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1. Introduction

The asymptotic behavior of probabilities of first-order properties the Erd6s—Rényi
random graph G(n, p) can satisfy has been widely studied in [1]— [3], [7]- [14], [22].
Let n € N, 0 < p < 1. Consider the set 2, = {G = (V,,, E)} of all the undirected
graphs without loops and multiple edges with the set of vertices V,, = {1, 2, ..., n}.
An Erdés—Rényi random graph [1,7,11,22] is a random element G(n,p) on
a probability space (2, F, P), such that it maps Q to €, and its distribution Prp
on F, = 2™ is defined by

Prp(G) = pP (1 = p) ™17,

Let us denote the event “G(n, p) satisfies a property L” by {G(n, p) = L}.
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G(n, p) is said to obey the Zero-One Law if for any first order property L
(see [15]) the probability P(G(n, p) |= L) tends either to 0, or to 1. It was proved
in [9] that if p = n=t°() o € R, \ Q, then G(n, p) obeys the Zero-One Law.
To avoid trivialities, we shall restrict ourselves to 0 < a < 1 (the case p = O(1/n)
was studied in [9]). If @ € QN (0, 1), then G(n, n™%) does not obey the Zero-One
Law (see, e.g., [22]).

In [16]— [22] the Zero-One k-Law was studied (G(n, p) is said to obey Zero-
One k-Law, if for any property L which is expressed by a first-order formula of
quantifier depth at most k (see [15]) the probability P(G(n, p) = L) either tends
to 0, or tends to 1). Let us remind that the quantifier depth of a first-order formula
is the maximum number of nested quantifiers. We denote by L the set of all graph
properties which can be expressed by first order formulae of quantifier depth at
most k. We also set £ = (Jycy Lk, so that £ is the set of all first order graph
properties.

In 2012 we proved (see [20, 21]) that if k£ > 3 and « € (0, 1/(k — 2)), then
G(n,n~) obeys the Zero-One k-Law. In [20,21] we also proved that G(n, n~!/(¥=2))
does not obey the Zero-One k-Law. In 2014 we proved (see [16]) that if k > 3

1
and a =1 — m, B € (0,00) \ Q, where Q is the set of all positive rational

numbers with numerators at most 25~!, then G(n, n~%) obeys the Zero-One k-Law.
In [16] it was also proved that G(n,n~*) does not obey the Zero-One k-Law if

1
a=1- FI5 where 8 € {0,1,...,2¥! —2}. Finally, in [19] it was proved
1
that G(n,n™®) obeys the Zero-One k-Law if o € {1 — * 1 1 - ﬁ} Thus,
1
1 — —— is the maximum of & € (0, 1) for which G(n, n=*) does not obey the

2k -2
Zero-One k-Law.
In the present paper we prove (see Section 2) that there are finitely many

1
=% 1) such that G(n, n™®) does not obey the Zero-One k-Law.
If G(n,n~*) does not obey the Zero-One k-Law for some a € (0, 1) and
k € N then we say that « is in the spectrum of k. We remind that in [14] two kinds
of spectra of a first-order property L € £ were considered. The first one deals with
p =p(n) = n"9. Itis denoted by S'(L) and is defined as the set of all a € (0, 1)

for which it is not true that lim P(G(n, p(n)) = L) exists and is either zero, or one.
n—oo

The second deals with p = p(n) = n~+°()_ It is denoted by S?(L) and is defined
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as the set of all & € (0, 1) for which it is not true that there exist 6 € {0, 1} and
€ > 0 such that nhi& P(G(n,p(n)) = L) = §, whenever n™%"¢ < p(n) < n~*T¢,
For each k € N let us denote the unions of S'(L) and S*(L) over all L € L by S}
and Si respectively.

It was proved in [10] that the sets S/,'c and S,zc are infinite when k is large enough.
Up to tautological equivalence, there are (see, e.g., [15]) finitely many first order
sentences of a given quantifier depth. Thus, for each j € {1, 2} the set SZ is infinite
if and only if there is at least one L of quantifier depth at most k such that $7 (L)
is infinite. Therefore, each time we prove that Si is infinite, we simply search for
a property with an infinite spectrum.

It is also known [13] that all the limit points of S}c and 5’,2c are approached only
from above.

It was proved in [14] that the minimum k; and k, such that the sets Sllcl and
S,zcz are infinite are in the sets {4, ..., 12} and {4,..., 10} respectively. We also
estimate in [14] the minimum and the maximum limit points of S}, S,zc. Let us
denote the sets of limit points of S} and S by (S;)' and (S7)’ respectively. We have

1 1
k—2"k—11

1

mln(S;]g)' € |: :| , if k> 15, mln(Si)' € |:m, m] , if k> 10,

max(Si)' € [1 - W’ 1—- F:| , if k Z 16, ]G {l, 2}

In the next Section, we state our new results. We prove them in Section 4.
Some statements concerning the distribution of small subgraphs in the random
graph, which we use in our proofs, are formulated in Section 3.

2. New results
1
|k/2]

Theorem 2.1 provides a better upper bound for the minimum limit point of S,lC

THEOREM 2.1. For every k > 5 we have

€(S}).

for any k£ < 20 and a better upper bound for the minimum limit point of 5,2c for all
k < 12. Besides that, Theorem 2.1 and the Zero-One k-Law from [20, 21] imply
the following statement.
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COROLLARY 2.1. The minimum k such that the set S, (S3) is infinite equals 4 or 5.

We also obtain a better lower bound for the maximum limit points of the spectra
(for small k as well).

1
THEOREM 2.2. For every k > 8 we have 1 — 75 € (Sy)'.

1
The fact that there are no points of S’,‘g in the interval (1 vy 1) is

a corollary to the following result.

a
THEOREM 2.3. Let k and b be arbitrary positive integers, k > 3. Let 3 be a positive
rational number in reduced form. Set v = max{l,2¥"! —b}. Let a € {v,v +
+ 1,2 a=1-

Zero-One k-Law.

T alb b Then the random graph G(n,n~%) obeys the

3. Small subgraphs in the random graph

G
For an arbitrary graph G = (E, V), set e(G) = |E|, v(G) = [VI, p(G) = ZEG;

pPM(G) = max p(H). We remind that p(G) is called the density of G. Denote the
number of coi)ies of G in G(n, p) by Ng. Denote the property of containing a copy
of G by Lg.
THEOREM 3.1 [2,8]. If p = o (n™"/7"" (@) then lim P(G(n,p) | Lg) = 0. If
n—00
n~/P"(C) = o(p) then lim P(G(n,p) = Lg) = 1.
n—oo

In other words, the function n="/#""(%) is a threshold (see [1,7]) for the

property Lg.

Let G be a strictly balanced graph (i. e. its density is greater than the density of
any of its proper subgraphs) with a(G) automorphisms.

1
THEOREM 3.2 [2]. If p = n" P9 then Ng %, Pois (W) .
a

Consider arbitrary graphs G and H such that H C G, V(H) = {z|, ..., Zn},
V(G) ={=z1, ...,zi1}, E(G)\(E(H)UE(G\ H)) # @. Set e(G, H) = e(G) — e(H),
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e(G, H)
max H — K H
v(G, H)’ PG, H) HeRCG o )

Let also e™"(G, H) be the minimum of e(K, H) over all graphs K such that
HCKCG, p(K, H) = p™(G, H), E(K)\ (E(H) U E(K\H)) # @. Consider
graphs H, G, where V(H) = {Z,, ... Zn}, V(G ) ={&,...%}, HC G. A graph
G is called a (G, (z1, ..., zy))-extension of the ordered tuple (T, ..., Ty) if

v(G, H) = v(G) — v(H), p(G,H) =

{@:,, 2.} € B(G)\ E(H) = {%,, %,,} € E(G) \ E(H).

The extension is called strict if

{zi,, z;,} € B(G)\ E(H) & {;,,;,} € E(G) \ E(H).

We use L, pg) to denote the property of containing a (G, (i, . .., Zy,))-extension
of any ordered tuple of m vertices.

THEOREM 3.3 [12]. There are 0 < € < K such that the following statements hold:

ifp<en VP CD 1)V EE pop lim P(G(n, p) = Lig.a) = 0;
n—oo

ifp > En~ 7" C (1 ) V" ED pon fim P(G(n, p) = L,m) =1
n—o0

Obviously, if the pair (G, H) is balanced (i.e. the maximum density p™™(G, H)
equals p(G, H)), then the quantity p™*(G, H) in the statement of Theorem 3.3
can be replaced by p(G, H). Same as for graphs, the pair (G, H) is called strictly
balanced if p(G, H) > p(K, H) for any graph K such that H C K C G.

Let us fix o € (0, 1) and set
v(G, H) = [V(G)\V(H)|, e(G,H)=|E(G)\ E(H)|,

fo(G, H) = v(G, H) — ae(G, H).

