> 0} and A(P,z) = — +0(1).
og
K is the constant of Theorem 4.1. We remind that Pl) — pli mod6)
ProoF. For m odd > 1, let (cf. (1.13)),
m . .
Sapy(m) = 2x(AP), 2'm). (4.16)

J=0
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From (1.5), (1.16) and (1.14), we can conclude that

apy(m) = Sypin(m) =D Si(m). (4.17)

i€l; i€l

From Remark 2.1 and (4.17), we deduce that no element of the set .A(P) has an
odd prime factor in the orbit Orb(1) and no integer divisible by 312 belongs to
A(P). Let m* stands for those odd positive integers which have no prime divisors
in the orbit Orb(1), 312 { m* and such that w3(m*) > 0 and w,(m*) +w4(m*) > 0.
From Lemma 4.1, we obtain

AP, z) =| {n = 2*m* € A(P), n <z} |40 ( i ) : (4.18)
(log z)3

Corollary 4.2 will follow immediately from Theorem 4.1, (2.16), (4.17) and (4.18).
Indeed, we have

Ey+ E, =3E, E\+E;=F, E, +E,=3E; E;+ Es =E,
Ey+Ey=E, E +Es=EFE; E,+ E¢=E, Es+ E;=E;s
Ey+Eg=0 E +E =0 Ey+ Es =0 Ey+ Ey =0

Ey+ Eg=—E4 E\+FEy=—-Es | E,+ Ey=E E; + E; = E,
Ey+ E\=—-3Es | E; + E, = Ey

E4+ E¢ = 3F5 Es+E;,=-Ey | E¢+FEy=—-3E, | B+ Ey=—F)

Es+Ey=—-Ey | Es+Ey=-E| | Es+FEw=—-E | E;+E,=-F;
E4+E =0 Es+E;; =0
Es+Eyy=-3E; | Ey+ E|| =—-E4

TABLE 3

From this table, (4.17) and (2.16), we obtain
o If P = PP+ then

m*SA(p)(m*) =m" (S;(m") + Si11(m"))

)+w4 ")

— pua(m)- 13(“2 3E, _; if ay is even

1y : (4.19)
Eag,l if o is odd.
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(o = a(m*) is the quantity given by (2.11) with ¢ = 0 and &/ is given by (3.2).)
o If P = P®P(+2) then

m S upy(m’) =m"8;1(m*) = 2%

o If P = PWPI+3) then

m'S qp)(m*) = m" (Si(m") + Siy3(m”)) = 0.

Wy (m™)+wy(m*
(m*)_13|— 2 2 4

)_1-|E

(4.20)

!
QG

(4.21)

For the product of three polynomials, we use the following table:

Ey+E,+ Ey=2E,
Ey+E,+Es=E
Ey+ B>+ Ey = E,
Ey+ E, + Ejp =2Ey

Ey+Es+ Eg=E4

E\+E3+ Es =2E;
E|+ Es+ E; = E3
Ei + Es + Ey = E|
E|+ Es+ Ey =2E,;

E\+ Es+ E; = Es

E) +E4+ Eg = 2E,
E, +E4+Eyg=E,4

E,+E4+En=E
E)+Es+Eg=—Ey

E,+Es+E; =0

E; + Es+ E; = 2Es
Es + Es + By — Es
E;+Es+E; =E3
Es+ E;+ By = —E,

E;+E;+E; =0

Ey+E4s+Eg=0 Ei+Es+Eg=0 Ey+ Eg+Ey=—E4 |E3+ Ey+ Ey; = —Es
Ey+E4+Ew=Ey |Ei+Es+E;=E
Ey+E¢+Ey=—-E, |Ei+E;+Ey=—E;
Ey+ E¢+ Eio=—FEs |E\+ E7; + E;y = —FEs
Ey+ Eg + Ejg = —2E4|E1 + E9 + Ey1 = —2E5
E4+ E¢ + Es = —2Ey |Es + E; + Eg = —2E, |E¢ + Eg + E\g = —2E; | E7 + B9 + Ey| = —2E;3
Ey+Es+Ejgy=—-Ey |Es+E;+E; =—E
E4+Es+ Eyg=—-E, |Es+ Ey+ E;| =—FE3
TABLE 4

We obtain:
o If P = P®PLU) PK) with j —4i =0 (mod 3) then

m*Supy(m) = m"S(m”) = 2“3(m*)_13(w_”Ea%(m*) (4.22)

o If P = PO pi+]) pi+d) then

m*Sap)(m’) =m” (Si(m”) + Siy1(m*) + Siy2(m”))
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o) ealm’) uylm*)
— 2’ Sy (m”) = 220 g, ), (4.23)
e If P = PO P(i+2) pi+4) then
m*S ypy)(m”) = m” (Sy(m”) + Siy2(m”) + Sija(m’)) = 0. (4.24)

