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The Eisenstein series Ey(7), k > 1, can be defined as

Ey(7) —1——20% 1(n)q", q:emT, 7€C, Im7>0,

where By, are Bernoulli numbers and o,,(n) = Z d™. This notation will be used
d|n

for any integer m. It is a classical result that the Eisenstein series for k > 4 can

be expressed as polynomials in E4(7), E¢(7) with rational coefficients, i.e. for any

k > 4 there exists a polynomial Ay € Q[z, y| such that Ey(7) = Ag(E4(7), Ee(7)).

1 d d
Denote § = g— . Due to Ramanujan, see [10], [6], Ch. X, Theorem 5.3,
dmidr dq
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we have the following system of differential equations

1

OB, =
D)

(E% - E4)’
1

0E, = g(Ezsz — E),
1 2

6E6 == E(E2E6 - E4)

Eisenstein series have period 1 and

Ex(=1/7) = T Ey(1), k> 2,

Ey(—1/7) = T°By (1) + 6—T
i
see [6], Ch.1, X. It is well known that the functions ™", Es(7), E4(T), Eg¢(7) are
algebraically independent over C but at any imaginary quadratic & the field generated
over QQ by the three numbers E,(€), E4(§), Fe(€) has transcendence degree 2. This
degeneracy allowed with the choice £ = i to prove the algebraic independence of T,
e" and T'(1/4), see [8].

In this paper we study some algebraically independent functions connected
to Eisenstein series and having degeneracy of transcendence degree of the field
generated by their values at some points.

For every pair of integers u, v, 0 < u < v, let us define functions g, ,(7)
depending on complex variable 7, Im 7 > 0, as follows:

00
gu,v(r) = Z nuo_iv(n)qn’ q= 627”7.
n=1

For odd integers v > 1 this set of functions satisfies the following differential
equations:

09un(T) = Gur10(7), 0<u<v—1,

1 - Av+1(E4(7'), Eé(T))
2042 '

5gv, l,v(T) = B’U+ 1

The latter equation is based on the equality n'o_,(n) = o,(n).
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In the case v = 1 we have

Sg01(r) = 5,01~ By(r).

In 2010 P. Kozlov " used this system of differential equations to prove that for

any fixed m all the functions
EZ(T)a E4(T)’ EG(T)’ gu,U(T)a 0 <u<v<m,

are algebraically independent over C(g).
The main result of the current paper is the following

THEOREM 1. Let T be a complex number, Im T > 0. Then for any pair of integers u, v
with 0 < u < v and odd v > 3, the following identity holds:

Gun(=1/7) =
SRR S (;‘,’ o 11> (=)' @m) () + R(r ), (1)
=0
where
2R(1,u,v) = (—l)% %BU+](_7:T)I+U +
o L P LSBT

= Cm =D ey 0, ifu>0;
‘ (v—u—1) (=47) {C(v), ifu=0;

By, with m > 1 are Bernoulli numbers and By = 1.
In particular, for u = 0 and u = 1 we derive the following corollary.

COROLLARY 1. Let T be a complex number, Im T > 0. Then, for any odd integer
v > 3, the following identities hold.:

D The corresponding paper is in preparation.
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Go(—1/7) = Tl_vgo’v(T) + ?(Tl_” -1+

v+1

v (2m)0 s vt 120
(—1) T ByBy. . , 2
D ey H( 2£> APkt T @
and
(~1/7) = 7 (gualr) + =2 - goulm) ) + ()
—1/7) =1 T+ — T T
(R Jiv it 90,v 47

v+1
=1 en)t K v+l
2-(v+1)! —\ U

+(=1) ) (20— 1)ByBys1-u ™ . (3)

The identities (2) and (3) were proved first by E. Grosswald, see [3]. Let v and
be positive real numbers such that v3 = 7*. Denote T = iy/mw. Then —1/7 = iB/7
and with this choice the identity (2) coincides with the famous Ramanujan identity,
see [2], Ch. 14, Entry 21(i). The identity (3) can be proved independently of Theorem
1 by differentiating (2), see [1], where the corresponding special case is derived in
this way from the identity of Ramanujan.

