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Abstract: A set A is an (r, `) -approximate group in the additive abelian group G if A is a nonempty
subset of G and there exists a subset X of G such that jXj � ` and rA � X + A. The set A
is an asymptotic (r, `) -approximate group if the sumset hA is an (r, `) -approximate group for
all sufficiently large integers h. It is proved that every finite set of integers is an asymptotic
(r, r+ 1) -approximate group for every positive integer r.
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1. Asymptotic approximate groups

Let A be a nonempty subset of an additive abelian group G. We do not assume
that A is finite, nor that A contains the identity, nor that A is symmetric in the
sense that �A = A, where �A = f�a : a 2 Ag. Let x 2 G. The translate of A
by x is the set x+ A = fx+ a : a 2 Ag. If A1 , A2 , . . . , Ah are nonempty subsets
of G, then their sumset is

A1 + A2 + � � �+ Ah = fa1 + a2 + � � �+ ah : ai 2 Ai for i = 1, 2, . . . , hg.

If Ai = A for all i = 1, . . . , h, then we denote the sumset A1 + A2 + � � � + Ah
by hA.
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Let r and ` be positive integers. The set A is an (r, `) -approximate group if
there exists a subset X of G such that

jXj � ` and rA � X+ A. (1)

In this paper we consider only abelian groups because the subject is approximate
groups of integers. Our definition of approximate group is more general than the
original definition, which is due to Tao [1, 2, 7] and which has been extensively
investigated.

We begin with some simple observations. Let A and X be subsets of G that
satisfy (1). Let y 2 G, and let

A0 = y+ A and X0 = (r� 1)y+X.

Then

jX0j = jXj � `

and

rA0 = r(y+ A) = ry+ rA

� ry+X+ A

= (r� 1)y+X+ (y+ A)

= X0 + A0.

Thus, every translate of an (r, `) -approximate group is an (r, `) -approximate group.
Let A and X be subsets of G that satisfy (1), and let a0 2 A. For r0 2

f1, 2, . . . , r� 1g, let

Xr0 = �(r� r0)a0 +X.

We have

jXr0 j = jXj � `

and

(r� r0)a0 + r0A � rA � X+ A.

It follows that

r0A � (�(r� r0)a0 +X) + A = Xr0 + A
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and so A is also a (r0, `) -approximate group.
An (r, `) -approximate group is not necessarily an (r0, `) -approximate group

for r0 > r. If A and X are finite subsets of G that satisfy (1), then

jrAj � jX+ Aj � `jAj.

Equivalently, if jrAj > `jAj, then A is not an (r, `) -approximate group. For example,
f0, 1, 2, 3g is a (2, 2) -approximate group of integers, but not a (3, 2) -approximate
group.

In this paper we study asymptotic approximate groups. The set A is an asymptotic
(r, `) -approximate group if hA is an (r, `) -asymptotic group for every sufficiently
large integer h. This means that, for every integer h � h1 (A) , there exists a subset Xh

of G such that

jXhj � ` and rhA � Xh + hA. (2)

The purpose of this paper is to prove that every nonempty finite set of integers is an
asymptotic (r, r+ 1) -approximate group for every positive integer r.

2. Approximate groups of integers

Let Z and N denote, respectively, the additive group of integers and the additive
semigroup of positive integers. For A � Z and d 2 Z , we define the dilation

d � A = fda : a 2 Ag.

For u, v 2 Z , the set

[u, v] = fn 2 Z : u � n � vg

is an interval of integers. The interval of integers [u, v] is a maximal subinterval of A
if u� 1 /2 A, v+ 1 /2 A, and [u, v] � A.

We recall the following well-known result.

Theorem 2.1. Let A be a nonempty finite set of integers. For every integer r � 2 ,

jrAj � rjAj � r+ 1 = jAj+ (r� 1)(jAj � 1)

and

jrAj = rjAj � r+ 1
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if and only if A is an arithmetic progression.

