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Abstract:
Let y = f(z) be a continuous differentiable function on an interval J C R. In this paper we show

3
that for any n € N, n > 2, sufficiently large integer @ and areal 0 < A < 2 there exists a positive

value c¢(n, f, J) such that all strips Lj(Q, A) = {(ml, xy) € R?: lzy — f(z))] € Q_)‘,arl € J}

contain at least c¢(n, f, J)Q"'H_)‘ points @ = (ay, ay) with algebraically conjugate coordinates
which minimal polynomial P satisfies deg P < n, H(P) < Q. The proof is based on a metric
theorem on the measure of the set of vectors (z, ;) lying in a rectangle II of dimensions
< Q% x Q*2 with |P(z1)], |P(z,)| bounded from above and |P'(z1)|, |P'(z,)| bounded from
below, where P is a polynomial of degree deg P < n and height H(P) < Q. This theorem is

1
a generalization of a result obtained by V. Bernik, E Gotze and O. Kukso for s; = s, = 7 and
1
A== [10].
> [10]
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1. Introduction

Let @ be a sufficiently large number. We denote by P,(Q) the following class
of polynomials:

Pu(Q) = {P € Z[t] : deg P < n, H(P) < Q},
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where H(P) = [max laj| denotes the height of an integer polynomial P(t) =
<jgn

=apt" +...+ a1t + ayp.

The point a = (o, @) is called an algebraic point if o) and «; are roots
of the same polynomial P € Z][t]. The polynomial P of smallest degree such that
P(a;) = P(ay) = 0 and ged (Jay), - - -, lag]) = 1 is called the minimal polynomial
of the algebraic point a.. Denote by deg(a) = deg P the degree of the algebraic point
a, and by H(a) = H(P) the height of the algebraic point a. Define the following
sets: A2(Q) is the set of algebraic points a of degree at most n and of height at
most Q; AZ(Q, D) = A2(Q) N D is the set of algebraic points a € AZ(Q) lying
in a domain D C R%. Denote by #§ the cardinality of a finite set S, by u;S the
Lebesgue measure of a measurable set S C R and by u,S the Lebesgue measure
of a measurable set S C R?. Further, denote by ¢; >0, j € N positive values which
do not depend on H(P) or (). We are also going to use the Vinogradov symbol
A < B, which means that there exists a value ¢ > 0 such that A < ¢- B and ¢
doesn’t depend on B or A.

An important and interesting topic in the theory of Diophantine approximation
is the distribution of algebraic numbers [1, 7, 8, 12]. In this paper we consider
problems related to the distribution of algebraic points in domains of small measure
and the distribution of algebraic points near smooth curves.

Consider rectangles IT = I} x I, where uI), =¢;;-Q% and pu I, =¢15- Q™
under the conditions 0<s;+5,<1, 81,8, < 1, 1IN {(ml,xz) ER?: |z — 25| < 8} =
=@ and ¢y ¢ > ¢o. The condition |z; — ;| > € means that we exclude from
consideration a strip F' of small measure such that the coordinates (z, z,) € F' are
well approximated by points of form (o, @).

We can prove the following theorem.

THEOREM 1. For any rectangle 11 = I, X I, satisfying the following conditions:

L opl; = ¢ ;Q7% where s; <1 and 0 < s, +5,<1,1=1,2;

2. 1IN {(xl,xz) ER?: |z, — 25| < 5} =0,

3. cric12 > co(n,e,d) > 0 for sy + s, = 1, where d = (dy, dy) is the mid-
point of I1;
there exists a constant ¢; = ¢y(n, €, d) > 0, such that

#Ai(Q, ) > Q"' p,1l,

Jor @ > Qo(n, e, d,s).
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For s;+s; > 1, we can find a rectangle II such that the statement of Theorem 1
does not hold. The example of such rectangle is II = (0, 0.5Q~") x (0, 0.5). It is
easy to prove [9] that the interval (0,0.5Q~!) doesn’t contain algebraic numbers
of any degree and height < (). Let us introduce some restrictions on the domains
to be used in the following proofs.

Consider a square II = I, x I, of size wily = wl, = c3Q~° such that

1
3 <s< rh Given positive u;, u, under the condition u; + u, = 1 let us say that

the square TI is (u;, u,)- ordinary square if it doesn’t contain points (z', z5) € R?
such that there exists a polynomial P € P,(Q) of the form P(t) = byt* + byt + by

satisfying the system of inequalities

|P(z})| < Q7™, i=1,2,

ba| < Q2.

Otherwise, the square II is going to be called (w1, up)- special.

For (uy, u,)-ordinary squares, the following result holds.

11 —
THEOREM 2. For any (5, 5) -ordinary square I1 = I, X I, under the following

conditions:

1 3
. piI; = c3Q~%, where 3 <s< 7 i=1,2;

2. 1IN {(ml,xz) ER?: |z — x| < 6} = o,
3. ¢3 > ¢y(n, g,d) > 0, where d = (dy, dy) is the midpoint of TI;
there exists a constant ¢4 = c4(n, €, d) > 0, such that

#AL(Q.TD) > c4Q" ' oI

Jor Q@ > Qo(n, e, d, s).

Another interesting and important topic is the distribution of algebraic points
near smooth curves. The result presented in this paper is a natural generalization
of problems related to distribution of rational points near smooth curves 3,4, 12—14].
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In 2014 a lower bound for the number of algebraic points lying at a distance of at
1

most Q71,0 <\ < 2 from a smooth curve was obtained by V. Bernik, F. Gotze

and O. Kukso [10]. We improve on this result and obtain an identical estimate for

3
O<A<-.
4

THEOREM 3. Let y = f(x) be a continuous differentiable function on an interval
J = |a, b] such that sup |f'(z)| ;== ¢s < 00 and # {x € R: f(x) = £} < 0. Denote
zeJ

by L;(Q, \) the following set:

1 .
LJ(Q, )\) = {(l‘l,l'z) € ]Rz . |l‘2 — f(.’L‘])| < (5 +C5) 'C3Q )\, T € J} .
3 : -
Jor 0 < A< e Then there exists a positive value c¢(J, f,n) > 0 such that

#{AUQNL QN ] > @

Jor @ > Qo(J, f,n, A).

2. Auxiliary statements

For a polynomial P with roots a;, as, ..., a,, let

S(a;) = {x ER: |z — oy = l1<nl£1 |ac—aj|}.

YA

From now on, we assume that the roots of the polynomial P are sorted by distance

from a; = Oy .
lain — ain] <oy —ais| <. <oy — gl

LEMMA 1. Let x € S(a;). Then

|P(z)| w1 |P(z)]
oyl < — ol €2 , 2
|$C all N |Pl(.’L')|’ |.'L' az| |P’(a,)| ( )
. _j |P(z)| &
— o] < n=j — o] —aid ).
|z azl\lrggn (2 | P'(a,-)|| i~ @il o — a 3)
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The first inequality follows from the identity
|P(z)||P(z)] " <le—%|

For a proof of the second and the third inequalities see [1, 2].

LEMMA 2. Let I be an interval, and let A C R be a measurable set, A C I,
1

1A > EMI' If for some v > 0 and all x € A the inequality |P(z)| < ¢;Q ", then

|P(z)| < 6"(n+ 1)""c;Q7"

for all points x € I, where n = deg P.
The proof of this lemma can be found in [6].

LEMMA 3. Let &, 11, 1, be real positive numbers, and let Py, P, € Z[t] be co-prime
polynomials of degrees at most n such that

max (H(P,), H(P,)) < K,

where K > Ky(6). Let J,, J, C R be intervals of sizes pJ, = K", pJy = K ™. If
Jor some T, T, > 0 and for all (x|, ;) € J| X Jo, the inequalities

max(|P1 ($1)|, |P2($1)|) < K_Ti, 1=1,2,
hold, then
TI+7+2+2max(r + 1 —1n1,0) + 2max(m, + 1 —1p,0) <2n+4.  (4)

The proof of this lemma can be found in [17].

LEMMA 4. Let P € 7Z[t] be a reducible polynomial, P = P, - P,, degP = n > 2.
Then there exist cg, cg > 0 such that

s H(P) < H(P,)H(Py) < coH(P).

The proof of Lemma 4 can be found, for example, in [1].
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3. Proof of Theorem 1

Before we start it should be noted that there exists a constant h, = h,(d) > 0 such
that for every point (z;, ;) € II and and every v = (v, v;), vy, v, > —1 with
v; + v, = n — 1 there exists a polynomial P € P,(Q) satisfying the inequalities:

|P(£EZ)| <hn'Q_vi, 1=1,2,

for Q > Qo. This simple fact follows from Dirichlet’s principle and estimates

#Pa(@) > 2°Q+ and [P(e)| < ((dil + 1) = 1) |- Q, where d = (di, do)
is the midpoint of II.
To prove Theorem 1, we are going to rely on the following Lemma 5.

