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Abstract: The purpose of this paper is to improve a result of Conlon about the existence of rainbow
solutions of linear equations in n variables with coefficients in Z/pZ, see [3]. To obtain his result,
Conlon proves an inverse theorem, and then he demonstrates the existence of a rainbow solution.
In this paper we establish an inverse theorem, and then we proceed to demonstrate a theorem on
existence of rainbow solutions under weaker conditions than those in Conlon’s work.

Keywords: Inverse theorem, Anti-Ramsey theory

AMS Subject Classification: 11B75,05D10

Received: 31.03.2016; revised: 30.01.2017

1. Introduction

Let p be a prime number bigger than 3 . We denote by Z/pZ the set of congruence
classes modulo p, and we write (Z/pZ)� := (Z/pZ)nf0g. For any X and Y subsets
of Z/pZ and r 2 Z/pZ, set

X+ Y := fx+ y : x 2 X, y 2 Yg and rX := frx : x 2 Xg.

For any n 2 N, an n�coloring of Z/pZ is a partition Z/pZ =
Sn
i=1 Xi such

that Xi is not empty for each i 2 f1, . . . , ng; for each i 2 f1, . . . , ng, Xi is known
as a color class. We say that a subset Y of Z/pZ is rainbow with respect to the
n�coloring Z/pZ =

Sn
i=1 Xi if Y intersects each color class; if it is clear which

coloring we are talking about, we simply say that Y is rainbow. In the case where
n = 3 , Jungić et al. proved the following statement.
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Theorem 1.1. Let a1 , a2 , a3 2 (Z/pZ)� be not all equal and b 2 Z/pZ. For any
3�coloring with the property that each color class has at least 4 elements, there is
a rainbow subset fz1 , z2 , z3g of Z/pZ such that a1z1 + a2z2 + a3z3 = b.

Proof. See [8]. �

Later Conlon demonstrated the following theorem.

Theorem 1.2. Let n2N�4 be such that p�3n2�4n�3 . Take a1 , . . . ,an2 (Z/pZ)�

not all equal and b 2 Z/pZ. For any n�coloring with the property that each color
class has at least n elements, there is a rainbow subset fz1 , . . . , zng of Z/pZ such

that
nP
i=1

aizi = b.

Proof. See [3]. �

The proof of the previous theorem is based on an inverse theorem. We need
some notation to state it. For all m 2 Z, we denote by m its projection in Z/pZ.
We write

Γ = Γ(p) := fm 2 Z : 0 � m � p� 1g;

thus Γ contains one and only one representative of each class of Z/pZ. For any
x, y 2 Z/pZ, let k 2 Γ be such that k = y� x and set

[x, y] :=
�
x+ i 2 Z/pZ : i 2 Γ, i � k

	
which is called an interval. For all r 2 (Z/pZ)� and l 2 N, an arithmetic progression
with difference r and length l is a subset X of Z/pZ such that there are x, y 2 Z/pZ
satisfying that X = r[x, y] and l = jXj.

Theorem 1.3. Let n 2 N�3 be such that p � 3n2 � 4n � 3 . Take X1 , . . . , Xn

subsets of Z/pZ such that min
1�i�n

jXij � n+ 1 and
nP
i=1

jXij � p� 1 . If�����
nX
i=1

Xi

����� �
nX
i=1

jXij,

then all the Xi are contained in arithmetic progressions with the same common difference
and length at most jXij+ n� 1 .

Proof. See [3]. �
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In Theorem 1.3 it is allowed that the subsets X1 , . . . , Xn intersect. However,
when we are working with n�colorings Z/pZ =

Sn
i=1 Xi , we have that the subsets

X1 , . . . , Xn are pairwise disjoint. Proceeding in this direction, we state the first
main result of this paper which is an inverse theorem and it will be used to
improve Theorem 1.1 and Theorem 1.2. We denote by Sn the set of permutations
of f1, . . . , ng.

Theorem 1.4. Let n 2 N�2 and a1 , . . . , an 2 (Z/pZ)� be not all equal. Take
X1 , . . . , Xn pairwise disjoint subsets of Z/pZ such that min

1�i�n
jXij � 4 .

i) If jX1j+ jX2j � p� 6 and

j(a1X1 + a2X2 ) [ (a2X1 + a1X2 )j � jX1j+ jX2j,

then a1 = �a2 and there are r, x, y, z, w 2 Z/pZ such that

fX1 , X2g =
�
r[x, y], r[y+ z, x� z] n fwg	.

ii) If n � 3 and
nP
i=1

jXij � p� 2 , then

����� [
σ2Sn

nX
i=1

aσ(i)Xi

����� >
nX
i=1

jXij.

The size of the sums of dilations has been study widely in the last few years,
see [1]. In particular, there have been interesting results in groups of prime order,
see [9], [10]. It was kindly remarked by the referee that Theorem 1.4 gives a (small)
contribution to this area when the sets are pairwise disjoint. It would be interesting
to know if some of the ideas of this paper can be used in further research about the
size of the sums of dilations.

Theorem 1.4 is the main tool of the second main result of this paper which is
the following theorem and it improves Theorem 1.1 and Theorem 1.2.

Theorem 1.5. Let n 2 N�3 . Take a1 , . . . , an 2 (Z/pZ)� not all equal and
b 2 Z/pZ. For any n�coloring with the property that each color class has at least 4

elements, there is a rainbow subset fz1 , . . . , zng of Z/pZ such that
nP
i=1

aizi = b.