If for any graph S such that H C S C G the inequality f,(S, H) > 0 holds, then
the pair (G, H) is called a- safe (see [7,22]). Finally, let us introduce the notion
of a maximal pair. Let H C G C T and T C K, where V(T) = {vi, ..., v},
t < |V(G)|. The pair (G, H) is called (K, T)-maximal in T, if any ordered tuple t
of t vertices from V(G) with at least one vertex from V(G) \ V(H) does not have
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a strict (K, (vy, ..., v;))-extension K in T such that the following properties hold:
the intersection of V(I~{) and V(é) contains vertices from t only and any vertex
from V(K) which is not in t and any vertex from V(G) which is not in t are not
adjacent. Similarly, a graph G is called (K, T)-maximal in T, if any ordered tuple t
of t vertices from V(G) does not have a strict (K, (v, ..., v;))-extension K in T
such that the following properties hold: the intersection of the sets V(I?), V(é)
contains vertices from t only and any vertex from V(I~{ ) which is not in t and any
vertex from V(é) which is not in t are not adjacent.

Consider the random graph G(n, p), arbitrary vertices Z, ..., T, € V,, and

a random variable N((g g; (Zy, ..., Tpp) which assigns to each graph G from Q,, the

number of strict (G, (zy, ..., ,))-extensions G of (Z1, ..., Tpp) in G such that the
pair (5, a|{5h.“’§m}) is (K, T)-maximal in G (and N g)(%1, ..., Try) is the number
of all (G, (i, ...,xy))-extensions of (Zi, ..., T,,) in G). The following result on
the asymptotic behavior of this variable was proved in [14].

THEOREM 3.4 [14]. Let 0 < oy < a; < 1. Suppose (G, H) is a;y-safe, fo,(K,T) <

< 0, and v(T) < v(G). Let p € [n=,n~%|. Then a.a.s. for any T, ..., T, we
KT) /~ —
have N((G,H;(xl, vy ) > 0.

If H= (@, @) and (G, H) is (K, T)-maximal in T, then G is (K, T)-maximal
in I'. Therefore, we can state a particular case of Theorem 3.4 which considers
(K, T)-maximal graphs. Let NéK’T) be a random variable that assigns to each G

from Q, the number of (K, T)-maximal copies of G in G.

COROLLARY 3.1. Let 0 < a1 < ay < 1. Let G be a strictly balanced graph with
p(G) < 1/, and fo, (K, T) < 0. Ifp € [n%, n~|, then a.a.s. we have NéK’T) > 0.

We say that two pairs (G, (zi, ..., Z,)) and (G, (Zy, ..., Tp)), where
{z\,..., 2} CV(G) and {Z,,..., Tp} C V(Q), are isomorphic, if G is a strict
(G, (z1, ..., xy))-extension of (Ty,...,Ty).

In our proofs we use a lemma on the existence of a copy of a strictly balanced
graph without extensions, which is stated below. A method for obtaining such results
is introduced in [3]. Here, we use this method to prove the lemma.

Let H be a strictly balanced graph, and let (G, H) be a strictly balanced pair.
Suppose that p(H) = p(G, H) = 1/a. Suppose also that V(H) = {hy, ..., hy},
where v = v(H). Let W,, be a set of maximum cardinality which contains or-
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dered v-tuples of vertices from V,, which satisfy the following property: for any two

ordered tuples wy = (Z;, - - -, T;,), Wy = (Ti 5 - - - ,x,-g(w)) € W,, which coincide as

sets, the permutation of (hy, ..., h,) induced by o does not preserve the edges of H

(i.e. the mapping ¢ : V(H) — V(H) such that ¢(h;) = hoq), i € {1,...,v}, is
n!

(n —v)la(H)

denote the set of the elements of w by w. For each w = (z;, ..., ;) € W, let us

not an automorphism of H). Obviously, |W| = . For each w € W, we

consider the event A,, that some spanning subgraph in G(n,n %)|y is isomorphic
to H and the corresponding isomorphism maps z;; to h; for each j € {1,...,v}.

LEMMA 3.1. There exists a subsequence {n;};cn of the sequence of positive integers
such that the following property holds. With positive asymptotic probability less than 1,
there is at least one copy of H in G(n;,n;*), and for any w € W, either A, holds,
or there is no (G, (hy, ..., hy))-extension of w in G(n;, n; ).

PrOOF. Denote Ng(w) = > I(Ag), where the summation is taken over all w € W,
T
which do not intersect w. Denote N (w) = > €z, where the summation is taken
T

over all @ € W, which intersect w and satisfy the condition @ N W # w. The
random variable &g is defined in the following way. For any G € €,,, the equality
€5(G) = 1 holds if and only if G with edges between any two vertices from w N @
satisfies A, (otherwise, £5(G) = 0). Set Ny(w) = Ny (w) + N (w).

Denote by u, the probability of the event that there is at least one copy of H
in G(n,n"%) and for any ordered v-tuple w of vertices from V,, either A,, holds,
or there is no (G, (hy, ..., h,))-extension of w. Then

P(Ng > 0) > p, = P(Ng = 0) = P(Ng = 0) > P(Ng = 1, Ng = 0).

Theorem 3.2 implies lim P(Nyz > 0) = 1 — e~ /¢() _ Finally,
n—oo

P(Ng =1,Ng=0)= > _ P(Ng =1, Ng =0|4,)P(A,) =
weW

=) P(Ng(w) = 0, Nig.m(w) = 0] 4,)P(Ay) =

Z P(Ng(w) = 0, Ng,m)(w) = 0)P(4,) =
wew
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= P(Ngz(wo) = 0, Nig,m(wo) = 0) D P(I) ~

1 _
P(NH(’LU()) = 0, N(G,H)(’LUO) = O),

a(H)

~

where wy € W is an arbitrary ordered tuple. The asymptotic equality holds because,
as implied by Theorem 3.1, a.a.s. there is no subgraph in G(n, n~%) with at most 2v
vertices and density greater than 1/a.. The probability P(Ny(wo) = 0, N(g a)(wo) =
= 0) converges to some positive number less than 1 (see [3]), which proves the
lemma. O

4. Proofs

First of all, let us introduce some notation.

Let G be an arbitrary graph. Let r, s be arbitrary positive integers. Given
arbitrary vertices x, ..., x5 of G, we denote the set of all common r-neighbors of
Zy,...,Tsin G by Np(zy,...,zs) (We omit G when there is no risk of confusion).
An r-neighbor of a vertex x is a vertex y such that the minimum length of a path
connecting = and y equals 7 (the length of a path is the number of edges in it). Set
N(zy,...,z5):= Ni(zy,...,Ts).

Let x,y be arbitrary vertices of G and let A, B be arbitrary subgraphs of G.
Denote by dg(z, y) the length of a minimal path in G connecting = and y (a minimal
path is a path with the minimum length among all the paths considered). We say that
a path connecting x and some vertex of A is a minimal path connecting x and A in G,
if its length equals min dg(z, y). Let us set dg(z, A) = dg(A, ) = min dg(z, v),

yeV(4) vEV(4)

dg(A, B) = UIET‘I/I&) dg(’l), B)

4.1. Proof of Theorem 2.1
1

1
Let £k > 5 meN m > k2], a= 1k/2] + Lk‘/2J(m+Lk/2J—1)’

and p =n"¢.
Consider the set (~2n of all graphs G from 2, satisfying the following properties.
1. For each strictly balanced pair (G, H) such that V(H) = {hy,..., h},
p(G,H) < 1/a, v<m+ k/2] — 1, v(G) < 2(m + |k/2] — 1), every ordered
vertex v-tuple has a (G, (hy, ..., hy))-extension in G.
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2. For each G with v(G) < 2(m + |k/2] + 1) and p™>*(G) > 1/a, there is no
copy of G in G.

Theorem 3.1 and Theorem 3.3 imply that P(G(n, p) € Q,) — 1 as n — co.
Let L be the first-order property expressed by the formula

El.’L'l ...E|.’I?Lk/2j 30(-’111, ,-'L'Lk/zj)

of quantifier depth max(2|k/2], |k/2] + 3) < k, where p(zy, ..., Z|p|) =

[K(a:l, ,xWQJ)/\(EI U Ely[k/ZJ [(yl € N(xl, ,xtk/QJ))/\ .../\(yLk/QJ €
EN(.’L’l,...,.’L'Lk/zJ))/\

K@iy DA Gz [REAARMIANVY (y€ Ny, ... 2pip) =
= R'W))].