Proof. See [5, Theorem 1.3]. �

Theorem 2.2. A nonempty finite set A of integers is an (r, 1) -approximate group for
some integer r � 2 if and only if jAj = 1 if and only if A is an (r, 1) -approximate
group for all r � 2 .

Proof. If A is an (r, 1) -approximate group, then there is a set X with jXj = 1
such that rA � X+ A, and so

jrAj � jX+ Aj � jXjjAj = jAj.

Theorem 2.1 implies that that jrAj > jAj if r � 2 and jAj � 2 . It follows that if
r � 2 and A is an (r, 1) -approximate group, then jAj = 1 .

If jAj = 1 and A = fa0g, then

rA = fra0g = f(r� 1)a0g+ fa0g = X+ A

where X = f(r� 1)a0g and jXj = 1 . Thus, if jAj = 1 , then A is an (r, 1) -approx-
imate group for all r � 2 . This completes the proof. �

Theorem 2.3. Let A be a finite set of integers with jAj � 2 . The set A is an
(r, 2) -approximate group for some integer r � 2 if and only if either r = 2 and A is
an arithmetic progression, or r = 3 and jAj = 2 .

Proof. Let jAj = k � 2 . If r � 2 and A is an (r, 2) -approximate group, then there
is a set X with jXj = 2 such that

rA � X+ A.

By Theorem 2.1,

rk� r+ 1 � jrAj � jX+ Aj � jXjjAj = 2k

and so

(r� 2)(k� 1) � 1,
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If r � 3 , then r = 3 and k = 2 . Otherwise, r = 2 and A is a (2, 2) -approximate
group.

Note that if r = 3 and if k = 2 and A = fa0 , a1g with a0 < a1 , then

3A = f3a0 , 2a0 + a1 , a0 + 2a1 , 3a1g = f2a0 , 2a1g+ fa0 , a1g = X+ A

where X = f2a0 , 2a1g. Thus, every set A with jAj = 2 is a (3, 2) -approximate
group.

Suppose that A is a (2, 2) -approximate group, and that 2A � X + A, where
jXj = 2 . If A is not an arithmetic progression, then, by Theorem 2.1,

2k � j2Aj � jX+ Aj � jXjjAj = 2k

and so j2Aj = jX+ Aj = 2k. Let X = fx0 , x1g, where x0 < x1 . Then

2A = X+ A = (x0 + A) + (x1 + A)

and

(x0 + A) \ (x1 + A) = ∅.

Let a0 = min(A) and ak�1 = max(A) . Then

2a0 = min(2A) = min(X+ A) = x0 + a0

and so a0 = x0 . Similarly,

2ak�1 = max(2A) = max(X+ A) = x1 + ak�1

and so x1 = ak�1 . It follows that

a0 + ak�1 2 (x0 + A) \ (x1 + A) = ∅

which is absurd. Therefore, if the finite set A is a (2, 2) -approximate group, then A

is an arithmetic progression.
We shall prove that every finite arithmetic progression is a (2, 2) -approximate

group. If

A = fa0 + id : i = 0, 1, . . . , k� 1g
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then
2A = f2a0 + id : i = 0, 1, . . . , 2k� 2g

= f2a0 + id : i = 0, 1, . . . , k� 1g [ f2a0 + id : i = k� 1, . . . , 2k� 2g
= (fa0g+ A) [ (fa0 + (k� 1)dg+ A)

= X+ A

where

X = fa0 , a0 + (k� 1)dg

and so A is a 2-approximate group. This completes the proof. �

Theorem 2.4. Let u0 , u, v, v0 be integers such that

u0 � u � v � v0

and let A be a set of integers such that

fu0 , v0g [ [u, v] � A � [u0 , v0 ].

Let r � 2 . If the integer ` satisfies

` � r(v0 � u0 ) + 1
v� u+ 1

(3)

and if

X` = fru0 � u+ i(v� u+ 1) : i = 0, 1, 2, . . . , `� 1g

then

rA � X` + A

and A is an (r, `) -approximate group.