LEMMA 5. For all rectangles 11 = I, x I, under the conditions:
L. il = ¢ ;Q% where s; < 1 and 0 <51 +5<1,1=1,2;
2. IIN {(JJI,.'L'2) ER?: |z, — 1| < 5} = g;
3. ¢ric1n > co(n,e,d) > 0 for sy + s, = 1, where d = (dy, d,) is the midpoint
of 11,
let L = L(Q,d,,v,1II) be the set of points (xi,x,) € II such that there exists
a polynomial P € P,(Q) satisfying the following system of inequalities:

4

|P(.’I}Z)| < hn . Q_vi, v; >0,

Y min {1P(@)l} <6.- Q. (5)

v+v=n-—-1, i=1,2.
\

Then for §, < d¢(n, €,d) and Q > Qo(n, ¢, s, v, d), the estimate
1
paLl < Z,Uzﬂ

holds.

PROOF. Denote by L; the set of points (z;, z;) € II such that the system of in-
equalities (5) has a solution in irreducible polynomials P € P, (Q) under condition
|P'(z)] < &, -@Q, by L, the set of points (z;,x;) € II such that the system
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of inequalities (5) has a solution in irreducible polynomials P € P,(Q) under con-
dition |P'(z;)| < 0, - @ and by Lj the set of points (z, ;) € II such that the
system of inequalities (5) has a solution in reducible polynomials P € P,(Q). Thus,
L=LUL,UL;.

Let us estimate the measure of L. The main idea is to split the range of the
possible values of |P'(x;)|, |P'(a;)|, where z; € S(a;), ¢ = 1,2 into a total
of r = r(n) = (n — 1)? sub-ranges and consider them separately.

Without loss of generality, we will assume that |d;| < |d,|. Let us show that the
inequality

Vi

P! ()] > 2¢10- Q7 ¢ (6)

yields the following bounds on P'(a;):
1 J /
§|P($i)| <P (a;)| < 2|1P ()],

where ¢jg = n(n — 1) - max{hn, 1} - 3 max {1, |d2|})" " - (1 + |da| ™). Let us write
a Taylor expansion of P'(t):

P'(z;) = P'(i) + P'(o) (@i — o)) + ... + P™(a)(z; — )" (7)

1
(n—1)!
Using Lemma 1 and the estimates (5) for @ > @, we have:

v;+1 v;+1

1 1 u -
o — @il < Srhacio - Q7T <max{l, |d}- Q7

Then, for s; > 0 and Q > Qy we get |z; — d;| < 1/2 and thus:
1
|| < || + 7 < o] + 1.
From this estimates we obtain the following inequality for every term in (7):
1 (k) k-1
T P () (@i — )" | <

k—1)!

1= k)ld 1 n—k+1
<ottt >|((1| |2| +1)
2

_ (=114
2

-max {1, |d,[}* " - Q'

<
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—D(d 1)n—k+1 v;
<ot Mem B DV iy @b,
|ds
for k > 2. Thus, the estimate
1
12P" (i) (i — o) + ... + (n— 1),P(n)(ai)($i —a)" <
_ _ 1y 1
<nfn—1) Gmax {1 )" (1+1dl ") - @ F < 3+ 1P(@)
holds and by substituting these inequality to (7) we get
|- /
= ;)| = Qi) > ;)|
1P @) < 1P ()] < 2P (@)
This means that |P'(¢;)| € T;, where
1 1w (|dy] +1)" =1
TIZ[CIO'Q2 2;25n'Q), T, = |cip- Q2 Z;n.|d—|.Q
2

if the inequalities (6) hold. Let us divide the intervals T; into sub-intervals T; ; =
= [d;:QY4; dj_1,Q% ), 2 < j < m, where

(

20,, k=1,i=1,

(lda|+1)" =1 .
I, k=1, N-—|d | , k=1,1=2,
t dii= 2
- n —
2 2(n_1)’ — s 1, QSI{?STL 1,

€10, k n,

\
Now we are going to consider the following cases:

e the case of polynomials of the second degree n = 2 (see Section 3.1);
e the case of irreducible polynomials:

|P'(a)| € Thj,, |P'(2)| € Tp,, where 2 < ji, 5, < n—1 (see Sec-
tion 3.2);

|P'(a1)| € Ty, |P'(a2)| € Thy (see Section 3.3);
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Y

|P'(z1)| < 2¢10Q2" 7, |P'(22)] < 2¢10Q2~ 7 (see Section 3.4);

|P'(ay)| € T, |[P(a2)| € Top or |[P(ar)| € Tifn, [P(a2)| € Tny,,
where 2 < ji, j» <n — 1 (see Section 3.5);

|P'(a1)| € Thjy ., |P'(x2)] < 2010Q77 % or |[P'(21)] < 2¢10Q> 7, [P ()| €
€ Ty j,, where 2 < jj, j» < n (see Section 3.5);
e the case of reducible polynomials (see Section 3.6).

We are going to use induction on the degree n. Let us prove the following
statement, which will serve as the base of induction.

3.1. The base of induction: polynomials of the second degree

STATEMENT 1. For all rectangles IT under the conditions 1-3 let L, =L, »(Q,05,7,,1I)
be the set of points (z;, z;) € II such that there exists a polynomial P € P,(Q)
satisfying the system of inequalities

¢

|P(z;)| < hy- Q™ ™, 7, >0,

) min {I1P ()|} <6, Q, (8)

Y1+ Y2=1, i=12
\
Then for any r > 0 and for 6, < dy(7, €, d) and Q > Qy(n, ¢, s, 7,, d), the estimate

1
palns < . - ppll
r

holds.

PROOF. Let P(t) be a polynomial of the form b,t> + b;t + by. Let us estimate
the values |P'(aj)| and |P'(ay)|. By the third inequality of Lemma 1, for every
polynomial P satisfying the inequalities (8) at a point (z;,z;) € II, we have the
following estimates:

2,i

_\ 172 _ni £
2 - il < (IP@)Ibl™) < hQ7F < ¢ ©)

for @ > Qo and z; € S(o;), i =1, 2.
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From (9) and condition 2 we obtain that

3
|011—0é2|>|931—932|—|901—011|—|-’102—C¥2|>:"6

and

€
lay — | < |zy| + |72] + |21 — 0] + |22 — 2| < |d1|+|d2|+1+z-

This leads to the following lower bounds for |P'(a;)|:
€ 3
(Ids] + 1ol + 1+ 5 ) - ool > IP'(@0)] = VD = [bal - [as = @a > 5 & [l (10)

where D is the discriminant of the polynomial P. The inequalities (9) also yield
upper bounds for |P'(z;)|:

€
|P'(z3)| < |bo| - (Jay — 4] + | — m4]) < (|d2| +di| + 1+ Z) “|bal. (11)

Now upper bounds for |P'(a;)| can be obtained from the Taylor expansion
of the polynomial P':

P )| < 1P ()| + P (2| s — sl < [P ()| + 5 -0l (12
Then, the estimates (10), (12) mean that
by < 4e™" - min {|P'(z;)]} < 46,7 Q. (13)

From Lemma 1 and the estimates (10) it follows that the set L, is contained

inaunion |J op, where
PP (Q)

op= {(:m, ) €I: |z — oy < 2h26_1Q_72’i|b2|_1,i =1, 2} )
Simple calculations show that the measure of the set op is lower than the measure

of the rectangle II:

PN _ 1 B 1
pop < 2°h3e2Q by 7 < 101,101,262 = Zﬂzﬂ

for ¢y ¢ > 26h§€_2.
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Let us estimate the measure of L; ,:

paLlos < po U op < Z paop < 2*h3e72Q! Z 12
PeP(Q) PePy(Q) b2,b1,b0<Q:
P(t)=byt*+bt+by,
Gp;ég
To do this, we need to estimate the number of polynomials P € P,(Q) such that
the system (8) holds for some point (z;, z;) € II, where b, is fixed.
Let the inequalities (8) hold for polynomial P and point (2, Zo,) € II. Let
us estimate the value of the polynomial P at d;. From the Taylor expansion of P,
we have

1
P(d;) = P(z0,;) + P'(z0,)(w0; — di) + EPII(mo,i)(CUO,i —d;).

It means that |P(d;)| < |P(z;)| + [P (zo,)|p1 L + b (/,Ll_[i)z. Thus, from (11) for
Q@ > Qo we can obtain the estimate

|P(d;)| < |P(x0)] + ci1 - [ba|piL; < 2¢qy - max{1, |by|pi1;}

Without loss of generality, let us assume that pl; < puI,.
Consider the system of equations

byd? + bydy + by =1y,
(14)

byds + bidy + by = Iy

in three variables b,, by, by € Z, where |l;| < 2¢y; - max{1, |by|u L;}, i =1, 2.