There are two remarks that need to be done about the assumptions of Theo-
rem 1.5. The first one is that if we allow a1 = a2 = . . . = an , then the conclusion
of Theorem 1.5 is not always true, see [7, Thm. 5]. The second point is that the
conclusion of Theorem 1.5 is not always true if we allow some color classes to have
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exactly one element, see [7, Thm. 6]. However, we think that maybe the conclusion
of Theorem 1.5 holds if each color class has at least 2 elements (but much more
effort would need to be done).

This paper is organized in the following way. In Section 2 we recall some
additive number theory results, and, at the end of this section, we demonstrate an
inverse result needed later. In Section 3 we develop some tools about almost arith-
metic progressions used in the forthcoming sections. In Section 4 we demonstrate
Theorem 1.4 when n = 2 . Then we show Theorem 1.4 when n = 3 in Section 5.
The proof of Theorem 1.4 is done by induction; however, to complete the induction,
we need to solve some particular cases when n > 3 and this is done in Section 6.
The proof of Theorem 1.4 is completed in Section 7 and the proof of Theorem 1.5,
which is a straightforward consequence of Theorem 1.4, is finished in Section 8.

2. Additive number theory

Before we start stating the inverse theorems used in this paper, we recall the Cauchy-
Davenport Theorem.

Theorem 2.1. Let X1 and X2 be nonempty subsets of Z/pZ such that X1+X2 6= Z/pZ.
Then

jX1 +X2j � jX1j+ jX2j � 1.

Proof. See [2, 4, 5]. �

For r 2 (Z/pZ)� , a subset X of Z/pZ is an almost arithmetic progression with
difference r if there are an arithmetic progression Y with difference r and y 2 Z/pZ
such that X = Y n fyg. We remark some trivial facts about almost arithmetic
progressions.

Remark 2.1. Let X be a subset of Z/pZ and r 2 (Z/pZ)� .

i) X is an almost arithmetic progression with difference r if and only if there are
x, y, z 2 Z/pZ such that X = r[x, y] n fzg.

ii) X is an almost arithmetic progression with difference r if and only if X is an
almost arithmetic progression with difference �r (since r[x, y] = (�r)[�y, �x]
for all x, y 2 Z/pZ).

iii) If X 6= Z/pZ and X is an arithmetic progression with difference r, then it is an
almost arithmetic progression with difference r.
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Let r 2 (Z/pZ)� . The family of arithmetic progressions with difference r will be
denoted by AP(r) , and the family of almost arithmetic progressions with difference r
will be denoted by AAP(r) . With this notation we restate the well-known theorems
of Vosper and Hamidoune-Rødseth.

Theorem 2.2. Let X1 and X2 be subsets of Z/pZ such that minfjX1j, jX2jg � 2
and

jX1 +X2j = jX1j+ jX2j � 1 � p� 2.

Then there is r 2 (Z/pZ)� such that X1 , X2 2 AP(r) .

Proof. See [11]. �

Theorem 2.3. Let X1 and X2 be subsets of Z/pZ such that minfjX1j, jX2jg � 3
and

7 � jX1 +X2j = jX1j+ jX2j � p� 4.

Then there is r 2 (Z/pZ)� such that X1 , X2 2 AAP(r) .

Proof. See [6]. �

Another inverse result needed in Section 5 is the following statement.

Lemma 2.1. Let X and Y be subsets of Z/pZ such that jXj � 4 and X+Y 6= Z/pZ.
Assume that X 2 AP(r) for some r 2 (Z/pZ)� . If

jX+ Y j � jXj+ jY j+ 1,

then there are z, w, u, v 2 Z/pZ such that Y = r[z, w] n fu, vg.

Proof. We assume that r = 1 (otherwise we consider r�1X and r�1Y instead
of X and Y respectively). Furthermore, translating X if necessary, we assume that
X = [0, x] for some x 2 Z/pZ. Write Y =

Sn
i=1 [zi, wi] such that

� For all i, j 2 f1, . . . , ng, [zi � 1, wi + 1] \ [zj, wj] = ∅ if i 6= j.

� For all i 2 f1, . . . , n�1g, [wi+1, zi+1�1]\Y = ∅ and [wn+1, z1�1]\Y = ∅.

In particular, Z/pZnY = [wn+1, z1�1][Sn�1
i=1 [wi+1, zi+1�1] . If [zn, wn+x]\

\ [z1 , w1 ] 6= ∅ and [zi, wi + x] \ [zi+1 , wi+1 ] 6= ∅ for each i 2 f1, . . . , n � 1g,
then [zn, wn + x] � [wn + 1, z1 � 1] and [zi, wi + x] � [wi + 1, zi+1 � 1] for each
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i 2 f1, . . . , n� 1g. Thus, in this case,

X+ Y =

n[
i=1

[zi, wi + n] � [wn + 1, z1 � 1] [
n�1[
i=1

[wi + 1, zi+1 � 1] = Z/pZ n Y .

However, this is impossible since Y � X+Y and X+Y 6= Z/pZ. Hence we assume
without loss of generality that [zn, wn + x] \ [z1 , w1 ] = ∅ and therefore

[wn + 1, wn + x] � (X+ Y ) n [z1 , wn]. (1)

For all i 2 f1, . . . , n�1g, define Zi := [wi+1, wi+3] if j[wi+1, zi+1�1]j > 3 and
Zi := [wi + 1, zi+1 � 1] otherwise. Note that jZij � 1 for each i 2 f1, . . . , n� 1g.
Since jXj � 4 , we have that [0, 3] � X and therefore

n�1[
i=1

Zi � (X+ Y ) \ [z1 , wn].