Here we use the following notation:

K(.’E],. . .,.’EL]C/QJ):((JH Nxz)/\($1 NI3)/\ . /\(.’L’] NJ?[k/zJ)/\. . ~/\('TU<:/2J—1 lek/zj)),
(YEN(z1,- ..z kp)) =((Y~T) A A(Y~T 112)))3
Ri’j(a):(Elv[(vEN(z,a,ml,. T T L - T 1, T e - T k/2)))A

INCEZ AYNCEZ DR
for each 1 < i< j < |k/2], and
Rlz = (El'U [’U € N(z,xl, oo s L1, Lty v v - ,.’L'Lk/zj)]),

for each 2 <4 < |k/2].

Suppose that G € S~2n satisfies L. Consider vertices Zy, ..., T || such that
(15 -5 Tkyy) is true. Set X = Glz, .z JuN(er.. o) X = V(X = k/2],
where N(zi,...,2pn)) = {z', ..., 2X}. Let us prove that x > m. Suppose that
X < m. By the definition of ﬁn there are vertices z, vy, ..., Uy4 (k-1 in G such
that for every i € {I,...,x} we have v; € N(z%, 2, 23, ..., T|ks2)), and for every
i€{x+1,....,x+[k/2] -1} we have v; € N(2,T1, ..., Tioy, Ti—yt2,--- > T|k/2])-
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Indeed, in this case the pair (Gliz,.....ap 1. . vps 112} IN (@1 piny)» X) 18 Strictly
balanced with the density
Lk/2)(x + |k/2] = 1) 1 !

Xtk k) k2l B2 - D) S a

This contradicts L. Therefore, x > m. Now let us prove that x = m. Suppose
that x > m. Remove some of the vertices from N(z, ..., Tk J) preserving m + 1
vertices (but |k/2] pairwise adjacent vertices are still in the set). Denote by X the
subgraph of X induced by the union of the remaining vertices with xy, ..., Z[x/x].
Then

[k/2)(m + 1) + [k/2](Lk/2] - 1)

p(X) 2 m+ 1+ [k/2]

> 1/a.

This contradicts Property 2 in the definition of ﬁn

So, x = m. Let z be a vertex such that RY? is true for all vertices in
N(zy,...,zkp)) and R. is true for every ¢ € {2,...,|k/2|}. Then there are
vertices vy, ..., vj in G such that z € N(vy, ..., v;) and the set {zy, ..., T|xpj—1}U
U N(z1, ..., k) can be divided into j subsets Ny, ..., N; so that for each i €
€ {I,...,j} and each y € N; we have y ~ v;, where v; is adjacent to |k/2| — 2
vertices from {z1, ...,z } \ {y} Set Y = Gl .z om0 8UNG1 .. 2in) -
Then

y) < k2] +j+14+m
= |k2J(m+ [k/2) = 1) +m+ [k/2] — 1+ 5(lk/2) = 1)

1/p(

Notice that the inequality j < m + [k/2] — 1 implies 1/p(Y) < a. Thus, it follows
from the definition of §,, that j>m+|k/2]—1.As j <m+|k/2]—1, the equality

2 k/2 1
j=m+ [k/2] — 1 holds. Therefore, 1/p(Y) < 2Lk/2j((rfn—:[Ll£/2JJ) Y = /2] +
! =a, 1/p( m+ [k/2) = a. Property 2

* TaJm+ 2 1) XS T+ k21— 1)
in the definition of €2,, implies the equalities p(X) = p(Y) = 1/a. Since there is no
vertex z in G satisfying the above properties, the graph G does not contain a copy
of Y which in turn contains X.

In the remaining part of the proof we will keep on using X and Y to denote
the obtained graphs (the first one is strictly balanced, the second one is balanced,
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and the pair (Y, X) is strictly balanced) of density 1/a. We also denote by L the
obtained property of G (the existence of a copy of X such that no copy of Y
contains it). So, we have proved that if G € ﬁn and G satisfies L, then G satisfies L.
Suppose that G € (~2n and G satisfies L. Then, obviously, G satisfies L as well.
By Lemma 3.1 there exists a partial limit lll)rglo P(G(n;,n;®) k= L) = ¢, which

is neither 0, nor 1. Moreover,
P(G(ni, n;®) = L) ~ P(G(n;, n;*) € ., G(ns,n;®) = L) =

= P(G(ni,n; *) € O, Gniyn; *) E L) ~ P(Glnim ) E D) = . (4.1)

1

.. 1 1
Noticing that T+ ealm + k2] = 1) Thy2)

as m — 0o, we complete

the proof.

4.2. Proof of Theorem 2.2

1 1
+ 2k=5m
Consider the set €, of all graphs G from (), satisfying the following the

Let m > 2 be an arbitrary integer, o = 1 — 75 ,and p=n"¢%.

properties.
1. For every strictly balanced pair (G, H) such that V(H) = {hy,..., hy},
p(G,H) < 1/a, v < (2F5=1)(m—1) +2, v(G) <2(2¥3° - 1)(m — 1) + 3,
each ordered vertex v-tuple has a (G, (hy, ..., hy))-extension in G.

2. For any G with v(G) < 2(283 — 1)(m + 1) +2 and p™* > 1/a there is no
copy of G in G.
Theorem 3.1 and Theorem 3.3 imply that P(G(n, p) € Q,) — 1 as n — co.
The property of vertices  and y fo be at the distance i (i.e., the length of
a minimal path which connects z and y equals %) is expressed by the formula

i—1
Dj(z,y) = Di(z. ) A [ - | \/ Dil=.v) | | .
j=1

where D;(z, y) is the following formula of quantifier depth [log, ¢]:

Di(z,y) =3 v(Dip(z, v) A Din(y, v)), if iis even,
Di(.T, y) =dv (D(i—l)/2(ma ’U) A D(i+1)/2(y, ’U)), if ¢ is Odd,
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and Di(z,y) = (z ~y), Do(z,y) = (z = y). We also set Dj ;(z, y, 2) = Dj(z, 2) A

Di(z,y).
Let L be the first-order property expressed by the formula 3a3b ¢(a, b) of
quantifier depth k, where

o(a,b) = (S(a, b) A [V u (D p-s(a, b, u) = R(a, u))]A
A[=(3 2 ((z # a) A (Y u (Dyio yr-o(a, b, u) = Dyis(u, 2)))))]).

The predicate

S(a, b) = (D4i-s(a, b)A
A (—|(E| wdu,dz [('u,l + uz) A D;kfé’zk—b (Ul > U2, b) A D;k*6,2’“*6 (ul’ U2, a)/\
A(a, b, uy, uy, 7)]))),

where

2k 5 2k 5

s —1

¥(a, b, u, uy, z) = | - \/ \/ \/ ZSlaul,ac)/\D(a:uz)) Vv
§=2k—6 j= ]‘7 k=6 _
2k76

% \/(D;ﬁﬁzk—sii(ul, b, z) A Dj(uy, T)) ,

i=1

is true when there are no two distinct paths of length at most 25~° connecting
the vertex a and two distinct vertices from N,i-s(a, b) (notice that any two distinct
vertices from N,i-s(a, b) do not have common neighbors) and there are no two
distinct intersecting paths of length 25=¢ connecting b and two distinct vertices from
Nyi-s(a, b). If the predicate

R(a,u) = (3z3z, [D;k—élk—s(a, u, 1) A Dyir ir (@, u, 22)A
A(ﬁD;kq (.’E], $2)) A €(a’ Ty, w2) A é(u’ Z1, xZ)]) 5

where
k71

a,z, )= |- |3y \/ 2k o_;(a, z1,y) A Dyir_i(y, 72)) ,

=1
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2k=6 and 2% connect-

is true, then there are two non-intersecting paths of length
ing a and u.

Suppose that a graph G € ﬁn satisfies L. Let a, b be vertices such that ¢(a, b)
is true. Let X be the union of all the paths of length 2¥=> which connect @ and b in
G. Let x be the number of all such paths and let Ny-s(a, b) = {z', ..., zX}. Let
us prove that x > m. Suppose x < m. By the definition of (~2n there is a vertex z
in G such that D;H(xi, z) holds for each i € {1,...,x}, and there are x paths
Py, ..., P, of length 2k=5 connecting z and z', ..., X respectively such that for
any distinct 4, j € {1,..., x} we have V(P;) N V(P;) = {z}. But if those paths do
exist, then the pair (XU P U...U P, X)) is strictly balanced and its density equals

2k=5y 1 1 1

= < = —,
FS—D)x+1  1=1/2834+1/(x2¥3%) ~ 1=1/285+1/(m2%3) «a

which contradicts L. Therefore, x > m. Finally, let us prove that x = m. Suppose

x > m. Let us remove from X some of the paths of length 2%3

connecting a and b
(keeping a and b themselves) in such a way that m+-1 paths remain. Now let us add to
the remaining graph the paths from G of length 2= which connect a and the vertices
from Nyi-s(a, b) (one path for each vertex) and satisfy the following condition: the
intersection of any two of those paths equals {a} and the intersection of any of

those paths with any path from X contains only a and a vertex from Nyi-s(a, b).
Denote the final graph by X. Then p(X) 2mED)  which
enote the final gra . Then = a, whic

Srapi by P 205 — D)(m+ 1) +2 Wi

contradicts Property 2 in the definition of ﬁn

Thus, x = m. Let z # a be a vertex such that D, s(-, 2) is true for all vertices
from Ny-s(a,b). Then there are paths Pj,..., P, in G of length 2¥=> which
connect z with z', ..., ™ respectively. Suppose that for some i € {1,...,m — 1}
we have P, C PiU...UPF;. Set

P = ({xiH, Vi, ovny Ugks_1, 2}, {{a:iH, v}, {vi, v}, ..., {vas_g, 21 }).