Let us estimate the number of possible pairs (b, by) such that the system (14)
is satisfied for a fixed b,. To obtain this estimate, we consider the system of linear
equations (14) for two different combinations by, by 1, bo,o and by, b; 1, b o:

{
bzd% +bo,1d; + by = o1,
byd; + bj1dy +bj0 =1,

b2d§ + bo.1da + boo = oo,

ymﬁwﬂ@+@ﬂ:g}
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Subtracting the second equation from the first and the forth equation from the third
leads to the following system in two variables by ; — b;; and by — bj:

(bo1 — bj1)dy + (boo — bj0) =loy — 1,

(bo1 — bj1)dy + (boo — bjo) =lo2 — Ijn.

The determinant of the system (15) can be written as

d; 1
|A|: :|d1—d2|>5>0.

dy 1

Since the determinant does not vanish, we can use Cramer’s rule to solve the system
(15). Using the inequalities |y ; —1; ;| < 4cy;-max{l, |by|p1;}, i = 1, 2, we estimate
the determinant A; as follows:

|A ] < 8¢y - max{l, |by|u1 [}

Hence by Cramer’s rule we have

|bo,1 — bj1| < % < 8 'eyy - max{1, [by|p I}

This inequality means that all possible values of the coefficient b; lie in an interval J;
of length p;J; = 2%~ !¢y -max{1, |by|u I} centered at by ;. Since the values of the
coefficient b; are integers, the number of these values does not exceed the measure
of the interval J;.

In addition, let us fix the value of the coefficient b;. Choose a value b; € J;
and consider two different combinations (b,, by, by9) and (by, by, bj). In this case,
the system (14) can be transformed as follows:

|bo.o — bjol < 4cyy - max{l, |by|pi 1},

|bo,o — b0l < depy - max{l, |by|p 1>}
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Similarly, we have b, € Jj, where Jj is an interval of length w1 Jy =8¢ -max{1,|b,|uI; }
centered at by, and the number of possible values for b, does not exceed the mea-
sure of the interval Jj.

The following estimate
4

Vel bl pall, fbo] > (i)~
#(b1,bo) SpnJi-do= ety balpi by ()T < bl < (D), (16)

Ve, bl < (D),

\

holds for a fixed value of the coefficient b,.
Let us use the estimates (13) and (16) to consider the following three cases.
Case 1: (i 1)™" < |by| < 46,67'Q.
In this case, the first estimate of (16) holds, and we have

- _ _ 1
,U,2L2’2 S 2“8 3C%Ih% . Q l/LzH . 4528 lQ < _,U/QH,

12r
for 8, < 27 7r lete 2Ry,
Case 2: (1 Ip) ™ < |bo] < (i)™
Then the second estimate of (16) holds, and we have
prlny < Q 'ul, Z | ' < Q' nQ - L.

(D) < <(ui 1)~

Consequently, for ¢, = and @ > @)y we obtain

_ _ 1
prloy € Q'L € Q Tyl < 1_27"“2H'
Case 3: 1 < |by] < (uil2) ™.
In this case, the third estimate of (16) holds, leading to

_ _ _ 1
palay <2"eTeihy- Q7 D bl < Ty Hall
1<[by|< (1 1)

2

12,722 =312
for ¢;1¢12 > 2 rmec e hs. O
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3.2. The induction step: reducing the degree of the polynomial

Let us return to the proof of Lemma 5. For |P'(c;)| € T j, and |P'(a2)| € T3 ,,
we have the following system of inequalities:

(

|P(z;)| < hp-Q™", v >0,
< dji,iQtji'i < |P’(al)| < dji—l,iQtjrl'ia (17)

vt+m=n-—-1, 1=1,2.

\

Without loss of generality, assume that j; < j,. Denote by L;, ;, the set of points
(@1, z2) € II such that the system of inequalities (17) has a solution in polynomials

P € P,(Q). By Lemma 1, it follows that L; j, is contained in a union |J op,
PEPL(Q)

where
op = {(931, Z) €M |z —a;| <2 hy - Q7P ()T i = 1, 2} . (18)

It means that the following estimate for p,L;, ;, holds:

paLj g, < p U op < Z K20 p.

PeP,(Q) PeP,(Q)

Together with the sets gp consider the following expanded sets
p=0p X 0py= m: |z;—a T Pag)| T i=1,20. (19
Op=0p,1X0p) (z1,22) €IL: |2 — | <@ [P (a)| i=1,2¢. (19)

(2 — D
n—1
is smaller than the measure of the rectangle II for @ > Qo:

where v;, ; = . Simple calculations show that the measure of the set o’

+
120p <dch, Q' JZQ_t”' i < 4et, QT < poIL.

Using (18) and (19), we find that the measures py0p and py0’ are connected as

follows:
paop <2 *hocis - Q TR a0, (20)
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Fix the vector b;, = (an, e, aj2+1), where a,, ..., a1 are the coefficients
of the polynomial P € P,(Q). Denote by P, (b;,) C P,(Q) a subclass of polynomials
with the same vector of coefficients b;,. The number of subclasses P, (b;,) is equal
to the number of vectors b;, which can be estimated as follows:

#{b,} = (2Q + )" < 2"Q" . (21)

We are going to apply SprindZuk’s method of essential and non-essential sets [1].
A set o', Py € Py(by,) is called essential if for every o', Py € Py(bj,), Py # Py,
the inequality

1
—{20p,, (22)

i (0 108) < 3

is satisfied. Otherwise, o, is called non-essential.
The case of essential sets. For essential sets, we have the following estimate:

Z p20'p < Al (23)
PePy(bjy)
o'p—essential

Then from (20), (21) and (23) we can write

1
Z Y. mop <2 iy D mob<oowll (24)

24r
bj, PEP"(b] PePy(bj,)
o'p—essential o’p—essential

for ¢j, = 2*"13¢r12p,, .

The case of non-essential sets. If a set o’ is non-essential, then there exists a set

1
3 uza'pl. Consider the polynomial R = P, — Py,

deg R < j,, H(R) < 2Q, on the set (a'pl N o"PZ). Let us estimate the values |R(z;)|
and |R'(z;)|, i =1,2.
Let us write Taylor expansions of the polynomials P; and P, in the interval

o', such that p; (o Nof) >

! ! >y .
0piN0Op i1, J= 1,2:

1 .
Pj(z;) = Pi(j) (@i — jg) + ... + i P]( N (@i — ay)",
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where aj; € 0’p ;. From the estimate (19), we have:

|P]I(Oé“)($l - aj,i)| S cle—’sz,i’

1 (k) k| k
k 1=kyj.i=ktjy i 1=5+ 37—k, iy
EP]‘ (i) (@i — ;)" | Seinp@ TR ey pQ TR ey QR

for k> 2 and Q > Q.
Thus, the estimate |R(z;)| < |Pi(z;)| + |P>2(z;)] < ¢13 - @ "¢ holds. From

Lemma 2 it follows that for every point (zy, T3) € 0, , the inequalities
|R(xl)| < cCi4- Q77j2,i’ i = 15 2’

are satisfied.
Now let us write Taylor expansions of the polynomials P| and P; in the interval
0p iNop > Jri=1,2:

Pj(w;) = Pj(aj) + ...+ P () (2 — az)"

1
(n—1)!

where a;; € o’p ;. From the estimate (19), we have:

_ PR LV L 1
(k- 1)'P](k)(ai)(mi — ) < ersQ" D i) < cis il P(ai)]

for k > 2 and Q > Q. Thus, we obtain |R'(z;)| < |Pj(z;)|+|P(z;)| < e1s|P' ().
From Lemma 2 it follows that for a sufficiently large @ > @, the following

inequalities hold:

2¢166,Q, J1=J2=2,
min {|R'(z;)|} < ¢i¢ min {|P' ()|} <

[ .
ci6Q?, Ji#F2o0rjr £2,
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for every point (x;, z;) € a};l. Thus, the measure of Lj ; for non-essential sets
does not exceed the respective measure for the system

R(ﬁl)| < hszli’sz‘i, Yi2i > 0,

X min {IR (z:)|} < 4;,Q1, (25)

T, +Yp=J2—1 1=12,
\

-1
where Q) = min {(hjz/cm)l/”fzvf}-Q and d;, = 2cj6- (mjn {(hjz/cl4)1/7fﬂ}) Oy
(3 7
It should be mentioned that if polynomial R(t) = a;t — ay is linear, then
by Lemma 1 we obtain:

€
@M<, i=1,2

aj

for @, > Q. Hence, we immediately have |z; — x,| < & which contradicts to
condition 2 for polynomial II. Thus, deg R > 2 and we can use induction. Since

J» < m, by the induction hypothesis the measure of solutions of the system (25) is

1
bounded from above by Tar poII for 4, < &g and Q; > Q. Thus,

Y Y mesy ¥ pady < 5 poll

bj, PEPy(bj,) bj, PEP,(bj,)
o’p—non- essentlal o’p—non- essentlal

and together with the estimate (24), this implies that

]1,]2 = Z Z H20p + Z Z K20 p < %Mzn.

bj,  PeP,(bj,) bj, PeP,(bj,)
o'p—essential o’»—non-essential
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3.3. The case of sub-intervals T; ,, and T3,

For |P'(a1)| € T\, and |P'(ay)| € T, we have the following system of in-

equalities:
,

|P(i)| < ho - Q7. w; >0,
§c0Q7 7 < |P(an)] < Q7 T, 26)

vt+m=n-—-1, i1=1,2.