By the construction of the subsets Zi and (1), we have that

Z := Y [
n�1[
i=1

Zi [ [wn + 1, wn + x]

is a disjoint union. Furthermore, since Y = 0 + Y � X + Y, we have that Z is
a subset of X+ Y, and then

nX
i=1

jZij = jZj � j[wn + 1, wn + x]j � jY j

= jZj � (jXj � 1) � jY j
� jX+ Y j � (jXj � 1) � jY j
� 2. (2)

From (2) we have that n � 2 , and thereby Zi = [wi + 1, zi+1 � 1] for all
i 2 f1, . . . , n � 1g. Taking z = z1 and w = wn , by (2), we have the exis-
tence of u, v 2 Z/pZ such that Y = [z, w] n fu, vg as desired. �
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3. Almost arithmetic progressions

In the previous section we defined the almost arithmetic progressions. In this section
we continue studying their properties.

Lemma 3.1. Let X and Y be nonempty subsets of Z/pZ and d 2 Z/pZ. If X � Y

and jY nXj � 1 , then ��j(Y + d) n Y j � j(X+ d) nXj
�� � 1.

Proof. For any subset Z of Z/pZ,

j(Z + d) n Zj = jZj � j(Z + d) \ Zj. (3)

If jY n Xj = 0 , the statement is trivial. Therefore, from now on, we assume that
Y nX 6= ∅. Let x 2 Y nX, so that Y = X [ fxg. Note that

j(Y + d) n Y j =j((X [ fxg) + d) n (X [ fxg)j
=j(X+ d) n (X [ fxg)j
+ jfx+ dg n (X [ fxg)j

�
since x 62 X

�
=jX+ dj � j(X+ d) \ (X [ fxg)j
+ jfx+ dgj � jfx+ dg \ (X [ fxg)j

�
by (3)

�
=jX+ dj � j(X+ d) \Xj � j(X+ d) \ fxgj
+ 1 � jfx+ dg \ (X [ fxg)j

�
since x 62 X

�
=j(X+ d) nXj � j(X+ d) \ fxgj+ 1

� jfx+ dg \ (X [ fxg)j.
�

by (3)
�

(4)

Since ���1 � j(X+ d) \ fxgj � jfx+ dg \ (X [ fxg)j
��� � 1,

the claim is a consequence of (4). �

Recall that

Γ := fm 2 Z : 0 � m � p� 1g,
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and also recall that m is the projection of m 2 Z into Z/pZ.

Lemma 3.2. Let d 2 Z/pZ and X 2 AP(1) . If m 2 Γ is such that m = d, then

j(X+ d) nXj = minfm, p�m, jXj, p� jXjg.

Proof. If jXj � p� jXj, then

j(X+ d) nXj =

8>>><>>>:
m if d 2 �0, . . . , jXj	;

jXj if d 2 �jXj, . . . , p� jXj	;

p�m if d 2 �p� jXj, . . . , p� 1
	

.

If jXj � p� jXj, then

j(X+ d) nXj =

8>>><>>>:
m if d 2 �0, . . . , p� jXj	;

p� jXj if d 2 �p� jXj, . . . , jXj	;

p�m if d 2 �jXj, . . . , p� 1
	

.

In any case our claim is true. �

Lemma 3.3. Let d 2 Z/pZ and X 2 AAP(1) . If m 2 Γ is such that m = d, then

j(X+ d) nXj � minfm, p�m, jXj, p� jXjg � 2.

Furthermore, if

minfm, p�m, jXj, p� jXjg 6= p� jXj,

then

j(X+ d) nXj � minfm, p�m, jXj, p� jXjg � 1.

Proof. Let Y 2 AP(1) and y 2 Z/pZ be such that X = Y n fyg. Note that X � Y

and jY nXj � 1 ; then Lemma 3.1 yields��j(Y + d) n Y j � j(X+ d) nXj
�� � 1. (5)

On the one hand,

minfm, p�m, jY j, p� jY jg � minfm, p�m, jXj, p� jXjg � 1, (6)
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and the first claim follows from Lemma 3.2, (5) and (6).
On the other hand, if

minfm, p�m, jXj, p� jXjg 6= p� jXj,

then

minfm, p�m, jY j, p� jY jg � minfm, p�m, jXj, p� jXjg. (7)

Thus the second claim follows from Lemma 3.2, (5) and (7). �

In several parts of the proof of Theorem 1.4, the following two lemmas will be
used.

Lemma 3.4. Let X be a subset of Z/pZ such that 2 � jXj � p�2 and r, t 2 (Z/pZ)� .
If X, tX 2 AP(r) , then t 2 f�1g.

Proof. Assume, without loss of generality, that r = 1 (otherwise we take r�1X

instead of X). Since X 2 AP(1) , there are x, y 2 Z/pZ such that X = [x, y] and
therefore

j(X+ 1) nXj = j[x+ 1, y+ 1] n [x, y]j = 1. (8)

Let m 2 Γ be such that m = t. From Lemma 3.2

minfm, p�m, jXj, p� jXjg = minfm, p�m, jtXj, p� jtXjg
= j(tX+ t) n tXj
= j(X+ 1) nXj. (9)

From (8) and (9),

minfm, p�m, jXj, p� jXjg = 1;

however, the inequality 2 � jXj � p� 2 implies that

minfm, p�mg = 1

so m 2 f1, p� 1g and finally t 2 f�1g. �

Lemma 3.5. Let X be a subset of Z/pZ such that 4 � jXj � p�5 and r, t 2 (Z/pZ)� .
If X, tX 2 AAP(r) , then t 2 f�1g.
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Proof. Assume without loss of generality that r = 1 (otherwise we take r�1X instead
of X). Since X 2 AAP(1) , there are x, y, z 2 Z/pZ such that X = [x, y] n fzg and
therefore

j(X+ 1) nXj =
���[x+ 1, y+ 1] n fz+ 1g� n �[x, y] n fzg��� � 2. (10)

Let m 2 Γ be such that m = t. Now we show that minfm, p�m, jXj, p� jXjg 6=
6= p� jXj by contradiction. Assume that minfm, p�m, jXj, p� jXjg = p� jXj.