Then v is in V(P;) for some j € {l,...,i}. Obviously, v; # z’ (otherwise
Dys_y(z7, 2) is true). Suppose v; ~ 2/ in G. Then D,(z,v;) is true for some
natural s < 2573 — 1. Since v; ~ z*+!, the proposition D, (z**!, 2) is true as well.
This contradicts the truth of D’z‘k,s(x”l, z). Therefore, v; is a common neighbor
of z'™! and z7. This contradicts the truth of S(a, b). Hence P,y ¢ PiU...UP,
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for any ¢ € {1,...,m — 1}. Let us replace X with its union with the paths from
G of length 2¥=5 which connect a and the vertices from Ny(a, b) (one path for
each vertex) and satisfy the following condition: the intersection of any two of those
paths equals {a} and the intersection of any of those paths with any path from X
contains only a and a vertex from Ny-s(a, b). Consider the sequence of graphs
Xo=X,X1=XUP, X, =XUPUP, ..., X, =XUPU...UP,. Set
Y := X,,. For each i € {0,...,m — 1} the graph X;,, is obtained from X; by
adding n; < 2575 — 1 vertices and e; > n; + 1 edges. Therefore,

2F S —)m+2+n +...+n, + 1 <

1/p(Y) <
/pY) < 24m4n +...+n,+m

bl

where the equalities hold if and only if n; = 285 — 1 and e; = 2¥=% for each
i € {0, ..., m— 1}. Therefore, by the definition of S~2n those equalities do hold and
1/p(Y) = 1/p(X) = a. Since there is no vertex z in G which satisfies the above
properties, G does not contain a copy of Y which contains X.

Same as in Theorem 2.1, we use X and Y below to denote the two obtained
graphs of density 1/a (obviously, the graph X and the pair (Y, X) are strictly
balanced). We also denote by L the obtained property of G (the existence of a copy
of X which is not contained in any copy of Y). We proved that if G € ﬁn and G
satisfies L, then G satisfies L as well.

Finally, suppose that G € S~2n and G satisfies L. Then, obviously, G satisfies L
as well.

By Lemma 3.1 there exists a partial limit Z1;1(1)10 P(G(n;,n; %) = Z) = ¢, which
1

N
2k=5m

1
is neither 0, nor 1. Taking into account (4.1) and noticing that 1 — o= +

1
—1- 75 as m — oo, we complete the proof.

4.3. Proof of Theorem 2.3

We start the proof with formulating the theorem of Ehrenfeucht in Section 4.3.1.
This theorem is the main tool in proofs of zero-one laws. Then in Section 4.3.2
we define some supplementary constructions (cyclic extensions), after which in
Section 4.3.3 we describe asymptotic properties of the random graph which imply
the existence of a winning strategy of Duplicator. This strategy is described in
Sections 4.3.4—4.3.8.
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4.3.1. Ehrenfeucht game

In this section we state a particular case of Ehrenfeucht theorem (see [4]),
which holds for graphs. First, let us define Ehrenfeucht game EHR(G, H, i) on
graphs G, H and 4 rounds (see, e.g., [7,22]). Let V(G) = {zi,...,z,} and
V(H) ={y1, ---» Ym}- In the v-th round (1 < v < ) Spoiler chooses a vertex in any
graph (he chooses either z;, € V(G), or y; € V(H)). Then Duplicator chooses
any vertex in the other graph. If Spoiler chooses in the p-th round, say, a vertex
z;, € V(G), ju = j» (v < p), then Duplicator must choose the vertex y; € V(H).
If in this round Spoiler chooses, say, a vertex z;, € V(G), ju & {J1, - duar},
then Duplicator must choose a vertex y;, € V(H) such that 7, & {f}, ..., 5,1}
If he can not do this, Spoiler wins. At the end of the last round we have vertices
T, ..., x; € V(G) and yj, ..., y; € V(H) chosen. If some of them coincide, then
we leave out the copies and consider only distinct vertices: T, ..., Tn5 Yn!» -+ Yn!
I < 4. Duplicator wins if and only if the corresponding subgraphs are isomorphic up
to the order of the vertices:

THEOREM 4.1 [4]. For any graphs G, H and any i € N, Duplicator has a winning
strategy in the game EHR(G, H, i) if and only if for any property L which is expressed
by a first-order formula of quantifier depth at most 1 either both graphs satisfy L, or
they both do not satisfy it.

It can be easily shown that this theorem has the following corollary related to
zero-one laws (see, e.g., [22]).

THEOREM 4.2. G(n, p) obeys the zero-one k-law if and only if

lim P(Duplicator has a winning strategy in EHR(G(n,p(n)), G(m,p(m)),k)) = 1.

n,m—00

4.3.2. Constructions

Let m > 2 be an arbitrary integer. Consider a pair of graphs (G, H) such that
G D H. We say that G is a cyclic m-extension of H if one of the following properties
holds.

e We have m > 3 and there is a vertex z; of G such that

VG)\V(H) = {yl, 0, Y4, U1> -r U1, )
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E(G) \ E(H) =

= {{xla y}}5 {y:7 yé}’ RS {ytl171, ytll}’ {ytll7 y%}s {y%’ y%}’ RS {yt22715 yt22}5 {ygp ytll}}s
where t; +t, <m—1, t; > 0, t, > 2 (if ¢, = 0, then z, is adjacent to
y%, y%z ). If so, G is said to be an extension of the first type.

e We have m > 2 and there are two distinct vertices x;, £, of G such that for
some t <m — 1

G=VHEH) Uy, .. ye, EH) Uz, ui}, {yi, o}y oo {ye—1, e} {ye, 223 )).

If so, G is said to be an extension of the second type.

Let H C G be two subgraphs in a graph I'. The pair (G, H) is said to be
cyclically m-maximal in T if there are no cyclic m-extensions of GG in I" which are
not cyclic m-extensions of H.

4.3.3. Properties which imply the existence of a winning strategy for
Duplicator

a
Let k and b be arbitrary positive integers, k > 3. Let 3 be a positive rational
1

number in reduced form, ¢« = 1 — ———, = n~%. Suppose also that
261 4+ a/b b bp

a € {max{1,2" ! —b},..., 2k 1},
Define S to be the set of all the graphs G which satisfy the following three
properties.

1) There are no strictly balanced subgraphs in G with at most 226 vertices and
density greater than 1/c.

2) Let H be the set of a-safe pairs (H;, H,) such that v(H,) < 2%%b+k2F. Let K be
the set of pairs (K, K) such that v(K,) < 2F, v(K;) < 2 and f,(K,, K;) < 0.

Then for any pair (Hy, Hy) € H, V(H;) = {vi,...,vn}, and any subgraph
G, C G, V(G,) = {zy,...,z}, there is a strict (Hy, (v, ..., v;))-exten-
sion G of the ordered tuple (zi,...,x) such that the pair (G, G,) is

(K, K;)-maximal in G for any pair (K|, K,) € K.
3) Let H be the set of pairs (H;, H) such that v(H,) < 2%, v(H,) < 2 and
fo(Hy, Hy) < 0. Then for any strictly balanced graph H with at most 2%b

vertices and p(H) < 1/« there is a copy of H in G which is (H;, H,)-maximal
in G for any (H;, H,) € H.
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By Theorem 3.1, Theorem 3.4 and Corollary 3.1 we have P(G(n,p) € §) — 1
as n — o0. Therefore, by Theorem 4.2 the statement of Theorem 2.3 follows from
the existence of a winning strategy for Duplicator in EHR(G, H, k) for all pairs
(G, H) such that G, H € S.

4.3.4. Winning strategy for Duplicator

Let G, H € §. Let X,., Y, be the graphs chosen in the r-th round by Spoiler
and Duplicator respectively. Then the sets {X,,Y,} and {G, H} coincide for all
r € {1,...,k}. We denote by z!,...,z% and ¥}, ...,y the vertices chosen in
the first  rounds in X, and Y, respectively. Let us describe Duplicator’s strategy
by induction. The strategy is divided into two parts. We denote the first and the
second strategy by S and SF respectively. In the first round Duplicator always uses
the strategy S and follows it until entering a round when the chosen subgraphs
allow embarking upon the strategy SF introduced in [18] (we do not describe this
strategy in the present paper because its detailed description can be found in [19],
Section 4.8).