\

By Lemma 1, the set L,, of solutions of the system (26) is contained in

aunion |J op, where
PePa(Q)

op:{(xl,xz)EH: lz; — ol < 2" 'h clOQ ,i=1, 2} (27)

This leads to the following estimate for p, Ly, p:

paLlnn < po U op < Z P20 p.

PEP,(Q) PeP,(Q)

In this case we can not apply induction since the degree of the polynomial can
not be reduced. Let us use a different method to estimate the measure pyLy, .

Cover the rectangle II by a system of disjoint rectangles Il = J, j X J, 3, where
pidiy = Q" +ei i = 1,2, such that IT C (JTI; and II; N 1T # @. Thus, the

k
number of rectangles II; can be estimated as follows:

I I
2max{ adhad ,1}-2max{ adlt ,1}:
p1dik pidok

4Q"T'H762,1*62,2’u21—[, 5; < V; ;“ 1’
vl v+ 1 vy + 1
=144Q g 2, s < 12 , 82 = 22 , (28)
v+ 1 vy + 1
4Q 7 E“Ml—rz, 81 = 12 ,8 < 22 .

We are going to say that a polynomial P belongs to IIj if there is a point
(@1, zp) € IIj, such that the inequalities (26) are satisfied.
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Now let us prove that there is no rectangle II; containing two or more irreducible
polynomials P € P,(Q). Assume the converse: let P, P, € II; be irreducible
polynomials and let the inequalities (26) hold for each polynomial P; at a point
(xj1,x;2) € Iy, j=1,2. Thus, for Q > Qo and for every point (z;, z,) € IIj, the
estimates

_wtl
|z — ajil <o — zju] + |20 — aya) <2Q7 7 T, (29)

are satisfied, where z;; € S(a;;).
Let us estimate the values |Pj(z;)|, 4,7 = 1,2 where (z;, ;) € II;. Let us
write Taylor expansions of P; in the interval J; :

1
Pi(:) = Pi(ag) (i = aj) + o+ — - P (o) (@i — )"
From estimates (26) and (29) we obtain that
| Pl (@i — aji)| < Q "o,

1 ky; v )
2 P(k)(aj,i)(xi N aj,i)k < Ql*%*T‘i‘kELi < Q_/Ul—l—z(nfl) +€2;

kY
for &5 < o 4Q>Q
or €, < —————— an .
22— 1)(k—1) 0
Then we can write the following estimate:
|P]($z)| < Q*vﬁ-%-ﬁfz,i < Q*UH-Z(%I)-‘FELH-&’ (30)
h <"
where €;; < ———.
25 (n—1)2
v; + 1 v;
From Lemma 3 for n; = —& and T, = V; — ———— — €25 — €3,
2 2(n—1)

1 =1, 2, we have

1 1
7'1—|-7'2—|-2:(’n—1>—5—82’1—62’2—1—2—283:’114-5—62)1—62’2—283,

(Y
2(7‘,‘4‘1—’!]@'):2 <’U¢—— 62,2'—534-1—

i B v;+1
2(n—1)

2

Vi
—0—62’1' =;+ 1-— —283.
n—1
Substitution of this expressions into (4) leads to the inequality

1 1
T1+7’2+2+2(T1+1—771)+2(7’2+1—772):2n+§—82,1—62’2—653 >2n+§
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‘ 1 1
U , €3 = — . This contradict to Lemma 3 with § = —.
4(n —1)2 48 8

Hence, every rectangle IIj contains at most one polynomial P € P,(Q). In

for g,; =

this case, we have the following estimate for the measure of the set Ly, ,:

/’L2Ln,n S Z H20p,

1

and together with the estimates (27) and (28) this leads to

ey 1
poLpn < Q ' ppll < 1_27"qu

v; + 1 v; + 1

for @ > @ and s; < ,1=1,2. If s; >

, then we obtain the estimate

e 1
MLy < Z poop L Q Iy < Eﬂzﬂ
PEP,(Q)

for Q > Q.

3.4. The case of a small derivative

Let us discuss a situation where |P'(z;)| < 201062%*7 , 1 =1, 2. In this case,
we can show that |P'(a;)| < 2" l¢,0Q2~ 7, where z; € S(;).

Indeed, let |P'(ay)| > 2”‘1010Q%_12i. Let us write a Taylor expansions of the
polynomial P':

P(z;) = P(i) + P (o) (mi — ;) + ... + %ﬂ")(ai)(@ —a)" .

Using our assumption and repeating analogous computations to those from the
beginning of the proof of Lemma 5 (see page 61) we have:

1_ Y%

P'(ag)(zi— ) + ...+ P™ () (@i — o) < 0@ 7.

1
(n—1)!

This leads to the following upper bound for |P'(«;)|:
P ()] < 3e0Q 7,

which contradicts our assumption for n > 3.
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Now let Ly n+1 C II be the set of points satisfying the system

2

|P(z;)| < hoQ ™, v; >0,

Y

$IP ()] < 2" 'e@ 7, (31)

vt+vy=n—1 1i1=1,2.
\
The polynomials P € P,(Q) satisfying (31) are going to be classified according
to the distribution of their roots and the size of the leading coefficient |a,,|. This
classification was introduced by Sprindzuk [1].
For every polynomial P € P,(Q) of degree 3 < m < n we define numbers Pl
and p;, 2 < j < m, as solutions of equations

|al,1 - al,j| = Q_p]‘j, |az,1 - a2,j| = Q_pz'j-

Let us also define the vectors k; = (k1 2, ..., kim) and ky = (ka2, ..., ko) With
integer coefficients as solutions of the inequalities

kijes —es < pij<kijes, 1=12,j=2,m,

where €4 > 0 is some small constant.

Denote by P,,(Q, ki, ky,u) C P,(Q) a subclass of polynomials with the
same pair of vectors (Kki, k;) and the following bounds on leading coefficients:
Q" < |ay| < Q¥Te, where u € Z - g4. Since 1 < |a,,| < @, the following estimate
holds for u: 0 < u < 1 — g4. The roots of the polynomial P are bounded, and

we can write Q > |ay, — aj,| > H™™F! > Q™% which leads to the estimates
1 m —

-— <k <

€4 &4

+ 1. Thus, an integer vector k; = (k;2, ..., kim) can take

m—1

m

at most (— +1 values, the number of subclasses P,,(Q, ki, ky, u) can be
€4

estimated as follows:

#{m, k, ky, I} < clsci7, (32)

n i i—1
where ¢jg = > (—+1> ,cr=¢; + 1.
i=2 \ €4
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Let p;;, i = 1,2, j = 1, m be defined as follows:

pij= (Kijo1+...+kim)-€s, I<j<m-1,
(33)

For a polynomial P € P,,(Q, ki, k, u), we can write the following estimates
for its derivatives at the root o;:

Q" <P (a)| = lamllaiy — qinl .. |og ) — | < QTP HIPHD,
|P(j)(ai)| & Jamlloiy — i1 - . |tig — Qi < Qu—pi,]'+(WL+1)€4, (34)
Jj=2,m.

Consider polynomials which solve the system (31). We can assume that the
following inequalities hold:

Q“*Pl,l S |PI(061)| & Q%f%l’
Qufpz‘l S |PI(012)| & Q%f%z,
which leads to the inequalities

v — 1 vy — 1
P11 > U+ 5 P21 > u+

(35)

Now let us obtain an estimate for the measure of the set L,y ;. From

Lemma 1 it follows that this set is contained in a union | U op,
mki K, u PEP, (Q Kk .ky,u)
where
m—j hn.Q*Ui 1/3
= II:|z; — oy | < mi 20—y 1 — . oy oy .
op (371a"152)E |l‘1 a’z|\12}1<nm( |P'(Oéi,1)| |051,1 az,2| |az,1 a’z,]|)

This, together with the previous notation (33) and the estimates (34), yields
the formula

1<j<m

1 . —u—v;+p; j
Up:{(.’L'l,.'IJz)GHI |xz—al|§§ min ((2mhn)1/]'Q J ),1:1,2} (36)

for P € P, (Q, ki, ky, u). If the inequalities

—uvi +HPim; —u=v;+p; |,
3

Q"hy) ™. QT m < Q"h)F-Q T F , 1<k<m,i=12, (37)
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are satisfied, then the numbers j = m; and j = m, provide the best estimates for
the roots o; and a, respectively, and the inequalities

