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Every finite set of integers
Is an asymptotic approximate group
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Abstract: Aset A is an (r, £) -approximate group in the additive abelian group G if A is a nonempty
subset of G and there exists a subset X of G such that |[X| < £ and 7A C X + A. The set A
is an asymptotic (r, £)-approximate group if the sumset hA is an (r, £)-approximate group for
all sufficiently large integers h. It is proved that every finite set of integers is an asymptotic
(r, 7 + 1)-approximate group for every positive integer 7.
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1. Asymptotic approximate groups

Let A be a nonempty subset of an additive abelian group G. We do not assume
that A is finite, nor that A contains the identity, nor that A is symmetric in the
sense that —A = A, where —A = {—a : a € A}. Let ¢ € G. The translate of A
byristheset t + A={x+a:a € A}. If A}, A,, ..., A, are nonempty subsets
of G, then their sumset is

A+ A +--+Ay={a+ay+---+ap:a;,€ A fori =1,2,...,h}.

If A, = Aforall i =1,...,h, then we denote the sumset A; + A, + --- + A,
by hA.
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Let 7 and £ be positive integers. The set A is an (r, £)-approximate group if
there exists a subset X of G such that

|X|<¢ and rAC X+ A. (1)

In this paper we consider only abelian groups because the subject is approximate
groups of integers. Our definition of approximate group is more general than the
original definition, which is due to Tao [1, 2, 7] and which has been extensively
investigated.

We begin with some simple observations. Let A and X be subsets of G that
satisfy (1). Let y € G, and let

A=y+A and X' =(r—1)y+X.

Then
X' =X <¢

and

rA =r(y+A) =ry+rA
Cry+X+A4A
=(r-Dy+X+(@y+4)
=X +4.
Thus, every translate of an (r, £)-approximate group is an (r, £) -approximate group.
Let A and X be subsets of G that satisfy (1), and let ay € A. For ' €
{1,2,...,7— 1}, let
Xy =—(r—r"ay+ X.
We have
Xo| = X] < ¢

and
(r—rYag+r"ACrAC X+ A.

It follows that
PAC(—(r—ray+X)+A=X,+ A
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and so A is also a (1, £)-approximate group.
An (r, £)-approximate group is not necessarily an (', £)-approximate group
for ' > r. If A and X are finite subsets of G that satisfy (1), then

[rA] < |X + A] < £]A].

Equivalently, if |[rA| > £|A|, then A is not an (r, £) -approximate group. For example,
{0, 1,2, 3} is a (2, 2)-approximate group of integers, but not a (3, 2)-approximate
group.

In this paper we study asymptotic approximate groups. The set A is an asymptotic
(7, £)-approximate group if hA is an (r, £)-asymptotic group for every sufficiently
large integer h. This means that, for every integer h > h(A), there exists a subset X},
of G such that

| Xy <€ and rhA C X, + hA. (2)
The purpose of this paper is to prove that every nonempty finite set of integers is an
asymptotic (r, r + 1)-approximate group for every positive integer 7.
2. Approximate groups of integers

Let Z and N denote, respectively, the additive group of integers and the additive
semigroup of positive integers. For A C Z and d € Z, we define the dilation

dxA={da:ac A}

For u, v € Z, the set
[u,v]={n€Z:u<n< v}

is an interval of integers. The interval of integers [u, v| is a maximal subinterval of A
ifu—1¢ A, v+1¢ A, and [u,v] C A.
We recall the following well-known result.

THEOREM 2.1. Let A be a nonempty finite set of integers. For every integer v > 2,
IrA| > r|Al —r+1=|Al+ (r—1)(JA] = 1)

and
rA| =r|A|—r+1



36 Melvyn B. Nathanson (New York) [440

if and only if A is an arithmetic progression.
PROOF. See |5, Theorem 1.3]. O

THEOREM 2.2. A nonempty finite set A of integers is an (r, 1)-approximate group for
some integer T > 2 if and only if |A| = 1 if and only if A is an (v, 1)-approximate
group for all v > 2.

ProoE. If A is an (r, 1)-approximate group, then there is a set X with |X| = 1
such that rA C X + A, and so

[rA] < |X + A] < |X||A] = [A].

Theorem 2.1 implies that that |rA| > |A| if » > 2 and |A| > 2. It follows that if
r > 2 and A is an (r, 1)-approximate group, then |A| = 1.
If [A| =1 and A = {ay}, then

rA ={rag} ={(r - ao} +{as} =X + A

where X = {(r — 1)ag} and |X| = 1. Thus, if |A| = 1, then A is an (r, 1)-approx-
imate group for all 7 > 2. This completes the proof. U

THEOREM 2.3. Let A be a finite set of integers with |A| > 2. The set A is an
(r, 2)-approximate group for some integer r > 2 if and only if either T = 2 and A is
an arithmetic progression, or r = 3 and |A| = 2.

PrOOE. Let [A| =k >2.1fr > 2 and A is an (r, 2)-approximate group, then there
is a set X with | X| = 2 such that

rAC X+ A.
By Theorem 2.1,
rk—r+1<|rA| <|X+ A| < |X||A| =2k

and so

(r=2)(k-1) <1,
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If r > 3, then 7 = 3 and k = 2. Otherwise, 7 = 2 and A is a (2, 2)-approximate
group.
Note that if r = 3 and if k =2 and A = {ag, a;} with ay < a1, then

3A = {3ao, 2a9 + a1, ap + 2ay, 3a1} = {2a0, 2a,} +{a¢, 0} = X + A
where X = {2ay, 2a,}. Thus, every set A with |A] = 2 is a (3, 2)-approximate
group.