Before describing the strategies we should introduce another important notion.
Suppose the players have finished r rounds, r € {1, ..., k}. Suppose [ € {1, ..., r}
and consider arbitrary graphs )~(},...,)~C£ c X,, 17},...,}7,5 C Y, having no
common vertices and satisfying the following properties.

I Wehave z!, ...,z e V(X! U...UX) and g, ...yt e V(Y U...UY}).
IT For any distinct j;, j, € {1,...,1} we have

dy (XD, X72) > 2577 dy (Y7, V) > 257

I For any j € {1,...,1} there is no cyclic 2*~"-extension of X! (resp. 177?) in
X, (resp. Y;).

IV Cardinalities of the sets V(X! U...U X%) and V(Y,! U...UY}) are at most
2%kp 4 2k 1p,

V For each j € {l1,...,1} the graphs X! and Y} are isomorphic. Moreover,

there is an isomorphism (on the unions of those graphs) which takes z% to ¥,
ie{l,...,r}.

Two ordered tuples )A(:}, e, )Aflr and }7}1 e }7,5 satisfying the above properties
are said to be (k, 7, l)-regular equivalent in (X, Y,). Let us denote the isomorphism
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from Property V by ¢(k, r, 1) (generally, it is not unique, but we may take any of
such isomorphisms).

Notice that the (k, I, 1)-regular equivalence of X { and }71' is defined by
Properties I, II1, IV and V. And the (k, k, [)-regular equivalence of X ..., X fg and
Y}, ...,Y] is defined by Properties I, II, IV and V.

Two graphs X! and Y;! are said to be (k, r)-equivalent in (X,,Y,) if

a) Properties I, IV and V hold for [ = 1,
b) there is no cyclic (25" — 1)-extension of X! (resp. Y;!) in X, (resp. ¥;),
¢) there is no second type cyclic 2*~"-extension of Xolz, . ary (resp. Yelgn 1)

in X, (resp. Y;),

d) there is at most one cyclic 25 "-extension of X! (resp. ¥;') in X, (resp. ;).

The main idea of Duplicator’s strategy can be described as follows. Duplicator
should play in such a way that forsome r € {1, ..., k—1}andl € {1,...,r} he gets
(k, r, 1)-regular equivalent ordered tuples of subgraphs in (X, Y;.). In the first round
Duplicator must use the strategy S; described in the next section. After the r-th
round, r € {1,...,k — 3}, if (k, r,[)-regular equivalent ordered tuples have not
been constructed yet, then, as we show, Duplicator can either find (k, r)-equivalent
graphs (and then, in the (r + 1)-th round, he must use the strategy S, described
in Section 4.3.6), or he must use the strategy Si 1 described in Section 4.3.7. After
S; 1 Duplicator never turns back to S, ;, j > 2. The strategy SF is described in [19]
(Section 4.8) and is used by Duplicator in the (r + 1)-th round, r > 2, if and only
if after the r-th round for some [ € {1,...,r} (k, r,[)-regular equivalent ordered
tuples of graphs in (X,,Y,) are constructed. It is proved in [19] that Duplicator
wins when he uses the strategy SF.

4.3.5. Strategy S,

Consider the first round and two possibilities to choose the first vertex by
Spoiler.

Suppose there is no cyclic 2¢~!-extension of ({z!}, @) in X;. Then Duplicator
chooses a vertex y! € V(Y;) such that there are no cyclic 2*~!'-extensions of
({yl}, @) in Y; (such a vertex exists because Y; € S and, therefore, Y; satisfies
3)). Set X! = ({z!}, @) and Y} = ({y!},@). Property III of (k, 1, 1)-regular
equivalence of X } and 1711 in (X1, Y)) is already proved. Obviously, Properties I, IV,
and V hold as well. For the second round Duplicator uses the strategy SF.
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Suppose there is at least one cyclic 2¥~!-extension X! of ({z!}, @) in X. Let
us prove that there is a sequence of graphs G, G, ..., G, such that

a) foreachi € {1,...,s—1} G isa cyclic 2F~!-extension of G; in X and G,
is a cyclic 2¥~!-extension of ({z!}, @),

b) we have either X|y(q,) = G5, or p(Xi|y(,) < l/a,

c) there are no cyclic 2k=1_extensions of G, in X,

d) ifforsome i € {1,...,s—1} Gi, isacyclic 2¥~!-extension of G;, but it is not
a cyclic (25! — 1)-extension of G;, then thereisa u € {1, ..., s— 1} such that
G+1 isacyclic 2k=1_extension of G u» but it is not a cyclic (25=1—1)-extension
of G, while there is no cyclic 2k=1 _extensions of G, in X))\ (G \ Gp).
Let us prove the existence of such a sequence.

Obviously, there exists a sequence G; C G, ... C G; with the following two
properties. The first one is that G| is a cyclic 2! -extension of ({x}}, ), and Gjis
a cyclic 25! -extension of Gj-, foreach j € {2,...,i}. The second one is that i is
the smallest value of j (in case the set of such j is not empty) such that G; is a cyclic
2k~ 1_extension of G;_;, but it is not a cyclic (2¥°! — 1)-extension of G;_; (here

= ({=}}, @)). If there is no such j, then there are no cyclic 2¥~!-extensions of G;
in X, (obviously, ¢ is correctly defined and 7 < 25-1p+ 1, because the density of G;
is greater than 1/a, so, @ = 2% + 2 would contradict Property 1)). In the latter
case the sequence Gy, ..., G (s = 1) satisfying Properties a), c) and d), is already
built. Supposing that Gl is not the “last” extension, let us consider an arbitrary
cyclic 28~1-extension G, of G;_ 1 in X\ () \(G;\G;-1) (if such an extension exists). Let
us add cyclic 25! -extensions Gz+1> Gz+2: ... of the previously constructed graphs
one by one in a similar way until there are no cyclic 2¥~'-extensions of ég in
X1\ (G; \ G;_1). Obviously, @g U G; is a cyclic 25! -extension of @g, but it is not

its cyclic (2’“‘1 — 1)-extension. Moreover, there are no cyclic 2¢~!-extensions of él
in X;\ ((GsUG;)\ Gs). So, the first §+ 1 graphs of the sequence are constructed.
Those are Gy, ..., G; 1, G PR Gs, G U G;. Let us add cyclic 25~!-extensions

to @g U G; (each next graph is an extension of the previous one) until there are
no cyclic 2¥~!-extensions of the final graph in X;. Obviously, we get a sequence
of graphs (we denote it by G|, G, ..., G;) satisfying Properties a), c) and d) (in
addition, the inequality s < 25~!b 4 1 holds, because the density of G, is greater
than 1/a, so, s = 2¥'b + 2 would contradict Property 1)).

Suppose e(X|y(a,)) > e(Gs). Suppose also that e(X|y(g,)) — e(Gs) > 2.
Since s < 28~!b 4 1, Property 1) implies the inequalities p™(X iviey)) < 1a <
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< 1+2k71_1.Then
1 I 2k=1 4.2 1
l+ﬁ>P (X1|V(GS))ZW:1+F'

This contradicts the inequality k& > 3. So, e(X|y(q,)) — e(Gs) = 1. For each
i€ {l,...,s} letusset e(G;) —e(Gi—1) = ; < 287! where Gy = ({z}}, @). Then

el+...+es—s+1_1 1
el +...+es+1 N k=1 (e1=2""D)4. . H(e, =2k )41

s

1/p(Xilv,)) =

. 1
Therefore, we have either 1/p(X|y(q,) =1 — T or 1/p(Xilv@,)) <1-

S

1
o 2k71
does not exceed 2¥~! — 1. In the latter case we arrive at a contradiction with

Property 1) of X, as s < 2"'b + 1. Thus, 1/p(Xilv(g,) = 1

< a, where the latter inequality holds if at least one of e;, ¢ € {1, ..., s},

- —2k_1 +é and

e = ... =¢e; =201 If 1/p(Xilv(c,)) > «, then Property b) holds. On the

other hand, the inequality 1/p(X|v(c,)) < a contradicts Property 1) of X;. Hence
1 1

b e = T s
b = s. This can hold only if 2°~! —b < 1. Hence s > 7. Let us denote by by u, v the
vertices of the additional edge, which exists according to our proposition. Suppose
that u,v € V(G;s-;) and that v € V(Gj+1) \ V(G},), v € V(Gj41) \ V(G},),
where 0 < j; < j, < s5-2, Gy = (9, 9). If V(Gj,4+1) \ V(G},) contains more
than one vertex, then there obviously exist graphs éj2+1, ey §s+l such that for

. Since a/b is in reduced form, we have a = 1,

every j € {j2,..., 8} the graph @-H is a cyclic 2F~!'-extension of 5j, where
éjz = Gj,, and for every j € {j2+2, ..., s+ 1} the equality éj = Xilv(g,.,) holds.
If v(Gj,4+1,Gj,) = 1, then

2143 1

1 >
* T2kl +2k—2+1/2

o1 P (Xilvigs, )

which contradicts the inequality k > 3.