Since tX 2 AAP(1) , the first claim of Lemma 3.3 yields

p� jXj � 2 = minfm, p�m, jXj, p� jXjg � 2

= minfm, p�m, jtXj, p� jtXjg � 2

� j(tX+ t) n tXj
= j(X+ 1) nXj. (11)

Hence (10) and (11) lead to

p� 4 � jXj

and this contradicts the inequality jXj � p�5 . Thus minfm, p�m, jXj, p�jXjg 6=
6= p� jXj. The second claim of Lemma 3.3 yields

minfm, p�m, jXj, p� jXjg � 1 = minfm, p�m, jtXj, p� jtXjg � 1

� j(tX+ t) n tXj
= j(X+ 1) nXj. (12)

From (10) and (12),

minfm, p�m, jXj, p� jXjg � 3,

and thereby the inequalities 4 � jXj � p� 5 let us conclude that

minfm, p�mg = minfm, p�m, jXj, p� jXjg � 3. (13)

We show that m 6= 2 by contradiction. If m = 2 , then t = 2 , and therefore
2X = 2([x, y] n fzg) 2 AAP(1) ; however, this will mean that j[x, y]j � 2 or
j[x, y]j � p � 3 which is impossible due to the inequality 4 � jXj � p � 5 . In
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the same way it is proven that m 62 f3, p � 2, p � 3g. From (13) we conclude that
m 2 f1, p� 1g and consequently t 2 f�1g. �

With similar ideas to the ones used in the previous lemmas, we demonstrate
the following claim used in Section 4.

Lemma 3.6. Let X and Y be subsets of Z/pZ such that 6 � jXj � p � 6 , X � Y

and jY n Xj � 1 . Take r, s 2 (Z/pZ)� . If X 2 AAP(r) and Y 2 AAP(s) , then
r 2 f�sg.

Proof. Assume without loss of generality that s = 1 (otherwise we take s�1X and
s�1Y instead of X and Y respectively). Since Y 2 AAP(1) , there are x, y, z 2 Z/pZ
such that Y = [x, y] n fzg, and therefore

j(Y + 1) n Y j =
���[x+ 1, y+ 1] n fz+ 1g� n �[x, y] n fzg��� � 2. (14)

Furthermore, Lemma 3.1 yields

j(X+ 1) nXj � j(Y + 1) n Y j+ 1,

and then (14) leads to

j(X+ 1) nXj � 3. (15)

Let m 2 Γ be such that m = r�1 . Since X 2 AAP(r) , we have that r�1X 2 AAP(1)
and the first claim of Lemma 3.3 yields

minfm, p�m, jXj, p� jXjg � 2 = minfm, p�m, jr�1Xj, p� jr�1Xjg � 2

� j(r�1X+ r�1 ) n r�1Xj
= j(X+ 1) nXj. (16)

From (15) and (16)

minfm, p�m, jXj, p� jXjg � 5,

and then, from the inequalities 6 � jXj � p� 6 , we conclude that

minfm, p�mg � 5. (17)

We show that m 6= 2 by contradiction. If m = 2 , then r = 2�1 . With this value of r,
if X is contained in an almost arithmetic progression Z with difference 1 such that
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jZ nXj � 1 , then jZj � p � 3 or jZj � 3 . This would mean that X * Y which is
impossible. In the same way it is proven that m 62 f3, 4, 5, p�2, p�3, p�4, p�5g;
then m 2 f1, p� 1g by (17), and finally r 2 f�1g. �

For all x 2 R, we denote by [x] its integral part. The following result is
a technical lemma that will be used in the proof of Lemma 3.8 which is very
important in the proof of Theorem 1.4.

Lemma 3.7. Let w, z 2 Z/pZ and t 2 (Z/pZ)� . Take m 2 Γ such that m = t�1 . If
i, j 2 Γ are such that 0 � i, j � m� 1 and (w+ i)t, (w+ j)t 2 �z, z+ [ pm ] � 1

�
,

then i = j.

Proof. If (w+i)t, (w+j)t 2 �z, z+[ pm ]�1
�

, then (w�t�1z+i)t, (w�t�1z+j)t 2
2 �0, [ pm ]�1

�
, and consequently either f0, (i�j)tg � �0, [ pm ]�1

�
or f0, (j�i)tg �

� �0, [ pm ]�1
�

; we assume, without loss of generality, that f0, (i�j)tg � �0, [ pm ]�1
�

.
Thus there exist l, n, a, q, b 2 Γ such that b � [ pm ] � 1 and

n = t,

l = i� j,

b = t(i� j),

mn = qp+ 1,

ln = ap+ b.