Proof. For i = 0, 1, . . . , `� 1 we have

ru0 + v� u+ i(v� u+ 1) = ru0 + (i+ 1)(v� u+ 1) � 1

and so

X` + [u, v] =
`�1[
i=0

(ru0 � u+ i(v� u+ 1)) + [u, v]
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=

`�1[
i=0

[ru0 + i(v� u+ 1), ru0 + v� u+ i(v� u+ 1)]

=

`�1[
i=0

[ru0 + i(v� u+ 1), ru0 + (i+ 1)(v� u+ 1) � 1]

= [ru0 , ru0 + `(v� u+ 1) � 1].

Because

X` + [u, v] � X` + A

it follows that

rA � [ru0 , rv0 ] � X` + [u, v]

if

ru0 + `(v� u+ 1) � 1 � rv0 .

This completes the proof. �

3. Asymptotic approximate groups of integers

The following is a fundamental result of additive number theory [3, 4, 8–10].

Theorem 3.1. If A is a nonempty finite set of nonnegative integers with

min (A) = 0, max (A) = a�, and gcd (A) = 1

then there is a positive integer h0 (A) and there are nonnegative integers C and D and
finite sets C � [0, C � 2] and D � [0, D � 2] such that [C, ha� �D] is a maximal
subinterval of hA and

f0, ha�g [ [C, ha� �D] � hA = C [ [C, ha� �D] [ (ha� �D) � [0, ha�]

for all h � h0 (A) .

Note that 0 2 C if C 6= ∅ and 0 2 D if D 6= ∅.

Proof. See [5, Theorem 1.1]. �
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Theorem 3.2. Every nonempty finite set of integers is an asymptotic (r, r + 1) -ap-
proximate group for every positive integer r.

Proof. We begin with a simple observation. Let A(N) be an (r, `) -approximate
group, and let X0 be a set of integers such that jX0j = ` and

rA(N) � X0 + A(N) .

For d 2 N and a0 2 Z , let

A = d � A(N) + a0

and

X = d �X0 + (r� 1)a0 .

Then jXj = jX0j = `, and

rA = r(d � A(N) + a0 ) = d � rA(N) + ra0

� d � (X0 + A(N) ) + ra0 = d �X0 + d � A(N) + ra0

= d �X0 + (r� 1)a0 + d � A(N) + a0

= X+ A.

It follows that A is an (r, `) -approximate group.
Let A be a nonempty finite set of integers, and let a0 = min(A) and d =

gcd(A� a0 ) . The finite set

A(N) =

�
a� a0

d
: a 2 A

�
satisfies min(A(N) ) = 0 , gcd(A(N) ) = 1 , and

hA = d � hA(N) + ha0

for all h 2 N. By the previous remark, it suffices to prove that A(N) is an asymptotic
(r, r+ 1) -approximate group.

Let a� , C, D, and h0 (A(N) ) be the integers defined by Theorem 3.1, and let

h1 (A(N) ) = max
�
h0 (A(N) ),

(r+ 1)(C+D) � r
a�

�
.
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Let h � h1 (A(N) ) . Applying Theorem 2.4 to the set hA(N) with u0 = 0 , u = C,
v = ha� � D, and v0 = ha� , we satisfy inequality (3) with ` = r + 1 and obtain
a set

Xh,r+1 =
��C+ i(ha� � C�D+ 1) : i = 0, 1, 2, . . . , r

	
such that jXh,r+1j = r+ 1 and

rhA(N) � Xh,r+1 + hA(N) .

Thus, A(N) is an asymptotic (r, r + 1) -approximate group. This completes the
proof. �

Remark. Using results about convex polytopes, Nathanson [6] proved that every
finite set of lattice points is an asymptotic approximate group, and, more generally,
that every finite subset of an abelian group is an asymptotic approximate group.
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