Suppose that A is a (2, 2)-approximate group, and that 2A C X + A, where
|X| = 2. If A is not an arithmetic progression, then, by Theorem 2.1,
2k < 24] < |X + Al < |X[|A] = 2k
and so |2A| = | X + A| = 2k. Let X = {=, x}, where z; < x;. Then

and

(.’Eo—i—A)ﬂ(.’L‘l-i-A):@.

Let ap = min(A) and a;_; = max(A). Then
2ap = min(24) = min(X + A) =z, + ao
and so ag = x(. Similarly,
2a; 1 = max(24) = max(X + A) = x| + aj_,
and so x; = aj_;. It follows that
ap+ax_1 € (g +A)N(x; +A) =0

which is absurd. Therefore, if the finite set A is a (2, 2)-approximate group, then A
is an arithmetic progression.

We shall prove that every finite arithmetic progression is a (2, 2)-approximate
group. If

A={ag+id:i=0,1,....k—1}
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then
2A ={2ap+1id:i=0,1,...,2k -2}

={2a9p+id:i=0,1,....k—1}U{2a0+id:i=k—1,...,2k -2}
= ({ao} +4) U ({ag + (k- 1)d} + A)
=X+A

where
X = {ag, ap + (k — 1)d}

and so A is a 2-approximate group. This completes the proof. ]

THEOREM 2.4. Let uy, u, v, vy be integers such that
uy < u<v<
and let A be a set of integers such that
{uo, vo} U [u, v] € A C [u, vol.

Let r > 2. If the integer £ satisfies

— 1
KZM )
v—u+1
and if
ng{'ruo—u—i—i(’u—u-i-l)Ii=0,1,2,~~~s£_1}
then

rACX,+A
and A is an (r, £)-approximate group.

ProoF. Fori=0,1,...,¢— 1 we have
rug+v—utilv—ut+1l)=rug+ @+ 1)v—u+1)—1

and so

-1
Xi+ |u,v] = U(’ruo—u—i—i(v—u—i— 1)) + [u, v]
i=0
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01
:U[ru0+i(v—u+1),ru0+v—u+i(v—u—|—1)]

i=0

-1
:U[ru0+i(v—u+1),ru0+(i+1)(v—u+1)— 1]

i=0

= [rug, rug + (v —u + 1) — 1].
Because
Xg—i—[’ll,’v] CX,+A

it follows that
rA C [rug, rvg] C Xy + [u, v]

if
rug +L(v—u+1) — 1> rv,.

This completes the proof. O

3. Asymptotic approximate groups of integers
The following is a fundamental result of additive number theory |3, 4, 8—10].

THEOREM 3.1. If A is a nonempty finite set of nonnegative integers with
min (A) =0, max(4A) =a", and gcd(4) =1

then there is a positive integer hy (A) and there are nonnegative integers C and D and
Sfinite sets C C [0, C — 2| and D C [0, D — 2| such that [C, ha* — D] is a maximal
subinterval of hA and

{0,ha*}U|C, ha* — D] ChA=CU|C, ha" — D] U (ha* — D) C |0, ha']

Sor all h > hy (A).
Notethat 0 e Cif C A P and 0 € D if D # O.

PROOF. See [5, Theorem 1.1]. O
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THEOREM 3.2.  Every nonempty finite set of integers is an asymptotic (r,r + 1)-ap-
proximate group for every positive integer .

PrROOF. We begin with a simple observation. Let A™) be an (r, £)-approximate
group, and let X’ be a set of integers such that | X'| = £ and

rA™ C x4+ AW,
For d € N and ag € Z, let
A=dx AV 4+ q,
and
X=d«X +(r—l)a,.
Then |X| = |X'| =4, and
rA =r(d* AY + ap) = dxrA™) + ra,
C d*(X'—i—A(N))—i—mo :d*X'+d*A(N)+m0
=d* X + (r— 1)a0+d*A(N) + ay
=X+ A
It follows that A is an (r, £)-approximate group.

Let A be a nonempty finite set of integers, and let ay = min(A) and d =
gcd(A — ag). The finite set

A(N):{a_dao :aGA}

satisfies min(A®)) = 0, ged(AM) = 1, and
hA = d+ hAY) + hag

for all h € N By the previous remark, it suffices to prove that AM) s an asymptotic
(r, 7 + 1)-approximate group.
Let a*, C, D, and ho(A™) be the integers defined by Theorem 3.1, and let

R (AY) = max (hO(A(N))’ (r+1)(C+ D) - r) '

a*
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Let h > hi(A™). Applying Theorem 2.4 to the set hAN) with uy = 0, u = C,
v = ha* — D, and vy = ha*, we satisfy inequality (3) with £ = r + 1 and obtain
a set

Xpry1 ={-C+i(ha*—=C-D+1):i=0,1,2,...,7}

such that | X, 1| =7+ 1 and
rhA™ C X, +hAW.

Thus, A®) is an asymptotic (r,7 + 1)-approximate group. This completes the
proof. U

Remark. Using results about convex polytopes, Nathanson [6] proved that every
finite set of lattice points is an asymptotic approximate group, and, more generally,
that every finite subset of an abelian group is an asymptotic approximate group.
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