Since 0 � i, j � m� 1 , we get that 0 � l < m and then

a < q. (18)

Now see that

lqp+ l = l(qp+ 1)

= lmn

= mln

= m(ap+ b)

= amp+mb,

and, since l, mb 2 Γ , we arrive to the equalities

l = mb and lq = am. (19)
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Now (19) leads to

am = mbq

and therefore

a = bq. (20)

By (18) and (20), we conclude that a = b = 0 and thereby i = j. �

The following lemma is very important in the proof of Theorem 1.4. For
arbitrary r, s 2 (Z/pZ)� , it bounds the cardinality of an arithmetic progression with
difference s which contains an arithmetic progression with difference r.

Lemma 3.8. Let x, y, z, w 2 Z/pZ, r, s 2 (Z/pZ)� and Y be a subset of [z, w] .
Take m 2 Γ such that m = r�1s. If r[x, y] = s([z, w] n Y ) , then

jY j+ 1 � min
�
p�m, m, j[x, y]j, p� j[x, y]j	.

Furthermore, if j[x, y]j � minfm, p�mg, then

j[z, w]j �
� j[x, y]j

minfm, p�mg

�
+ (minfm, p�mg � 1)

�
p

minfm, p�mg

�
.

Proof. We start by proving the first claim. Write [z, w] n Y =
Sn
i=1 [zi, wi] where

[zi � 1, wi + 1] \ [zj, wj] = ∅ if i 6= j. Note that n � jY j, and therefore����s([z, w] n Y ) + s
� n s([z, w] n Y )

��� = ����([z, w] n Y ) + 1
� n ([z, w] n Y )

���
� n+ 1

� jY j+ 1. (21)

On the other hand, Lemma 3.2 implies����r[x, y] + s
� n r[x, y]

��� = ����[x, y] + r�1s
� n [x, y]

���
= min

�
p�m, m, j[x, y]j, p� j[x, y]j	. (22)

The first claim follows from (21) and (22) since r[x, y] = s([z, w] n Y ) .
We start the proof of the second statement. We divide it into two cases.
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� First we assume that

m = minfm, p�mg. (23)

For all u 2 Z/pZ, define

L(u) := rs�1 [x, y] \
"
u, u+

�
p

m

�
� 1

#
;

M(u) := rs�1 [x, y] \
"
u+ (m� 1)

�
p

m

�
, u� 1

#
.

Now see that Z/pZ is equal to the disjoint union 
m�2[
i=0

"
u+ i

�
p

m

�
, u+ (i+ 1)

�
p

m

�
� 1

#!
[
"
u+ (m� 1)

�
p

m

�
, u� 1

#

and therefore, intersecting with rs�1 [x, y] , we obtain that

rs�1 [x, y] =

 
m�2[
i=0

L

 
u+ i

�
p

m

�!!
[M(u) (24)

where the left-hand side union is also disjoint. For all j 2 Γ such that 0 � j � m�2 ,

Lemma 3.7 implies that if v 2 Z/pZ is such that rs�1v 2 L�u+ j
�
p
m

��
, then,

for all i 2 Γ such that 1 � i � m� 1 , we have that rs�1 (v+ i) 62 L�u+ j� pm��.

Thus, by the Pigeonhole Principle and (24), for all v 2 Z/pZ such that�
v, v+m� 1

� � [x, y] , we have that M(u) has an element of rs�1
�
v, v+m� 1

�
;

consequently

jM(u)j � j[x, y]j
m

. (25)

Since r[x, y] � s[z, w] , we have that s[w+ 1, z� 1] � Z/pZ n r[x, y] and then

[w+ 1, z� 1] � Z/pZ n rs�1 [x, y]. (26)

By the Pigeonhole Principle, there is no interval Z with jZj < (m � 1)
�
p
m

�
containing all the points rs�1x, rs�1 (x + 1), . . . , rs�1 (x + m� 2) (otherwise
we contradict Lemma 3.7). Thus, since j[x, y]j � minfm, p � mg = m, the
previous assertion yields rs�1 [x, y] is not contained in an interval Z when
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jZj < (m� 1)
�
p
m

�
, and consequently

j[w+ 1, z� 1]j � p� (m� 1)
�
p

m

�
.

Thus there is u0 2 Z/pZ such that

[w+ 1, z� 1] �
"
u0 + (m� 1)

�
p

m

�
, u0 � 1

#
.

Note that [w+ 1, z� 1] and M(u0 ) are disjoint by (26). Hence

j[w+ 1, z� 1]j �
�����
"
u0 + (m� 1)

�
p

m

�
, u0 � 1

#������ jM(u0 )j

= p� (m� 1)
�
p

m

�
� jM(u0 )j

� p� (m� 1)
�
p

m

�
� j[x, y]j

m
.

�
by (25)

�
(27)

Finally,

j[z, w]j =p� j[w+ 1, z� 1]j

�p�
 
p� (m� 1)

�
p

m

�
� j[x, y]j

m

! �
by (27)

�
�
� j[x, y]j

m

�
+ (m� 1)

�
p

m

�
=

� j[x, y]j
minfm, p�mg

�
+ (minfm, p�mg � 1)

�
p

minfm, p�mg

�
.

� Now we assume that (23) is false (in other words, minfm, p�mg 6= m). Note
that

(�r)[�y, �x] = r[x, y] = s([z, w] n Y ),
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and p�m is the element of Γ with the property that p�m = (�r)�1s. Moreover,
since (23) is false, we have that

p�m = minfm, p�mg = minfp� (p�m), p�mg.

Thus we may apply the previous case to find a lower bound of j[z, w]j taking
[�y, �x] (resp. (�r)�1s, p�m) instead of [x, y] (resp. r�1s, m), and we get
that

j[z, w]j �
� j[�y, �x]j

(p�m)

�
+ ((p�m) � 1)

�
p

p�m

�
=

� j[x, y]j
minfm, p�mg

�
+ (minfm, p�mg � 1)

�
p

minfm, p�mg

�
.