Identities (2) and (3) for 7 = ¢ give

(,)_77T3 ¢(3) (i) = 1977 ¢(7)
903\ =360~ T2 0 PTW T 3400 T 2
and

1 13T ((5)

g1,5(1) + %go,s(i) = 7560 om

It is interesting that the experimentally discovered list of linear relations for zeta-
values and g-series from [9] does not contain the last one. Note that formulas for
C(4n + 3),n > 0, were proved first in 1901 by M. Lerch, see [7]. Taking v = 3,
u =2 and 7 = ¢ in Theorem 1 we derive

2 . . .
¢(3) = EW3 — 87 g2.3(i) — 471 3(3) — 290.3(9).

The equality (2) implies

9o.an+3(1) € Q(m, ((4n + 3)).
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COROLLARY 2. Let v > 1 be an odd integer and p be a cubic root of unity satisfying
Im p > 0. Denote by L the field generated over Q by the numbers m, {(v) and the values

v—1
Guww(p) for any w= 5 (mod 3), 0 < w < v. Then all the numbers

Guu(p), 0<u<uo,

are algebraic over the field L.

1
PRrOOF. To prove this Corollary let us note that —— = p+1 and g, ,(—1/p) = gu.(p)-
p

The coefficient of g,,(7) on the right-hand side of (1) is equal to 7'"""*". The

U J—
Corollary can be proved by induction on u. If u = 5 (mod 3), u > 0, it is

-1
valid by the definition of the field L. If u # UT (mod 3), u > 0, the coefficient

of gu.,(p) on the right-hand side of (1) with 7 = p is distinct from 1. That is why
Guv(p) is a linear combination of g, ,(p), w < u, {(v) and 1 with coefficients
algebraic over the field Q(). O

To prove Theorem 1 we use the method proposed by Grosswald in [3].

LEMMA 1. For any integers u, v, 0 < u <wv, and 7 € C, ImT > 0, the following
representation holds:

Gun(T) = zim / L'(s + u)C(s)¢(s + v)(—2miT) " “ds, (4)

C

where the path of integration C' is a straight line ¢ = v > 1 from ~y—100 to y+100 and
we use the branch of the logarithmic function In(—2miT) under the integral satisfying
| arg(—47)| < /2. With this condition, the integral converges absolutely.

ProoOF. To prove the absolute convergence, we denote 0 = Re s and ¢ = Im s. The
functions {(s) and {(s+ u) are bounded on the line o = 7. For 7 = z+ iy, y > 0,
T

we have arg 7 = arctan — =y, 0 <y <, whence
Y

’(_27ri7_)—s—u| _ eRe(ln(—ZwiT)(—s—u)) _ e(—v—u) In 277|4+t(y—m/2)

— ¢ et(v—fr/Z)’

where ¢; does not depend on t.
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We shall use the following formula valid for all sufficiently large |¢|:

T(o+it) = 0(t|" e 2", a<o<b, (5)

see for example [5], §218. The constant in O(.) depends only on a and b
Finally, the integrand in (4) is bounded on the path C by

& |t|7+u—1/2et(7—7r/2)—|t\5 < eIt

where 2\ = min(y, m — ) > 0, ¢, depends only on + and |¢| is sufficiently large
This bound implies the convergence of the integral (4)

We shall use the two classical identities

1
=— [ 2°T(s)ds=¢€¢*, Rez>0,
271,
c

see for example [4], (1.11), and

0
o_
C(s+v) Z o , s€C, Res>l,

n=1

see [14], Ch. 1, §3, (1). The series converges uniformly on the path C. These
identities imply

5 | Fls+uds)C(s + v)(=2mir) s =
C

= Z 27rz / (s + u)(=2mitn)*"ds =

C

= Z n“a_v(n)zim, / T(€)(=2mirn) ~td¢ = Z n'o_,(n)e™" = g,.(7).

ol n=1

We used the change of variables £ = s + u in the calculations and the path C is

derived by the corresponding translation of the path C. O



175] Some identities of Ramanujan type 95

Proor oF THEOREM 1. Denote p = —1/7, choose a large positive number N, and
define
1
I= 7 / ['(s + u)((s)¢(s + v)(—2mip)° “ds, (6)
m
ABCD

where ABCD is the rectangular path of integration with vertices A = 3/2 — iN,
B=3/2+iN,C=—-v—-1/24iN, D= —v—1/2—iN.
Due to Lemma 1 we have