Obviously, the sequence Gy, ..., G;_1, éi, e, 5s+1 satisfies Properties a)—d)
(here ésﬂ is the cyclic 2%~!-extension of G, from Property d)). Finally, suppose
that at least one of the vertices u,v (e.g., v) belongs to V(Gs) \ V(Gs-y). If

G\ (G5 1\ Gy_») is a cyclic 2¥~!-extension of G, 5 and u ¢ V(G, 1) \ V(G;_,),
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then Duplicator can set G,_; := G\ (Gs_1 \ G5-,) and find himself in the situation
considered above. If either G, \ (G,_; \ G,_,) is a cyclic 2~ !-extension of G,_,
and u € V(Gs 1) \ V(G5 1), or G5\ (G5 \ G5_,) is not a cyclic 2F~!-extension
of G4_,, then there exist graphs 55, és—i—l such that és is a cyclic 25~ !-extension
of G,_y, (~}'3+1 is a cyclic 2% !-extension of 58, 55+1 = Xily(g,), and there are
no cyclic 2% !-extension of G,_; in X, \ (55 \ Gs_1). Therefore, the sequence
Gi,...,Gs 1, Gs, és-{—l satisfies Properties a)—d).

So, let Gy, G, ..., G be a sequence satisfying Properties a)—d). Let us prove
that the graph X |V(G3) is strictly balanced. Let G be an arbitrary proper subgraph in
Xilv(g,)- Denote @ = X1|V(G])~ﬁ G. If~él + X1|V(GQ, then fu(éu Xilv(a) é) <
< 2k1_1and e(GU X |y, G) > v(GU Xly(,), G) + 1. Therefore, the density
of GU X, lv(a,) is at least

= p(G).

e(G) +v(G U Xy, G) + 1 , {e(é) }
= = = >ming —, 14+ —= =
’U(G) +’U(GUX]|V(G1),G) ’U(G) ’U(GUX]|V(G]),G)

It can be proved in the same way that p(X|y(g,)) > p(é UXilvg, ) = - 2
> p(é U Xilva,)) > p(é), where at least one of the inequalities is strict, because
Gisa proper subgraph in X, |V(Gs). Thus, X 1|V(Gs) is strictly balanced.

If p(Xilv,) < 1/a, then set X! = Xilv(a,). By definition Y; contains
a subgraph 171] isomorphic to X ! which is (K, T)-maximal for any pair (K, T)
such that v(K) < 2%, o(T) < 2, and fo(K,T) < 0. Let ¢ : X! — ¥/ be an
isomorphism. Then Duplicator chooses y! := ¢(x!). By construction X! and Y]
do not have cyclic 25! -extensions in X; and Y; respectively. Therefore, X } and
?1' are (k, 1, 1)-regular equivalent in (X, Y7). In the second round Duplicator uses
the strategy SF.

Suppose p(Xily(a,)) = 1/a. Then p(Gs) = 1/a as well. Set Gy = ({z}}, )
and e; = e(G;, G;_;) for each i € {1, ..., s}. Then

1 e+ ...+ e 1

2k‘1+a/b—1 €1+...+68—3—|—] 51+---+6s_1

s—1

1+

Since a/b is in reduced form, we have s > b + 1. Obviously, the inequality
a > max{1,2¥"! — b} implies the existence of y € {0,...,s — 1} such that G, 4,
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is not a cyclic (2’“*l — 1)-extension of G, Indeed, otherwise
(Gs) > @ -Ds ! > 1+ !
P\&s) 2 opmT - - oy = - oy T
251 =2)s+1 k-1 g L s k-1 24 25
1
=14+ ———>1/a.

_ 2h-1_2p—|

A

Since G, is strictly balanced, we have pmaX(Gu) < 1/a. Furthermore, since Y; € S,
there is a subgraph }711 of Y] isomorphic to X } := G, which is (K, T)-maximal
for any pair (K,T) such that v(K) < 2%, »(T) < 2, and f,(K,T) < 0. Let
Qo )Af{ — 1711 be an isomorphism. Then Duplicator chooses y| := ¢(z]). By
construction X! and Y} are (k, 1)-equivalent in (X;,Y;). For this reason in the
second round Duplicator uses the strategy S,.

4.3.6. Strategy S,

Suppose that after the r-th round, r € {1, ..., k—2}, there exist graphs )?,1, 17}
which are (k, r)-equivalent in (X,,Y;). Let ¢ : X! — }71 be an automorphism.

In the (r + 1)-st round Spoiler chooses a vertex mT +1 If X4 = X,, then set
X}H = X1, YIJrl =Y. Otherwise, set XTIJrl =Y, YlJrl = X!

Letz[t| € V(X! I ). If X,+| = X,, then Duplicator chooses y | = ¢(z]1}),
and if X,;; = Y,, he chooses y:i{ = @‘l(x:i}). Since there are no cyclic
2k=r=1_extensions of )?; and 17}1 in X, and Y, respectively (by the definition of the

(k, r)-equivalence), X )?T'H are (k, r+1, 1)-regular equivalent in (X, Y;41).

r+1°
Therefore, in the (r + 2)-nd round Duplicator uses the strategy SF.

Let 21| ¢ V(X r+1) Consider two cases: 7 < k—2and r =k — 2.
Letr < k—2. IdeHl( 1,z T1) > 251 and there are no cyclic 2¢-"~!-ex-

r+1
tensions of ({z'1!}, @) in X,,,, then set X2 , = ({x;ﬂ}, ). By Property 2)

r+1 r+1

Y, .1 has a vertex yr+l such that dy+l( 1> y:ﬂ) = 2k=7=1 1 1 and there are
no cyclic 25! extensions of ({y/1}},@) in Y,ii. Set Y2, = ({y/11}, 9).
If there is exactly one cyclic 25¥~"~!-extension of ({x:ﬂ}, &), then we denote
it by )~(2 . Let dX+1(~r'+1, ~2+1) > 2k=r=1_ By Property 2) le+1
tex yrJrl and a subgraph Y2, | such that dy,(Y.,,, Y2 ) = 257! + 1, the pairs

( r+1,({y:ﬂ} )) and ( T+l,({x:i}} &)) are isomorphic, and there are no

has a ver-

cyclic 2871 _extensions of Y2 +1 in Y, ;. The property of (k, r)-equivalence of
the graphs Xi, YT1 in (X,, Y,) implies non-existence of cyclic 2k=r=1_extensions of
)’Z}q and )7,} in X, and Y, respectively. Obviously, in all the considered cases the
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ordered tuples XT L1 X 41 and YT 1 Y2 ", are (k,r + 1,2)-regular equivalent in

;
(Xra1s r+1) Thus, in the (r + 2)-nd round Duplicator can use the strategy SF.
Let dy,, (X!, ,, X2, ;) < 25=!. The property of (k, r)-equivalence of X} and Y;!
in (X,,Y,) implies the relation dx,,, (X!, , X2, ;) = 2¥""~! and non-existence of
cyclic (251 — 1)-extensions of ({:v:i{}, @) in X,,. In this case by Property 2)
of Y,,; Duplicator can choose a vertex yfi}

LXUX L LYUY 1 taking xr+l,... m:ﬂ to yr+1,...,y:i} respectively,

such that there is an isomorphism

r

path in Y, ;| connecting y:ﬂ and YT 1, and the pair (Ly U Y! oy YT +1) is cyclically

2! -maximal in Y;1. Set X}, := X}, U Lx, ¥, := Y, U Ly. Next, Du-

plicator uses the strategy ST 4, Finally, let us prove that ({m:ﬂ}, &) has no more

where Ly is a minimal path in XT+1 connecting xri{ and X! 1o Ly is a minimal

than one cyclic 25 " !-extension. Indeed, if there are two such extensions A and
A, then
2k—r-1 + 2k-r—1 _ 1

~ 1
l/p(AU A) < JEr—1 4 gk =1- W <a.