1 ) —U—Y+Pim,
op= {(901,952) ell: |z —al < 3 Q"R Q T i = 1,2} (38)
hold.
Let us cover the rectangle II by a system of disjoint rectangles 11,y 1, = Jim, X I,

utv;—

Pi,m;
where pJp, =Q ™ &5 such that TI C ULy, m, and I, ,, NII # &. The
number of rectangles II,,, ,, can be estimated as follows:

WPy 2 Pamy
T4E5

#lly m, <4-Q ™ m w11 (39)

Now let us show that there is no rectangle Il ,,, containing two or more
irreducible polynomials. Let Py, P, € 1L, »,, be irreducible polynomials, and let the
inequalities (31) hold for polynomials P; at points (z;, %;2) € Hp, m,, j = 1,2.
Thus, estimates

u+v; —p,

lz; — ajil <oy — o] + |2y — oy <2-Q ™ ot (40)

are satisfied for every point (2, ;) € Iy, m, and for @ > @, where z;; € S(a;;).
Let us estimate |Pj(x;)|, where (2, ;) € I, m,. Let us write Taylor expan-
sions of the polynomials P; in the interval J,, :

1 m m
Pyfa:) = Plas) (s = az0) o+ - P @) (@~ )"

By estimates (34), (37) and (40) we have

1 & B
K PJ( )(O‘J’,i)(ﬂ% - aj,i)k L Q vitH(m-+1)eqthes

This leads to the following estimates for |P;(x;)]:
|Pj(37i)| & Q—Ui+(m+1)64+m65 < Q_Ui+(m+1)(54+55)' (41)

U+ V; — Dim;
m;

From Lemma 3 with 7; = —esand 7; = v; — (m+ 1)(e4 +€5),
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1
TAl . 1\ = A I\ btai
Rm+ 1) S 4Bmy 1y o

where ¢ = 1,2 and €4 =
1
Tl+72+2:n+l—g—2(m+l)55,

U+ V; — Pim. 1
A+l —m) =20 42— 2. U TP D e

Let us estimate the expression 2(7; + 1 — 1;) by applying the inequalities (35):

20im. 1
M___sz:Sa ml>2a

vit+2-—u+ ;

1
2(7’i+1—77i)> >Ui+1_g_2m55-

vi+1—8—2m55, m; =1,
Substituting this expressions into (4) yields

3 1
Tl+72+2—|—2(7'1+1—771)—|—2(72+1—772):2n+§—(6m+2)65>2n+§,

1
which contradicts to Lemma 3 with § = 5

This means that every rectangle II,, ,, contains at most one polynomial
P € P,(Q, ki, ky, u). Thus, the measure of solutions of the system (31) can be
estimated as follows:

MrLpp1pir < Z Z pr0p < Z Z U20p.

m.ki,k,u PEP,,(Q ki ka,u) mki Ko, u Iy my

Thus, by estimates (32), (38) and (39), we can obtain the inequality

_ 1
L1 € Q7% - poll < Ellzﬂ

for Q > Q.
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3.5. Mixed cases

The case of sub-intervals T ,,, 15 ; (T' ;, T>,), j =2,n— 1
Consider the system of inequalities

(

|P(z;)| < hy-Q", v; >0,

| |

Q2" F <|P(a)) < Q2 F T,
X (42)

1_ G v(i-2)
Q 2

—1vy , 1_ v
2(n—-1) S |P (042)| < Qz W=

nt+vm=n-—-1, i1=1,2.

\
Let L, ; be the set of solutions of the system (42). In this case we need to consider
two different sets. Let L}L’j and vaz,j be the sets of points (z;, ;) € II such that
there exists a polynomial P € P,(Q) satisfying the system (42) under condition
cv@™F < [Pan) < QTR and QRS < |P(an)] < Q7 FET
respectively.

As in the case of small derivatives, we classify polynomials P € P, (Q) according
to the distribution of their roots and the size of their leading coefficients. We will
consider the subclasses of polynomials P,,(Q, k,, u) with the same vector k, and the
following bounds on leading coefficient: Q% < |a,,| < QU™+, where 0 < u < 1—g4,
0<es<land u € Z-e4. Then

#{m, ky, u} < ci7- i (43)
From Lemma 1, the set LZ’ j» 9= 1,2 is contained in a union U U op,
mky,u PEP,,(Q,ka,u)
where
v 1_vi(g=D)
|z — ay| < 21, max{cl_ol, 1}-Q 2 2 4D,
Op—= (371,.’1,'2)61_[: " . (44)

|IL‘2 i Otg| < 2m*1th*'Uz+Pz,1*U

Define the value [ = v, — py| + u — ky €4 and let us write [ as [ = [I] + {I},
where [I] is the integer part of [ and {l} is the fractional part. Now let us cov-
er the rectangle II by a system of disjoint rectangles Il = J;; x Jy, where
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v 1_v(e=D)

piJip = Q * 2 4D *e and oy = Q F2s={l guch that I C |JII; and
k

IT, NII # @. The number of rectangles IT; € II can be estimated as
v vy (g—1)
#{Il} < 4QF T2y Hhrasiectll . (4)

Assume that every rectangle II; contains no more than 2mQ[”+57° points
(a1, @), where ay, a; are the roots of polynomial P € P,,(Q, ky, u). Then by in-
equalities (43), (44) and (45) it follows that the measure of the set thj can be
estimated as:

AUZLZ,]' < 23m+4h% max{cfol, 1}016017 . Q*Uz-f-pz,l*u+k2,z€4*76+[l]+{l}'u2H <

_% 1
Q Il < ZTTMH’ (46)

where @ > Q.

Now assume that there exists a rectangle II; containing more than 2mQ[l]+576
polynomials P; € P, (Q, ky, u). From the Taylor expansions of polynomials P; in
the interval J,, the estimates (34) and condition (a1, @) € IIj it follows that

1 P(k) (aj,2)(x2 _ Oéj,z)k & QU—pz,k+(m+1)64—k'k2,264—k{l} < QU—Pz,I —kypes—{l}+(m+1)ey ,

I
which allows us to write

|Pj(@s)] < QUi haasemllimtes, (47)

Similarly, repeating the calculations by analogy with Section 3.3 (see inequality
(30)), we have

|Pj(zy)| < Qe T (48)
U1
(n— 17
By Dirichlet’s principle we can find at least [Q%s] + 1 polynomials from

for g4 <

Pm(Q, ky, u) contained in Iy such that their coefficients ay, . . . , A1 -[1) coOincide.
Let us call them P, ..., P[Q%e ]+1' If [I] = 0, then we can simply ignore this step.

Let us consider the differences R; j = P, — P;, 1 <1 <7< [Q%"] +1.
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From the inequalities (47) and (48), we obtain that at every point of the
rectangle II; the polynomials R; ; satisfy

|Ri,j(m1)| < ZQ—UHrM:ilI)JrZE(,’ |Ri,j(-T2)| < ZQU_pZ,l_k2‘254_{l}+(m+2)54’
(49)
degRi; <m—[l] =m — vy +pa1 —u+ kaes + {1}

Assume that among polynomials R;; we can find at least two polynomials

v
without common roots. Then we can apply Lemma 3 with 7, = v; — X l D 2¢¢,
n —
Ty = —u+py + ks +{l} —(m+2)eq, m = 24—1—1—01(9—_1)—5
2 2,1 2,264 4, M 7 3 Hn—1) 65

n, = kya€4 + {1}, so that we have

v
T1+1 :Ul+1—4(n—1_1)—2€6, T2+1 = l—u—l-Pz,l+k2,2€4+{l}—(m+2)64,
gui
2(T1—|—1—1’]1) = U1+l—m—286, 2(T2—|—1—T}2) = 2—2u—|—2p2,1 —2(m—|—2)54
Substituting th ions into (4) f L U S L U
uostitutin, €S€ expressions mto Or €4 = ———— and €4 = 1€1dS
£ P YT 9(m+2) ¢ 2 7
_ 2+ g)vy
7'1+7'2+2+2(7'1+1—n1)+2(7'2+1—n2) = 2’U1+5—ﬁ+3p2 1+k’2 284—3’U,+
+ {l} - 3(m + 2)84 —4eg = 2n — 22U, + 2102 1+ 2]{?2 264 — 2u + (pz 11—k 264)
21-{1) v {l}
1- I} +2- - -1
P+ a2 - S B - B
. . . 1-{l}
This inequality contradict to Lemma 3 for § = 3

The case when among polynomials R; ;, 1 <1¢ < j < [Q%ﬂ] + 1 we can not
find two polynomials without common roots is considered in [10].
Hence, we obtain

1
— 1L

,u'2Lnj < /1*2Ln] + /1*2Ln] = 127
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The case where one derivative is small and the other derivative lies in the sub-
interval T ;, j =2, n (Th;)

Given the estimate for | P'(a)| obtained in Section 3.4 for |P'(z;)| < 2010Q2 2
consider the system of inequalities

r

|P($l)| < hn . Q_vi, v; > 0,
[P ()] < 2THCloQ%JTI,
=2y

1_ =Dy , 1_
Qz 2(n—1) S |P (a2)| < Qz A1)

vt+vy=n—1, 1i1=1,2.