ZLm' / T'(s+ u)C(s)¢(s + v)(=2mip)* “ds = guu(p) + o(1),

as N tends to infinity.
On the path BC' we have s = o +iN, —v—1/2 < 0 < 3/2, and

(s < &N 1Gs +u)l < N

see 5], § 228. Due to (5) this implies
% / ['(s + u){(s)¢(s + v)(—2mip) " “ds = o(1),
BC

as N tends to infinity. The same bound is valid on the path DA.
Making the change of variable in integration along the path DC from s to

1 —v— s we get

J= ZLm /I‘(s + uw)C(8)¢(s + v)(—2mip) " "ds =
cD

1 - \—l+v—uts
——— [ ®(1-v-s)(- ds,
o (I —v—2s)(—ip) s
AB

where
O(s) = T'(s + u)((s)¢(s +v)(2m) " "

Due to the functional equation for the Riemann zeta-function

¢(s) = 2°7° " sin ?m —8)¢(1 - ),
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see [14], Ch. 2, and the formula

T

LTI -9 = sinms’

see [15], § 12.14, the following identity holds:
O(l —v—3s) = (—1)77_1_“C(3)C(s +0)2m) T T (s)(stv—u)...(s+v—1).

With some complex coefficients a;, 0 < j < u, we have
(s+v—u)...(s+v—1) Zagss—i—l) (s+L-1).

To find these coefficients we note that

(s+v—u)...(s+v—-1) _
s(s+1)...(s+37)

R(s) =

<.
|

ay n a;
(s+40)...(s+7) s+

+ Z afs+j+1)...(s+£—1)
{=j+1

~
Il

0

and

min(j,v—u—1)

| j —u—0)...(v—~4—
g | ROBY R = YL 0

jsl=+1 =0

() () (o
e u 0] g \v—u—-1]

The binomial coefficients in the latter sum have to be interpreted as 0, if the lower

index is larger than the upper one. For the latter equality see (5) in [12], §1.3.
Since (—ip) ' = —iT, we get
u

J= (_1)%7u Z ag(—’iT)17U+u+[(27T)7u+[X

/ s+ £)C(8)¢(s + v)(—2mir) " fds =

AB
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u
vkl = _
_ (_1) U CL[(—ZT)I U+u+f(2ﬂ_) u+zgﬂ,v<7)+o<1)
=0

as N — 00.
The integrand in (6) can have poles inside the path ABCD only at integer
points s = —k, —1 < k < v. Hence, letting N tend to infinity, we derive

u

ol R -
Gun(p) + (=1) 7 7D an(—im) T 2m) T gy (1) =
=0

= D Resoey (T(s + u)((s)(s + v)(—2mip) ™).

k=—1

To finish the proof of the Theorem it remains to calculate the sum of the residues
i = Ress—_i, (T'(s +u)((s)¢(s +v)(—2mip) " ™"), -1<k<w
For the residue at the point s = 1, that is for kK = —1, we have
ro = ul(v+ 1)(=2mip)~ 7"

For the point s = 0 we have

{m if u > 0;
Ty =
¢(0)¢(v), ifu=0.

Due to the fact that at the point s=1—v

(=D 1 st v} — 1
F@+uy_w_u_nls_l+v+oax Q-+)_;j———+oux

and due to the functional equation
C(s) = (=) T 27 (0 = )I(@)(s = 1 +v) + O((s = 1 +v)),

we have
v—1 (’U — 1)'

Ty] = (_I)T—uz—l—uﬂ_—ué-(v) (U o 1)! )—1+v—u'

(—ip
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The function ((s) has zeros at the points —2, —4,...; hence the other poles

v+ 1
of the integrand in (6) can be only at the points s = —k = -2+ 1, 1 < £ < .

Moreover, I'(s + u) has poles only at s = —k < —u. We have

( 1) : . \N2U—1—u
< —1 <.
Tyw—1 = 7( 1)'C(1 - 2€)C(’U—|— 1 ZE)( 27[’Lp) , U X 20 I<v

Collecting all these results we derive

R(T, u,v) = ul(v + 1)(=2mip) ' ™" +

(/U_ 1)’ —14v—u (_1)u+1

HEDT W) S i)

X C(1 = 20)¢(v+ 1 — 26)(=2mip) ™™™ + {

Taking into account that

we get the statement of the Theorem. O
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