For the product of four polynomials, we will use

Ey+ E, + E, + B, = 3B,
Ey+E,+E;,+FEy=EF,
Ey+ B, + Ey+ E\g = 3E,
Ey+E,+Es+Eg=0
Ey+ E, + Es+ Eyy=E,
Ey+ E, + Eg + E\g = —3E;s
Ey+ E,+ E¢+ Es = —E,
Ey+ Ey+ Eg+Eyy =0
Ey+ E4+ Es + Eyy = —FE,4

EO +E6+Eg +E10 - _3E3

E, + Es+ Es + E, = E,
E, + E; + Es + Ey — E;
Ei+E;+Es+E1=E,
E\+E;+E,+Ey=0
E\+E;+E;+ E, =E,
E,+E+E+E,|=E
E\+ Es + E, + By = —E,
E, +Es+ E,+ Ey =0
Ei+Es+ Ey+ By = —E;s

E,+E;,+Ey+E, =—-E,

E,+ E, + By + s — 3Es
E)+E,+Es+ Ey=E,
E2+E4+E8+E10:0

E,+Es+Es+ Eyy=—F,

E; + Es+ E; + Ey = —E,
E;+Es+ E; + E = Es
Ei;+Es+Ey+E,; =0

E;+E,+Ey+ E\ =—FE;

E4+ Es+ Eg + E\g = —3E,

Es+E,+FEy+ E, =—F,

We obtain:

TABLE 5

e If P = P pl+!) p(i+2) p(i+3) then

m*S 4p)(m*) = m” (Sy(m”) + Siy1(m”) + Sipa(m”) + Siy3(m”))

_ 2w;(m*)—13(

wy(m*)+wy(m*)
eolm )esm) _yy y

3Ea;,3 if o is even

(4.25)

Ey 3 if ap is odd.
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o If P = P pG+D) p(i+2) pli+4) then
m*Supy(m*) = m” (S;(m”) + Sip1 (M) + Sia(m®) + Siya(m®)) = m*Si(m”)

_ gl 12 (4.26)

! .
Qi1

o If P = P pli+]) pli+3) pli+4) then
m*SA(p)(m*) = m* (Sz(m*) + Si+1(m*) + S¢+3(m*) + Sl+4(m*)) =0. (4.27)

For the product of five polynomials, we have

Ey+ E, + By + E¢ + Eg = Ey4 E\+ E3;+ Es+ E; + Ey = E5s
Ey+E),+Ei+E¢+Eyw=FE, E\+E;+Es+E;,+E| =E;
Ey+E),+Es+Esg+Ey=E E\+E;+Es+Ey+ E) =FE
Ey+Ey+E¢+Ey+E\g=—-E4 | Ey+ Es+ E;+ Eg+ E) = —Ej5
Ey+Ey+FE¢+Eg+Ey=—E,

TABLE 6

We obtain:
e If P = pU) pl+1) p(i+2) p(i+3) p(i+4) then

m*Sap)(m*) = m” (Si(m*) + Sip1(m”) + Siya(m’) + Siz3(m”) + Siya(m’))

m*)_13|—wz(m );M(m

)
= m*S;a(m") = 2 B, (4.28)

For the product of six polynomials, we have

Eyv+E,+E,+E¢+Es+Ey=0| FEi+E5+Es+E,+Ey+E;;=0

TABLE 7

So that

m*S 4p)(m*) =m* (So(m*) + 81 (m”) + S5 (m*) + S3(m") + Sa(m”) + Ss(m*)) =0.
(4.29)
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In fact, here we can say more. Since P = Hf:o P% then in F,[z],

P) 1- 2% 1 1 (mod 2)
z) = = || mo .
l—z — l—z o122

So that the set A(P) obtained from (1.1) is given by

AP) = {1}u {2F-31, k> 0}

log x
and A(P,z) = g o). O
log 2
. 1
Lastly, if P =1~ 2°! then P =[], D) (mod 2) so that A(P) =
log x
2k.31, k> 0} and A(P,z) = —— + O(1).
{ > 0} and A(P. ) = 1o + O(1)

Remark 4.1. In corollary 4.2, we can improve on the results where there is a big O.
By using Selberg-Delange’s formula and a series of lemmas which we found too long
to reproduce here, we obtain: Under the same hypothesis of Corollary 4.2, there are
absolute positive constants « and 3 such that when z tends to infinity, we have

(1) If P=POPEI) or p= pl)pit)) pi+3) pit4) then A(P,z) ~ a -
(log z)3

(2) If P = P6)Plt2) pi+4) then AP, z) ~ f—r

(logz)3
It seems difficult to find a general formula for an asymptotic equivalence of A(P, x)

when P is any product of P(i), distinct or not.
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