This contradicts Property 1), since v(A U Z) < 2k 1.
Suppose dx, (X! T 2/ t]) < 281, Consider a minimal path Ly in X,

r+1 1
connecting z,,; and XTJrl

1 1
a) dy,, (leﬂai‘/ﬁl) dx, ., ( r+1,w?il,

By Property 2) Y, has a vertex y:ﬂ such that

b) there is an 1som0rphlsm LxUX! rr1 — Ly U YJrl taking a:TH, - ,x:ﬂ to
y! TP Yt +1 respectively,
c) (Ly U Y+1> Yr1+1) is cyclically 2F~"~!-maximal,

where Ly is a minimal path connecting y”’1 and Y! s in YT+1 Obviously, there

r+1
are no cyclic 2! -extensions of ¥ rpp 0 Yoy Set Y! YT T

r+1 =
that there are no cyclic 2F~"~! -extensions of Ly U XT+1 in X,41, letusset X}, | =
LxU X!, . Then, obviously, X

r

U Ly . Supposing

41 and Y 41 are (k,r+ 1, 1)-regular equivalent in
(Xy41, Yry1). Therefore, in the next round Duplicator can use the strategy SF. If
there is a cyclic 25! -extension of Lx U )?T'H in X4, thengXT+l( ;ﬂ, X11"+1)

2k=r=1 and there are no cyclic (2¥="~! — 1) -extensions of LyUX, | in X,.,. In this
case Lx can be chosen from a set with at most two paths. If there is only one such

path, then either a cyclic 2¥ "~ !-extension of Lx U X’ ! 1 s an extension of the first

r+1
LTSI I

there are two such paths, then we consider two cases. First, we suppose that a cyclic

type, or one of the endpoints of Ly does not coincide with any of z!

2k=7 _extension of X’i 41 Is an extension of the first type. Then we choose Lx to
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be any of those two paths. Second, we suppose that a 2F~"-extension of )~Q 4 I8
an extension of the second type. Then (k, r)-equivalence of X +1 and Y, +1 in
(Xy41, Yyy 1) implies that at least one of the paths does not contain .’L'r IR TRT i +1 ,
and that path can be taken as Ly. Obviously, X 41 = Lx U X! il and L
are (k,r + 1)-equivalent in (X,., Y, ;). In the next round Duplicator ases the
strategy S;i2.

Finally, let r = k — 2. If dx, (X} |, 2¥"!) > 2, then set X} | = ({z}"!}, @).
By Property 2) Y;_; contains a vertex yﬁ % such that dy, 1(?13 > yk’l) = 3. Set
Y2, = ({¥f"1}, 2). Since X} , and Y} , are (k, k—2)-equivalent in (X}_,, Y;_,),
they do not have cyclic 2-extensions in X;_, and Yj_, respectively. Thus, the
ordered tuples Xk 1,)~(k , and Ykl 1,17k , are (k, k — 1,2)-regular equivalent in
(X%-1, Yx_1). Therefore, in the k-th round Duplicator can use the strategy SF.

Suppose dx, | ()? }C_l, mk 1) < 2. Consider a minimal path Ly in X;_; connect-
ing x’,i:ll and X }6_1. Suppose this path connects xk_l and one of the mk_l, .. x’,g f
(if there is a path of minimal length with this property). By Property 2) Y;_; contains

a vertex y’,ﬁ:} such that

a) dYk—1<?k}—1’ yii%) = ka—l(jZ]i—l’ xﬁ D
b) there is an isomorphism Ly U Xk_l — Ly U 17,3_1 taking x}c_l, - ,m,’:] to
y,lg_l, cee y’,j:} respectively,

) (Ly UY,_,, Y, ) is cyclically 2-maximal,
where Ly is a minimal path in Y;_; connecting yi:} and 17,61_1. Obviously, there
are no cyclic 2-extensions of 17,61_1 in Yy . If there are no cyclic 2-extensions
of Lx UX}_, in X4y, then X,  ULx and ¥} , ULy are (k,k — 1, 1)-regular
equivalent in (Xj_;, Y;_1). In the next round Duplicator uses the strategy SF. If there
is a cyclic 2-extension of LxUX}_| in X_,, then dx,_ l(ack |, X}_,) = 2. Moreover,
by the property of (k, k—2)-equivalence of X +_,and Yk_2 in (Xj_»,Yx ), the only

path of length 2 not coinciding with Lx but connecting mij with some vertex of

X }g_l satisfies the following property: either its endpoint (distinct from xﬁ:}) is not
one of m}H, e, xﬁ:f, or it equals one of the endpoints of Lx. Obviously, in the k-th
round, if Spoiler chooses a vertex from one of the graphs Lx U X ,lg_l, Ly U }~’kl_1,
then Duplicator wins by choosing the image of xi under an isomorphism of the
graphs. If Spoiler chooses a vertex outside those graphs so that it is adjacent to no
more than one of x}c, e, xi_l , then Duplicator has a winning strategy by Property

2) of Yj,. Obviously, there are no more than two vertices in {x}c, .. xllz 11 adjacent
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to xﬁ Finally, if xﬁ is adjacent to two of a:,lc, .. wk , then Duplicator chooses
a vertex of degree 2 either from Ly, or from Ly, and wins.

4.3.7. Strategy S, ,

Suppose that after the r-th round, r € {2,...,k — 2}, there exist induced
subgraphs )?,1 and 17}' of X, and Y, respectively such that }7} is cyclically 25" -max-
imal, z!,...,20 € V(X}), y.,...,y. € V(Y}), and there is an isomorphism
¢: X! =Y taking z, ..., z" to g}, ..., y} respectively. We have X! = X! ULy,
17}1 = T’Tl_l U Ly, where X1

1> Yl , have one common vertex with Ly and Ly re-

spectively; go|)~(rl : X! | = Y' | isan isomorphism; z!,...,z/"! are in V(X! |);
z; and y; are the endpomts of Ly and Ly and they do not belong to V()?;_l) and
V(?r[l) respectively. Finally, there is only one cyclic 2¥~"-extension Cx U )~(,C of
X", where Cy is a path of length [ € [25-7=1, 2k=T) connecting 7 with some non-
terminal vertex = of L. Besides that, [+e(Ly) = 25"+ and dx (z, z7)+1 = 2+,

Inthe (r+1)-stround, r € {1, ..., k—2}, Spoiler chooses :IJ:L If X, = X,,
thenset X!, = X}, Y, =Y. Otherwise, set X!, , = Y], V', | = X/ and rename
Ly =Ly, Ly := Ly.

r+1

Let 2,7} € V(X!,,). If X, = X,, then Duplicator chooses y | = p(z/1}).

r+1
If X, = Y,, then he chooses y;ﬂ =z :]Lr{

sions of ¥;! in Y,. There is a cyclic 2¥~"~!-extension of X! if and only if { = 257!

). There are no cyclic 2¥="~!-exten-

(moreover, the number of such extensions does not exceed one). Suppose that the
latter equality holds.
Let 2t} € X, \ Lx. Set X}, = X!, YL, =Y, if X1 = X,
and X!, =Y, Y, =Y |y, otherwise. Set Xq%+1 = ({mﬁ}},@) Y2, =
({y:i}} ). Obviously, dx, (X}, X7y ) =dy,, (V) Y7 ) =28 428 1>
> 2k=r=1 and, moreover, there are no cyclic 2¢~"~ 1—extens1ons of X! ra1 OF XT 4 in
X1, as well as there are no cyclic 2k-r=1_extension of V! i1 OF Y2 ey in Yo
Let x:ﬂ € Lx. Let d be the distance between m:ﬂ and the endpoint of Lx
which belongs to X! 41+ Denote a minimal path connecting those two vertices by L.
Suppose d < 287", Rename XTJrl = X! | ULy, YT+1 = (X!, U Lx),
if Xp41 = X;, and X}H =Y ULy, Y., := ¢'(Y', ULy), otherwise.
Set Xr+1 = ({miﬂ},@) o= ({y:i}}a@) Obviously, dx,,,( 7‘+1’X1%+1) =
= dy,. (Y} Y Y7, ) > 257"1. Moreover, there are no cyclic 25~"~!-extensions of
X! 4 or X2 41 in X, 1, as well as there are no cyclic 2¥-"!-extensions of Y 41 or

Yr+1 in Y.
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Suppose d > 2¥". If X,,; = X,, rename X’l =X |, Y7thl =Y,
and set X2, = Ly, YTJrl = go(LX) Otherwise, rename XlJrl =Y, Yr'Jrl =
= X}_, and set XJrl = Ly, Y+1 = ¢ !(Lx). Obviously, dX+1( 1> r+1) =

= dy,, (Y}, ,Y2,) > 2F" > 2¥7=1. Moreover, if d > 2%, then there are no
cyclic 25! -extensions of X! ri1 OF X’f 41 in Xy, as well as there are no cyclic
2k=r=1_extensions of Y+1 or YTZJrl inY,.

In each case the ordered tuples Xr+l, XTJrl and YTJrl Y2 -y are (k, r+1,2)-reg-
ular equivalent in (X,,,Y,.1). Thus, in the next round Duplicator can use the
strategy SF.