\

Denote by L, ; the set of points (x1, x3) € II such that there exists a polynomial
P € P,(Q) satisfying the system (50). Once again let us classify polynomials
P € P,(Q) according to the distribution of their roots and the size of leading
coefficients. We will consider the subclasses of polynomials P,,(Q, ki, ky, u) defined
above.

From Lemma 1 by analogy with Section 3.4 (see inequality (36)) we conclude

that the set L, ; is contained in a union |J U op, where
mskl’stu PEPm(Q,kl,kz,u)

[ my \Uj | oy
|z — ;| <= min { (2"h,)"7-Q ,

op =1 (x1,2,) €L : 2 1<i<m
|£L‘2 _ a2| S szlth*u*vz-H?z,]

for P € P (Q, ki, ky, u).
If the inequalities (37) hold for 4 = 1, then the estimate numbered as j = m;
is optimal for the root |, and we have

1 —u—v) D1

@ =] < - (@Th) QT

op =14 (z1,7,) €11 : 2 . (51
|22 — @] <2 Th, QP

Define the value [ = v, — py + u — ky€4 as in the previous case and let
us cover the rectangle II by a system of disjoint rectangles II; = J,; X Jog,
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U+ =Py
- — +¢&7

where p;J ;= Q ™ and pJr; = Q 284~} such that II C |J II; and
k
IT, N II # &. The number of rectangles II; € II can be estimated as
“+”1’Pl,m
#{Hk} S 4Q my L+k2'284+{l}_87,l,62]:[. (52)

Let every rectangle II; contain no more than 2“%2””577 polynomials P €
€ Pn(Q, ki, ky, u). Then by inequalities (50), (32) and (52) it follows that the
measure of the set L, ; can be estimated as:

poLpyj < Qiuivﬁpz‘]Jrkz’zer%7HlH{l}IJJzH < Qi%uzﬂ < 1—;74#211
where @ > Q.

Now assume that there exists a rectangle II; containing more than 27”62[l]+577
points (a;, @), where oy, a are the roots of polynomial P; € Pp,(Q, ki, ky, u).
Using the calculations described in the previous case (see estimate (47)) and in
Section 3.4 (see estimate (41)) for every point (z;, z;) € II; we have:

|Pj($l)| < val+(m+l)(€4+67) |Pj(iE2)| < Qufpz,l7k2,2547{l}+(m+2)54‘ (53)
By Dirichlet’s principle we can find at least [Q%] 4+ 1 polynomials from
Pm(Q, ki, ky, u) contained in II; such that their coefficients a, . .., Ay 1-[1] CO-

incide. Let us call them Py,..., P[ . Thus, let us consider the differences

Q7]+
Rij= P — P;, where 1 < i< j< [QT] s

From the inequalities (53), we obtain that at every point of the rectangle ITj
the polynomials R; ; satisfy

|Ri,j(x1)| < 2Q—v1+(m+1)(64+57)’ |Ri,j(x2)| < 2QU—P2,1—k2,2€4—{l}+(m+2)84’
degR;; <m—[l] =m — vy +py1 —u+ kapes + {1}

Assume that among polynomials R;; we can find at least two polynomials
without common roots and apply Lemma 3 with 7, = v; — (m + 1)(g4 + &7),

U+ v — Py,
Ty = —u+p; 1 +kyres+{l}—(m+2)eq, ny = Tml—é‘% n = kyae4+{l},
1
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so that we have
Ti+1l=v+1-(m+1)(es+e7), T+1=1—u+py+krres+{l} —(m+2)eq,
and repeating the arguments from the end of Section 3.4 we obtain

2(r+1-n)>v+1-2(m+1)es—2me7, 2(my+1—1m)=2-2u+2p; | —2(m+2)ey.

Substituting these expressions into (4) for g4 = and g7 =

48(m + 2) 8(3m+ 1)

yields

1
TI+ T+ 24+2(T+H1=n1) +2(Ta+1-m2) > 2111+5+3P2,1+k‘2,2€4—3u+{l}—Z >

7 3 3
>2n—2v,+2p, +2k2,2a4—2u+{l}+1 >2(m— [l])—{l}+1+1 >2(m— [l])+1.

This inequality contradicts to Lemma 3 with § =

1w

7
2

If among polynomials R;;, 1 < i < j < [Q ] + 1 we can not find two
polynomials without common roots then we use the arguments described in [10].

This section concludes the proof of Lemma in case of irreducible polynomials.
We have

1 1
paLy < Z poLi; < (n—1)> Tor Il < o poIL.
2<i j<nt "

1
Similarly we obtain p,L, < T oIl

3.6. The case of reducible polynomials

Let us estimate the measure of the set L;. Let a polynomial P of de-
gree n be a product of several (not necessarily different) irreducible polynomials
P,P,...,P,, s > 2, where degP, = n;, > 2 and n; + ... + n, = n. Then
by Lemma 4 we have:

H(P)-H(P,)- ... H(P) < cgH(P) < Q.

On the other hand, by the definition of height, we have H(P;) > 1, and thus
H(PZ) SCgQ:Ql, 1= 1,...,8.
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Denote by L;3(k) a set of points (x;, ;) € II such that there exists a polynomial
R € Pi(Q,) satisfying the inequality:

!
IR(z1)R(@2)| < hoQ" " (54)
If a polynomial P € P,(Q) satisfies the inequalities (5) at a point (z, z,) € II, we
can write
|P(21)P(22)] = |Pi(@1)Pi(22)] - ... - |Po(1) Py(@2)] < hp@ "

Since n = n; 4+ ...+ n; and s > 2, it is easy to see that at least one of the
inequalities

(@) Pi(aa)] < R2QT™FE, i=1,....s,

is satisfied at the point (z;, z,). Hence, (2, ;) € L3(n;) and we have

n—2
Ly C | Ls(k).
k=2

Let us estimate the measure of the set L3(k), 2 < k < n—2. Denote by L}(k, t)
a set of points (z, ;) € II such that there exists a polynomial P € Py(Q,) satisfying
the inequalities:

|P(z1)| < haQl,  |P(x2)] < ha@Qi™ ',
(55)
min {|P’(al)|} <0pQ1, x; € S(al),z =1,2.

and by Li(k,t) a set of points (z;,z;) € II such that there exists a polynomial
P € Pi(Q,) satisfying the inequality:
—k+3-t

|P(z))] < ha@%,  |P(z2)] < he @, ,
(56)

|P'(al)| > (5le, x; € S(Oéi), 1=1,2.

By the definition of the set L;(k) it is easy to see that:

2k 4k+1
Li(k) C <U Li(k, 1 —i/2)> U (U Li(k, 1 - i/4)) .
=0 1=0
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The system (55) is a system of the form (5). Hence, as the polynomials
P € P(Q,) are irreducible and k < n, we can apply the induction hypothesis to
obtain the following estimate:

1
paLs(k, t) < 25— - poll (57)

for Q; > Qo and sufficiently small dy.
Now let us estimate the measure of the set L3(k, t). From Lemma 1 it follows

that L3(k, t) is contained in a union |J op(t), where
PePi(Q)

2 — )| < 2" R - Q- P ()],

op(t) := ¢ (z,2,) €11 : \
|z, — o < 2Ry - Q7ML [P ()7

Let us estimate the value of the polynomial P at a central point d of the square II.
A Taylor expansion of the polynomial P can be written as follows:

L P9 aa)(d; = ). (58)

P(di) = P'(as)(d; — i) + %P"(a,-)(d,- e ot

If polynomial P satisfy (56) at point (21, ) € II then:

|di — | < |dy — zo1| + |20, — o] < iy +2k7]hi51;1 Qi

TN (59)
s — ol < |dy — 20| + l@os — @] < L+ 28 R26; QT

3
Without loss of generality, let us assume that ¢t > —k + Y t. Then we can rewrite

the estimates (59) as follows:

cig-puily, t<1-—sy,
|d1 — C\(1| S |d2 - Oéz| S ;u'lIZ-

e QU 1-s <t<l,

where cjg = 287 'h28, " + ¢; ;. We mention that IT = I} x I, uI; = ¢;,Q7%,
1=1,2 and s; > s;.
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Using these inequalities and expression (58) allows us to write

Cio-Qr-wl, t<1-sy,
|P(di)| < |P(da)| < ci9- Q1 - pilr.  (60)

co-Qf, 1-s<t<l,

Fix a vector A; = (ag, ..., ay), where ay, ..., a will denote the coefficients
of the polynomial P € Py(Q;). Consider a subclass Pi(A;) of polynomials P which
satisfy (56) and have the same vector of coefficients A;. For Q; > @, the number
of such vectors can be estimated as follows

#HAY = 20+ D' < 25QF . (61)

Let us estimate the value #Py(A;). Take a polynomial Py € Pi(A;) and consider
the difference between the polynomials Py and P; € Pj(A,) at points d;, i = 1, 2.
By (60), we have that:

2C]9'Q1/,L1I], t<1—81,
|Po(dy) = Pj(d1)| = |(ao,1 —aj1)di+(ao0—ajp)| <

2e0-Qf, 1-s <t<,

|Po(da) — Pj(da)| = |(ao,1 — aj,1)da + (a0 — ajo)| < 2¢19 - Qrpn L.