�

4. Case n = 2

In this section we show Theorem 1.4 when n = 2 . First we prove the following
statement.

Lemma 4.1. Let a1 , a2 2 (Z/pZ)� be such that a1 62 f�a2g. Take X1 and X2

disjoint subsets of Z/pZ such that minfjX1j, jX2jg � 4 and jX1j + jX2j � p � 6 .
Then

j(a1X1 + a2X2 ) [ (a2X1 + a1X2 )j > jX1j+ jX2j.

Proof. Write

X := (a1X1 + a2X2 ) [ (a2X1 + a1X2 ) and Y := (a1X1 + a2X2 ) \ (a2X1 + a1X2 ).

We assume that the claim is false and we will get a contradiction. Thus assume that

jXj � jX1j+ jX2j. (28)

Theorem 2.1, applied to the sumsets ja1X1 + a2X2j and ja2X1 + a1X2j, yields

minfja1X1 + a2X2j, ja2X1 + a1X2jg � jX1j+ jX2j � 1,

and then (28) leads to

ja1X1 + a2X2j, ja2X1 + a1X2j, jXj 2 fjX1j+ jX2j � 1, jX1j+ jX2jg. (29)

We have two cases.
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� Assume that

ja1X1 + a2X2j = ja2X1 + a1X2j = jX1j+ jX2j � 1. (30)

The equality ja1X1 + a2X2j = jX1j + jX2j � 1 implies, by Theorem 2.2, the
existence of r 2 (Z/pZ)� such that a1X1 , a2X2 2 AP(r) . In the same way the
equality ja2X1 + a1X2j = jX1j + jX2j � 1 yields the existence of s 2 (Z/pZ)�

such that a2X1 , a1X2 2 AP(s) . Thus a1X1 , (rs�1a2a
�1
1 )a1X1 2 AP(r) . Then,

from Lemma 3.4, we conclude that rs�1a2a
�1
1 2 f�1g and then

ra2 2 f�sa1g. (31)

Also a2X2 , (rs�1a1a
�1
2 )a2X2 2 AP(r) . Hence, from Lemma 3.4, we deduce that

rs�1a1a
�1
2 2 f�1g and therefore

ra1 2 f�sa2g. (32)

Since a1 62 f�a2g, we get from (31) and (32) that

r2 = �s2 . (33)

We have that

jXj+ jY j = ja1X1 + a2X2j+ ja2X1 + a1X2j;

this equality, (29) and (30) imply that jY j � jX1j+ jX2j � 2 . In particular, since
Y � a2X1 + a1X2 and a2X1 + a1X2 2 AP(s) , we have that Y 2 AAP(s) . In the
same way we deduce that Y 2 AAP(r) . We conclude that Y , rs�1Y 2 AAP(r) ,
and then Lemma 3.5 implies rs�1 2 f�1g contradicting (33).

� Assume that (30) is false. Suppose, without loss of generality, that

ja1X1 + a2X2j = jX1j+ jX2j. (34)

The equality ja1X1 +a2X2j = jX1j+ jX2j implies, by Theorem 2.3, the existence
of r 2 (Z/pZ)� such that a1X1 ,a2X22AAP(r) . If ja2X1+a1X2j=jX1j+jX2j�1 ,
Theorem 2.2 yields the existence of s 2 (Z/pZ)� such that a2X1 , a1X2 2 AP(s) .
If ja2X1 +a1X2j = jX1j+ jX2j, Theorem 2.3 yields the existence of s 2 (Z/pZ)�

such that a2X1 , a1X2 2 AAP(s) . In any case there is s 2 (Z/pZ)� such that
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a2X1 , a1X2 2 AAP(s) . Now see that a1X1 , (rs�1a2a
�1
1 )a1X1 2 AAP(r) . Then,

from Lemma 3.5, we conclude that rs�1a2a
�1
1 2 f�1g, and hence

ra2 2 f�sa1g. (35)

Also a2X2 ,(rs�1a1a
�1
2 )a2X22AAP(r) . From Lemma 3.5 we see that rs�1a1a

�1
2 2

2 f�1g and therefore

ra1 2 f�sa2g. (36)

Since a1 62 f�a2g, we obtain from (35) and (36) that

r2 = �s2 . (37)

If

ja2X1 + a1X2j = jX1j+ jX2j,

then (29) leads to

a2X1 + a1X2 = a1X1 + a2X2 .

This means that a1X1 + a2X2 2 AAP(r) and a1X1 + a2X2 2 AAP(s) . In
other words, a1X1 + a2X2 , rs�1 (a1X1 + a2X2 ) 2 AAP(r) and Lemma 3.5 let us
conclude rs�1 2 f�1g contradicting (37). If

ja2X1 + a1X2j 6= jX1j+ jX2j,

then (29) implies that

ja2X1 + a1X2j = jX1j+ jX2j � 1.

From (29) and (34), we have that

a2X1 + a1X2 � a1X1 + a2X2 .