If in the latter case we have d = 28", then in the (r + 2)-nd round, after
Spoiler chooses 3:7, +2, Duplicator uses the strategy described in Section 4.3.8.

Finally, let { > 257! Then X!, and Y, | are (k, 7+ 1, 1)-regular equivalent.

Thus, in the (r 4 2)-th round Duplicator can use the strategy SF.

If 277! ¢ V( r+1) but z'T! is in the (only) cyclic 2¥~"-extension of Xr+1,

r+1 r+1
then denote a minimal path in X, connecting z;,, and a:::[: by Xf 1 1- Rename
(I . X! 1. ¥l
XrJrl =X 1>Yr+1 =Y, if X,y = X,, and Xy =Y YTJrl =X,

otherwise. By Property 2) Y, contains a vertex y:ﬂ and a path Y2 1 such that

a) dYT‘H(y:‘i’l’ T'+1) dY ( r+1° }/T-l+1) > 2k77‘71’
b) Xﬁ 4, and YT ., are isomorphic,

c) the corresponding isomorphism takes 21} to y/ 11,
d) there are no cyclic 2¥-"~! -extensions of Y? L in Y.

If dx, (2] a"t1) < 25=7=1 then there obviously are no cyclic 25~"~!-ex-

r+1° *¥r41
tensions of X? 41 in X, ;. The ordered tuples X! X% 41 and Yrl P

r+1°

(k, r + 1,2)-regular equivalent in (X,;,Y;y). Thus, in the (r 4+ 2)-nd round
Duplicator can use the strategy SF. If dx (7, , x:ﬂ = 2571 then in the
r+42

r + 2)-nd round, after Spoiler chooses x..} 5, Duplicator can use the strategy de-
r+2

Y? || are

scribed in Section 4.3.8.

Finally, suppose :vr +1 belongs neither to V( N +l) nor to any cyclic 25" -ex-
tension of X! . If dx,,, (z/T}, X!, ) < 25", then redefine Ly to be a minimal
path connectlng z, +{ and some vertex of XT 1 1- Obviously, there are no cyclic
2k=r=1_extensions of XT 11 YLy in X, . By Property 2) Y, contains a vertex
Y/} such that
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+1 +1
) dY ( r—}—l’y:—i-l) _er+1(X71'+l’ :—H
b) there is an 1somorph1sm LyUX! vl — Ly U YJrl taking z!
yr PPN yr +1 respectively,

c) (Lyu Yr—i—l’ Yr+l

where Ly is a minimal path connecting y:i{ and Y+1 in Y., ;. Obviously, X'r—H :

= ~7‘n+1 U Ly and YT'H = YT'H U Ly are (k,r + 1, 1)-regular equivalent in

r+1

r+1> o Fr4l

) is cyclically 2¥="=!-maximal,

(Xr+1, Yrq1). Therefore, in the (r + 2)-nd round Duplicator can use the strat-

egy SF. Finally, if dx, (z :i},XiJrl) > 2k=m=1_ then denote by )~(f+1 the only

cyclic 2k==1_extension of ({x:ﬂ} @) (if there are no such extensions, then set
X2, = ({211}, 2)). We have dyx, ,,( T_H,X}H) > 2k=r=1_ By Property 2) Y,

contains a vertex y:ﬂ and a subgraph Y "1 such that
a) dy,, (V2. V) =251+,
b) there is an isomorphism XT o Y ., taking m:j:} to y:i{,

c) there are no cyclic 2k=r=1_extensions of Y o in Y.
Obviously, the ordered tuples X 12 X2 4, and Y! L2 Y2 "\, are (k,r + 1,2)-regular
equivalent in (X, , Y,1). Therefore, in the (r 4+ 2)-nd round Duplicator can use
the strategy SF.

4.3.8. The next round strategy

If X, = Xpp1, thenset X}, = X1, X2, = X2, VL, =YL, ¥}

r+1> “Fr42 T Pl Tr42 T T4 r+2 -

72 32 2 1 Yl oy
= Y;,,. Otherwise, set Xr+2 Yr+1’ X =Y, Yr—|—2 = X'r—H’ Vi, = Xr+1
Let ¢ : XrJr2 U Xr+2 - Yl ', be an isomorphism taking z,,, ... :ié to
Yl s, ..., Yl T) respectively. If x:ﬁ € V(X! '1), then Duplicator chooses Y3 =

= p(x :ﬁ) If 7 = k — 2, then Duplicator wins. If 7 < k — 2, then, there obviously

are no cyclic 25~"~2-extensions of X! 4, Or X2 1, in X, 45, as well as there are no
2k=r=2_extensions of Y 1, Or Y ", in Y, 15, Thus, the ordered tuples XT 12 X2 2
and Y! 2> YT ", are (k,r +2,2)-regular equivalent in (X,,,, Y, ). Therefore, in
the (r + 3)-rd round Duplicator can use the strategy SF.

Suppose a:r 1 belongs to the only cyclic 27! -extension of Xf 2 Let ZX be
a path of minimal length with endpoints coinciding with those of XT 1, such that
15 isin V(Lx). ObV1ously, there is an isomorphism 3 : X! ,ULx — V' ,UY?,
taking miﬁ, e T+2 to yT+2, ... ,yr+2 Thus, if » = k — 2, then Duplicator wins.
If r < k — 2, then, obviously, the ordered tuples Xr+2, Xf+2 = ZX and Y+2, YTJr2
are (k,r + 2,2)-regular equivalent in (X,,, Y,1,). Therefore, in the (r + 3)-rd
round Duplicator can use the strategy SF.
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Suppose z'12 does not belong to the cyclic 25! -extension of X2 Z., and

r42
dx, H(m:ﬁ, X!, ,UX2,,) < 2¥"2 Let Ly be a minimal path connecting x:ﬁ and

X!,,UX2,,. Obviously, there are no cyclic 2¥~"~2-extensions of X! ,UX?,,ULx
in X,,. By property 2) Y, , contains a vertex y:ﬁ such that

+2 +2
) dY ( r+2 1/7‘2+2’ y77:+2 er+1( r+2 U Xr+2’ :+2)
b) there is an 1s2omorphlsm Lx U XIJr2 U X2+2 — Ly U Y+2 U Y+2 taking
miﬂ, e :12 to y}H, e ,y:+2 respectively,

¢) (Lyu 17] Yr2+2, ?1"14—2 U Y+2) is cychcally 2k=r=2 _maximal,
where Ly isa mlmmal path connecting yr 2 and YT +2 U Y |, in Yr+2 Ifr=k-2,
then Duplicator wins. If r < k-2, then, obviously, Xr 4= =X 2 UXT o) ULy and
YT+2 = Y+2UYT2+2UZY are (k, r+2, 1)-regular equivalent in (X, ,, 7‘+2)' Thus,
in the (r + 3)-rd round Duplicator can use the strategy SF. Finally, if wr +2 is not in
the cyclic 2¥~"~!-extension of X2_, and dx,,,(z/ 15, X!, U X2 ,) > 252, then
denote by X> 742 the only cyclic 2k=r=2_extension of ({a::ﬁ ) (if there are no such
extensions, then set X,nJr2 = ({m:ﬁ} @)). Obviously, dx, +2( 2 XrJr2 U Xr+2)
> 2k=7=2_ By Property 2) Y1, contains a vertex y:ig and a subgraph Y3 4o such

that

a) d +z( 7425 r+2 U r+2) =22 4,

b) there is an isomorphism X3, — Y2, taking z,13 to y/ 13,

c) there are no cyclic 2¥~"~2-extensions of Yf iy
If » = k — 2, then Duplicator wins. If » < k — 2, then, obviously, the ordered
tuples X! ,, X2, ,, X2, and V' ,, Y2, ,, Y, are (k, r+2, 3)-regular equivalent in
(X142, Yry2). Therefore, in the (r+3)-rd round Duplicator can use the strategy SF.

5. Extended law

Theorem 2.3 can be extended in the following way.

a
THEOREM 5.1. Let k and b be arbitrary natural numbers, k > 3. Let 3 be a pos-
1
itive rational number in reduced form and let &« = 1 — ——— . Denote v =
261 +a/b

= max{1, 25=! — b} and suppose a € {v,v+1,...,251}. Then o ¢ S3.

The proof of Theorem 5.1 is almost the same as the proof of Theorem 8
from [14]. For this reason we do not give it here. The idea of that proof is based
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upon the following observation. Since Duplicator has a winning strategy in the game
EHR(G, H, k) for all pairs (G, H) such that G, H € S (see Section 4.3.3), by
Theorem 4.2 it suffices to show that for every o from the statement of Theorem 5.1
there is an € such that P(G(n, p) € §) — 1 as n — oo for each p € [n™*7¢, n=**¢]
(see the proof of Theorem 8 from [14]).
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