This implies that the number of different polynomials P; € Pr(A;) does not exceed
the number of integer solutions of the system

lbidi +bo|l < K, i=1,2, (62)

where K, = 2¢j9 Q1,U,112 and K| = 2¢j9 - Ql,ulIl ift<1l—s and K| = 2¢y9- Q’i
if 1 —s; <t<1.TItis easy to see that K; > 2¢jg * Q{f‘” > Q5 > 1 for Q; > Q.
Thus, using the scheme described in Section 3.1 to solve the system (62) we have

32 QT wll, t<1-—sy,
#Pk(Al)S
-1, ot . _
32 oL, 1-s <t<l.
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This estimate and the inequality (61) mean that the number N of polynomials
P € P(Q,) satisfying the conditions (56) can be estimated as follows:

PAREP LN ’f“ oIl t< 1 — sy, )
N< 63
P QM L, 1-s <t<1.

On the other hand, the measure of the set op(t) satisfies the inequality

3
PRS2 QT t<i-sy,
pa0p(t) < (64)

N S
PRRE QU T T D, 1-s <t <1,

Then, by estimates (63) and (64), for @, > Qo we can write

w3k, 1) < 2555 2R T QT ol < —— - ol (65)

2’n

The inequalities (57) and (65) lead to the following estimate of the measure
of the set L3(k):

2 i 546k 1
paLa(k) < T paLy(k, 1-i/2) + Z#2L3 —i/4) < iz Bl S o pall.
=0 =
Therefore
— -3 I
pals <) paLs(k) < T pall < = - polL.
k=2

This proves Lemma 5 in the case of reducible polynomials.
Thus, we have

1
poL < poLy + poly + poLiz < ZMH-
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3.7. The final part of the proof
The proof of Theorem 1 is going to be based on Lemma 5. Consider a set

n—1
B=T1I\L for v; = v, = . From Lemma 5 it follows that

3
2B 2 ol (66)

for Q > Q.
It should be recalled that the value h,, is defined in the beginning of the section
3 such that for every point x € II there exists a polynomial P € P,(Q) satisfying

IP(z:)] < ha@Q T, i=1,2.

Then, for every point (x;;,;,) € B there exists an irreducible polynomial
P, € P,(Q) satisfying the system of inequalities

|P(z13)] < haQ™ 7,

|P{(z13)| > 6,Q, i=1,2.

Let o;, such that z;; € S(a;), ¢ = 1,2 be roots of the polynomial P;.
By Lemma 1, we have

21, — i < by QT i=1,2. (67)

We are going to choose a maximal system of algebraic points T' = (v, ..., %)
satisfying the following conditions

L. H('Yj) <Q, deg(’)’j) <n;
2. Rectangles

1 =0 s
U(Fy]):{|xl_7j,l|<nh’n6le 2 ,1:132}, jzlat’

do not intersect.
Let us introduce an expanded rectangles

oi(y;) = {|9Uz' =754l < b,y QT i = 1,2} . =114, (68)
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and show that

Bc|Jaoiy)). (69)
j=1

We obtain this by proving that for every point (z,;,z;,) € B there exists
a point v; € ' such that (z,,1,) € 01(v;). Since (z1,,712) € B, there is
a point & = (@, o) such that the inequalities (67) are true. Thus, either a € T
and (21, z1,) € o1(a), or there exists a point 7; € T satisfying

n+1
o = vjl < mhob,' Q™ T, i=1,2.
Hence, (21, z12) € 01(7]')-

In this case, by (66),(68) and (69) we have:

t
3 D
Jill SmB <Y moi(y;) St 2'nhid Q"

j=1
which yields the estimate
t> Q" L.

4. Proof of Theorem 2

The proof of Theorem 2 is based on the following Lemma.

U1 2
n—1"n-1

LEMMA 6. For all < ) - ordinary rectangles 1 = I, x I, such that:

1 3
L. pi Iy = p I, = c3Q7%, where 3 <s< Z;
2. INn{(z1,7) €ER?: |z) — 3| < e} = &;
3. ¢3 > co(m, €, d), where d = (dy, dy) is the midpoint of T1;
let L = L(Q,d,,v,1I) be the set of points (x1,z,) € II such that there exists
a polynomial P € P,(Q) satisfying the following system of inequalities

|P(z:)] < hnQ ™, ©; >0,
min {|P'(a:l)|} < 6,Q, (70)

n+v,=n-1, +1=1,2.
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Then for a sufficiently small constant 8, < 0y(n,e,d) and a sufficiently large
Q > Qo(n, e, v, s, d), the estimate
1 —
paLl < —poll
4
holds.

PROOF. Lemma 6 can be proved in the same way as Lemma 5, we only need to
replace the base of induction.

STATEMENT 2. For all (y,1,72.2)- ordinary squares I = I; x I, under conditions
1-3 let Lys = Ly5(Q, 62, 7,, IT) be the set of points (z;, x,) € II such that there
exists a polynomial P € P,(Q) satisfying the system of inequalities

’

|P(z:)| < hoQ ™, 7, >0,

q min {|P'(z))|} < 6,Q, i=1,2 (71)

_1
Tit+vi=1, | >Q .
\

Then for any r > 0, §, < do(g, r,d) and @ > Qo(n, €, s, 7,, d), the estimate

1 —
oLy, < 4—#21_1
r

holds.

PROOF. Let P be a polynomial of the form P(t) = byt> + bit + by. Applying the
same argument that we used to prove the Statement 1, we obtain upper and lower
bounds for the absolute value of the derivative P’ at roots «;, o and at points z,
x,, where z; € S(a;), i =1,2:

3 €
[P (05)] > Z'£'|bz|, [P (z;)] < (|d1|+|d2|+1+z) byl (72)
These estimates lead to the following inequality:

by] < 46, 'Q.
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From Lemma 1 and the estimates (71), (72) it follows that the set L,, is

contained in a union |J op, where
PeP,(Q)

Oop = {(371,3.’72) ell: |.'L'i—Oéi| <2h2€_1Q_’Yz’i|b2|_l,’L’: 1,2} (73)
Since the square II is (Y21, 722)- ordinary we have |by| > Q*2 and

_ I —
Q™ = ZMzH

FN-

paop < 2°h3e Q7 by 7P <

1
with ¢3 > 8hye ! and s > 3

Then we can write the following estimate for the measure of the set L;;:

4,2 -2 -1 -2
paLnn < po U op < Z paop < 2°hae "Q Z b2 .
PeP>(Q) PePy(Q) b2,b1,b0<Q:
P(t):bztz—‘rblt-‘rbo
Jp#g

As in the proof of Statement 1 of Lemma 5, we estimate the number of polynomials
P € P»(Q) satisfying the system of inequalities (71) at some point (z;, z;) € II for
a fixed value of b,.

Let us estimate the polynomial P at the points d;, d,. From Taylor expansions
and estimates (72) we have

|P(d;)| < |P(xi)| + o0 - b2l I, (74)

for a sufficiently large @ > (). Consider a system of equations

byd? + bydy + by =1y,

byds + bydy + by = by,

in three variables b,, by, by € Z, where |l;| < 2¢y - max{1, |by|u L;}, i =1, 2.
Let us estimate the number of possible pairs (b, by) such that the system (75)
is satisfied for a fixed b,. To obtain this estimate, we consider the system (75) for two
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different combinations b,, by, by and by, b; 1, bjo. Simple transformations lead to
the following system of linear equations in two variables by ; — b;; and by o — b;:

(bo1 — bj1)dy + (boo — bjo) =los — U1,
(76)

(bo,1 — bj1)ds + (boo — bj0) = loo — Ijn.

Since the determinant of this system does not vanish, we can use Cramer’s rule
to solve it. Using inequalities |ly; — [; ;| < dcyo - max{1, |by|u,I;} we estimate the
determinants A;, i = 1, 2 as follows:

|A;| < 8¢y - max{1, |by|pi1;}.

Thus
|A] o
|bo,i — bjil < N < 8cye - max{l, |by|p 1},

and for a fixed b, the following estimate holds:

230 2 b poTl, ] > €5 Q%
#(by, by) < (77)

1 _
QT <yl < ¢!

62 -
2°cyE s

Depending on the absolute value |b,|, let us consider the following two sets:

1 2
Ly, = U op, Ly, = U op.