Recall that a1X1 + a2X2 2 AAP(r) and a1X1 + a2X2 2 AAP(s) , so Lemma 3.6
applied to these almost arithmetic progressions yields r 2 f�sg contradict-
ing (37). �

Now we proof Theorem 1.1 when n = 2 .
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Theorem 4.1. Let a1 , a2 2 (Z/pZ)� be such that a1 6= a2 . Take X1 and X2 disjoint
subsets of Z/pZ such that minfjX1j, jX2jg � 4 and jX1j+ jX2j � p� 6 . If

j(a1X1 + a2X2 ) [ (a2X1 + a1X2 )j � jX1j+ jX2j,

then a1 = �a2 and there are r, x, y, z, w 2 Z/pZ such that

fX1 , X2g =
�
r[x, y], r[y+ z, x� z] n fwg	.

Proof. From Lemma 4.1 we have that a1 = �a2 . Write

X := (a1X1 + a2X2 ) [ (a2X1 + a1X2 ).

Theorem 2.1, applied to the sumsets ja1X1 + a2X2j and ja2X1 + a1X2j, yields

minfja1X1 + a2X2j, ja2X1 + a1X2jg � jX1j+ jX2j � 1,

and then, since jXj � jX1j+ jX2j, we conclude that

ja1X1 + a2X2j, ja2X1 + a1X2j, jXj 2 fjX1j+ jX2j � 1, jX1j+ jX2jg.

If ja1X1 +a2X2j = jX1j+ jX2j�1 , Theorem 2.2 yields the existence of s 2 (Z/pZ)�

such that a1X1 , a2X2 2 AP(s) . If ja1X1 + a2X2j = jX1j + jX2j, Theorem 2.3
yields the existence of s 2 (Z/pZ)� such that a1X1 , a2X2 2 AAP(s) . In any case
there is s 2 (Z/pZ)� such that a1X1 , a2X2 2 AAP(s) . Write r := a�1

1 s. Since
a1 = �a2 , there are x1 , y1 , x2 , y2 , z1 , z2 2 Z/pZ such that X1 = r[x1 , y1 ] n fz1g
and X2 = r[x2 , y2 ] n fz2g. Since jXj � jX1j+ jX2j and a1 = �a2 , we have that

x1 � y2 2
�
x2 � y1 + i : i 2 f0, �1g	;

checking these cases we obtain straightforward the existence of x, y, z, w
2 Z/pZ such that

fX1 , X2g =
�
r[x, y], r[y+ z, x� z] n fwg	. �
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5. Case n = 3

We demonstrate Theorem 1.4 when n = 3 in this section. For all X and Y subsets
of Z/pZ,

X � Y := X+ (�Y ) = fx� y : x 2 X, y 2 Yg.

We need an auxiliary result.

Lemma 5.1. Let X and Y be subsets of Z/pZ such that minfjXj, jY jg � 4 and
X � Y 6= Z/pZ. Assume that there are r, x, y 2 Z/pZ such that X = r[x, y] . If

j(X � Y ) [ (Y �X)j � jXj+ jY j+ 1,

then there are v, w, z 2 Z/pZ such that Y = r[y+ z, x� z] n fv, wg.

Proof. We have that

jX � Y j � j(X � Y ) [ (Y �X)j � jXj+ jY j+ 1. (38)

If we apply Lemma 2.1 to the sets X and �Y, we get that there are z0, w0, u0, v0

2 Z/pZ such that �Y = r[z0, w0] n fu0, v0g. Thus, to achieve (38), we need that

�(x+ z0) 2 �y+ w0 + i : i 2 f�2, �1, 0g	. (39)

Checking the cases that we have by (39), we conclude from (38) that there are
v, w, z 2 Z/pZ such that Y = r[y+ z, x� z] n fv, wg. �

The previous lemma is applied in the following statement.

Lemma 5.2. Let a1 , a2 , a3 2 (Z/pZ)� be not all equal and assume that ai 2 f�ajg
for all i, j 2 f1, 2, 3g. Take X1 , X2 , X3 pairwise disjoint subsets of Z/pZ such that

min
1�i�3

jXij � 4 and
3P
i=1

jXij � p� 2 . Then

����� [
σ2S3

3X
i=1

aσ(i)Xi

����� >
3X
i=1

jXij.

Proof. Assume, without loss of generality, that a1 = �a2 . Set

Y :=
[
σ2S3

3X
i=1

aσ(i)Xi,
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and for any choice fi, j, kg = f1, 2, 3g, set

Yi := (a1Xj + a2Xk) [ (a1Xk + a2Xj).

We assume that the statement is false and we will arrive at a contradiction. Thus

jY j �
3X
i=1

jXij. (40)

First we will demonstrate that there are r 2 (Z/pZ)� and i 2 f1, 2, 3g such that
Xi 2 AP(r) . If

jY1j � jX2j+ jX3j,

then Theorem 4.1 yields there are r, x, y, z, w 2 Z/pZ such that

fX2 , X3g =
�
r[x, y], r[y+ z, x� z] n fwg	.

and our claim is true. Now assume that

jY1j > jX2j+ jX3j. (41)

Then we have that

3X
i=1

jXij � jY j
�

by (40)
�

� jY1 + a3X1j
� jY1j+ ja3X1j � 1

�
by Theorem 2.1

�
�

3X
i=1

jXij.
�

by (41)
�

This yields

jY1 + a3X1j = jY1j+ ja3X1j � 1,

and Theorem 2.2 implies the existence of r 2 (Z/pZ)� such that a3X1 2 AP(a3r) ;
in other words, X1 2 AP(r) . In any case our claim is true and we assume, without
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loss of generality, that there are x, y, r 2 Z/pZ such that X1 = r[x, y] . Now we see
that

3X
i=1

jXij � jY j
�

by (40)
�

� jY2 + a3X2j
� jY2j+ jX2j � 1

�
by Theorem 2.1

�
and then

jY2j � jX1j+ jX3j+ 1.