PEPz(Q), PEPz(Q),
c5'Q <|by|<40267'Q Q2 <Ibyl<c;'Q?

The set L},: In this case for §, < 275r~!c;7hy %€’ the measure can be
estimated as:

4 _ — 1 _
L,y < 2chie Q" - 462 Quoll < e oIl

The set L3 ,: Consider the polynomials P under condition Q51 < |by] < ;'@
For every set op we define the expanded set:

op = {(931,362) €M |z —ail <2hoe” ' Vr-Q 7% [by| i = 1, 2} . (78)
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Let us prove that for |b;| < ¢y - Q%, where ¢ = € (27h2\/7_")_1 -(|di] + |da] + 2)_1
this sets do not intersect.

Consider polynomials P;, j = 1, 2 with roots «; ;, @, and leading coefficients
|bja] < cap - Q%. Without loss of generality we will assume |b; 5| < |by2|. Let there
exists a point (z,1, Zo2) € 0’p, N0’ . Since P; and P, have no common roots, the
resultant R(Py, P,) doesn’t vanish, and the following estimate holds:

1< [R(Py, Py)| = |bia*baol’ons — e llon s — anollon s — anllon s — @l (79)
By the estimates (78) we have
laurs — ] < e — o] + lan; — zol < 2°hoe ™'V Q7 [by |7
On the other hand for @ > @, we get

loy, 1 — | < o] + |aas] < dy| + [da] + 2,
lo s — | < o] + e | < |dy| + |da| + 2.

By substituting these inequalities to (79) we obtain

_ _ 1
1 < |R(P), Po)| < 22R3e2r - (|dy| + |do| +2)7 - [bool* - Q7" < T

This contradiction yields the following estimate

1 1 _
Z poop < — - Z p20p < — - oIl
167 167
PEPz(Q), PEPz(Q),
Q2 <lbol<en Q2 Q2 <lbol<en Q2

Consider the case |by| > €1Q7. Let P(Q.k) C P2(Q), 1 <k <K =

2—2s
= [lnz (ﬁ)] + 2 be a subclass of polynomials defined as follows:
—4s

P2 k) i= { P EPAQ) : liy - @ < 1ol < Uy QM
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where

A =s, h=c,

26¢y0hy - /TK - i
Moo= Aot — (1= 5) - 278, g = 22020 lofor2< k<K,
E°C3
1

Ak41 = 2 Ikt = ¢
This equations give A\, = s — (1 — s) - (1 T ) for2< k< K.

Let us consider the following sets L(k) = |J  op and estimate the measure

PeP,(Q,k)
of every one of them in the following way:
21°h2c _ _
pL(k) < D mop < 2. > |by|* <
PEP(Q,k) Iy 1 Q1 <[by | <UL QM
210hzc20lk Q*1*2/\k+1+)\k.
T ey
Then for k = 1 we obtain
3 1-2s+1-s+ 2 1
L 1 — S S+S8 < S <
pL(1) < - Q S oG9 < gy ol

for 1 <k < K —1 we have

,uzL(k) c% Q71+sf(1fs)( 2kl) 25+(1— s)( 2k1—1)< 3Q_28_ 1 MH
lorK = 16rK 16rK

andfork:K,s<%andQ>Q0weget

22 >
c20 € 021

2
LK) < LIk 26h3 - Ik QY+l D(1-3r) < 2°h3 - Ik QIS <

w

< 2R3 - Ik 0} < 1 i
=y 16rg M2

Then, we obtain following estimate for the measure of the set L3,
1 —
#2L%,2 < Z H20p + Z wrL(k) < . poIl,

PPy (Q), 1<k<K
st% <|bz|<021Q%
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and thus
1 _
prLns < MzL;,z + L3, < i - poIL. O

Now Lemma 6 can be proved by repeating the proof of Lemma 5. O
Theorem 2 is proved by applying the results of Lemma 6 to the proof of The-
orem 1.
5. Proof of Theorem 3

To prove Theorem 3 we are going to use the results of Theorem 1 and The-
orem 2. For this purpose we need to consider the set J\D = |J Ji, where
k

1
D:={zxecJ: |f(z)—z| < 56}' It is easy to see, that for sufficiently small ¢ the

following estimate for the measure of the set J\D holds:
3
pi(J\D) > ZMJ-
Now for every strip L, (Q, A) we have Ly, (Q,A) N {(wl,xz) ER?: |z — 25| < 8} =

=yU.
Let us consider an interval J; = [ay, by] and the strip Ly, (Q, \) for a fixed

3
0<A< 7 Divide the strip L;,(Q, A) into sets

1 _
E; = {(xl,xg) eER*:z, € Jrjs |2 — fz1)] < (5 —I—cs) ce3Q A} ,

where Ji; = [z, Tj11], 2 = zjo1 + 3Q7*, To = ay and 1 < j < ¢;. The number
of sets E; can be estimated as follows:

J, 1 _
tr > LN ~¢; ' widi - Q)
Bk, j 2
for @ > Q.
Let f, = % - { max f(z) + min f(z) ). Consider the rectangles
J ZEJk,j z€Jy

- 1 -
Il; = {(1'1,-732) €ER?:z € Ji.js ‘xz - fj‘ < 50563Q /\} :
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By mean value theorem, since f is continuous and differentiable function on every

interval Jij and sup |f'(z)| < sup|f'(z)| := cs, we obtain:
TE€Jj zeJ

max f(z) — min f(z)| < |f'(€)]- p1Jk; < eses - Q.

z€Jy T€Jy

It means that II; C E; for every 1 < j < .
1
Case 1: 0<)\§§.
In this case, we apply the result of Theorem 1. From Theorem 1 it follows that

n+1-23 algebraic points

I 1

every rectangle 1I;, j = 1,%;, contains at least Eczcgch
1 _

of degree at most n and height at most (). Since we have t; > 503 : uleQ’\

3
and > piJy = wJ\D > ZMIJ, there must be at least cQ"'~* algebraic points
k

a € Ly(Q,N)NALQ).
1 3
Case 2: §<)\< -.

4
11
Theorem 2 will be used in that case. Let us count the number of (E’ 5) -
1
special squares II;. By definition, a (5, 3 )" special square contains the points

(@01, £o) such that there exists a polynomial P € P,(Q) satisfying the system
of inequalities

1P(zos)| < haQ 2, i=1,2,

1 (80)
b2 < Q7.

Repeating the steps of the proof of Statement 1 from the beginning till inequality
(13), we obtain the following estimates:

3
Plan)] = P(@)] > 5 e [ba].

Thus, by Lemma 1 the set of points (z;, z,) satisfying the system (80) for a fixed
polynomial P is a subset of the following square:

op= {(931, 2,) € R? |2y — o] < 2h2€_lQ_%|bz|_l,i =1, 2} .
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Let us estimate the number of squares II;, such that II; N op # <. It is easy
to see that the width of the strip Lj,(Q, ) is smaller than the heights of the

squares op for sufficiently large c;. Hence, every square op intersects with at most

1 1

4h2€_lc;lQ’\_%|b2|_l squares II;. Therefore, the number m; of (3,3)- special

squares II; can be estimated as

1 1
mi< Y AhoeT s QN b T < dhaeT' QM D (bl
PePy(Q) b2,b1,bo

Now we need to estimate the number of polynomials P € P,(Q) satisfying the
system of inequalities (80) at some point (z;,z;) € L;(Q, A) for a fixed value
of b,. Since the function f is continuously differentiable on the interval J, and

sup |f'(x)] < ¢s, we get by the mean value theorem that
z€Jy

ma — min < cs - pdg,
erf f() zeJy fz)] <es- mdy
which implies that the set Ly, (Q, A) is contained in a rectangle II = I; x I,, where

pilr = cspi Iy = espyJy.
Let us estimate the polynomial P at the midpoint (d;, d;) of the rectangle II.
Using the steps of the proof of Statement 1 we obtain

|P(di)| < ¢+ |ba|piJk, | P(da)] < eancs « |ba]per Jg.

and, hence, for a fixed value of b, the number of polynomials P € P,(Q) satisfying
the system of inequalities (80) at some point (z, ;) € II can be estimated as
follows:

#(b1, by) < 2’esche 2[bal” (1 i)’ .

Using this inequality we have:

2 hyese, - (uyJi)’ 1 2 hyescd, - (w1 i)’ 3
my < 2 séic(#l k) QY <2 5;§C(M1 k) QM <
3 3

1
[b2]<@*"2

I _ 17
< 103 l,Ufljk . QA < 3 (81)
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3 11
for A < 1 and Q > Q. By (81), it follows that the number of (5, E) -ordinary

squares 1I; doesn’t exceed

1 1
my = tk - Etk > Etk (82)

From Theorem 2 and the estimate (82) it now follows that in the case
1 3
3 <A< e the strip L;(Q, A) contains at least cQ™ 1~ algebraic points of degree

at most n and height at most Q).
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