This inequality let us apply Lemma 5.1 to the sets a1X1 and a1X3 , and we conclude
that there are z3 , v3 , w3 2 Z/pZ such that a1X3 = a1r[y+z3 , x�z3 ]nfv3 , w3g. In the
same way there are z2 , v2 , w2 2 Z/pZ such that a1X2 = a1r[y+z2 , x�z2 ]nfv2 , w2g.
However, since min

1�i�3
jXij � 4 , it is impossible that a1X1 , a1X2 and a1X3 are pairwise

disjoint. Thus X1 , X2 and X3 are not pairwise disjoint and this contradiction
concludes the proof. �

Now we show Theorem 1.4 when n = 3 .

Theorem 5.1. Let a1 , a2 , a3 2 (Z/pZ)� be not all equal. Take X1 , X2 , X3 pairwise

disjoint subsets of Z/pZ such that min
1�i�3

jXij � 4 and
3P
i=1

jXij
� p� 2 . Then ����� [

σ2S3

3X
i=1

aσ(i)Xi

����� >
3X
i=1

jXij.

Proof. From Lemma 5.1 we may assume that there are i, j 2 f1, 2, 3g with the
property that ai 62 f�ajg; without loss of generality, a1 62 f�a2g. Write

Y :=
[
σ2S3

3X
i=1

aσ(i)Xi,

and for any choice fi, j, kg = f1, 2, 3g, set

Yi := (a1Xj + a2Xk) [ (a1Xk + a2Xj).
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We assume that the claim is false and we arrive at a contradiction. Thus we have
that

jY j �
3X
i=1

jXij. (42)

From Theorem 4.1, since a1 62 f�a2g, we have that

jY3j > jX1j+ jX2j. (43)

Then we have that

3X
i=1

jXij � jY j
�

by (42)
�

� jY3 + a3X3j
� jY3j+ ja3X3j � 1

�
by Theorem 2.1

�
�

3X
i=1

jXij.
�

by (43)
�

(44)

From (44) we deduce that

jY3 + a3X3j = jY3j+ ja3X3j � 1,

and Theorem 2.2 implies that there is r3 2 (Z/pZ)� such that Y3 , a3X3 2 AP(r3 ) .
Moreover, since Y = Y3+a3X3 by (44), we deduce that Y 2 AP(r3 ) . In the same way
we find r1 , r2 2 (Z/pZ)� such that Y1 , a3X1 , Y 2 AP(r1 ) and Y2 , a3X2 , Y 2 AP(r2 ) .
Since Y 2 AP(ri) for all i 2 f1, 2, 3g, we have that Y , rir�1

j Y 2 AP(ri) for all
i, j 2 f1, 2, 3g; this fact implies that ri 2 f�rjg for all i, j 2 f1, 2, 3g from
Lemma 3.4. Thus we assume, from now on, that r1 = r2 = r3 and we write r := r1 .
From (44) we obtain that

ja1X1 + a2X2j � jY3j � jX1j+ jX2j+ 1. (45)

We know that a1X1 2 AP(a�1
3 a1r) . Then, by (45), we can apply Lemma 2.1 to

the sets a1X1 and a2X2 ; hence there are z, w, u, v 2 Z/pZ such that a2X2 =

= a�1
3 a1r[z, w] n fu, vg. In particular a2X2 is an arithmetic progression with
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difference a�1
3 a1r without at most two elements. Since a1X1 is an arithmetic

progression with difference a�1
3 a1r and it has at least 4 elements, we get that

its sum with a2X2 is an arithmetic progression with difference a�1
3 a1r; in other

words, a1X1 + a2X2 2 AP(a�1
3 a1r) . In the same way (switching a1 and a2 in

the previous procedure), we conclude that a1X1 + a2X2 2 AP(a�1
3 a2r) . Thus

a1X1 + a2X2 , a1a
�1
2 (a1X1 + a2X2 ) 2 AP(a�1

3 a1r) ; then Lemma 3.4 leads to the
inclusion a1a

�1
2 2 f�1g, however this is impossible since a1 62 f�a2g. �

6. Special cases when n > 3

In this section we show some special cases of Theorem 1.4 when n > 3 . Before
we start with the proof of one of the main statements of this section, we need an
auxiliary lemma.

Lemma 6.1. Let n 2 N�4 and a 2 Z/pZ n f0, �1g. Take x1 , . . . , xn, y1 , . . . , yn

2 Z/pZ such that min
1�i�n

j[xi, yi]j � 4 and
nP
i=1

j[xi, yi]j � p� 1 . Set

X :=

(
azi +

nX
j=1,j6=i

xi : i 2 f1, . . . , ng, zi 2 [xi, yi]

)
.

If x, y 2 Z/pZ are such that X � [x, y] , then

j[x, y]j > max
1�i�n

j[xi, yi]j+ n� 1.

Proof. We assume that the claim is false and we will arrive at a contradiction. Set
W := [x, y] and l := max

1�i�n
j[xi, yi]j. Thus

jW j � l+ n� 1. (46)

First we will show that l � n � 1 . We assume that l > n � 1 and we will arrive at
a contradiction. Suppose, without loss of generality, that l = j[x1 , y1 ]j. Note that

a[x1 , y1 ] � X �
nX
j=2

xj � W �
nX
j=2

xj. (47)
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Let m 2 Γ (where Γ = fi 2 Z : 0 � i � p � 1g) be such that m = a�1 , and

set k := minfm, p�mg. If Y :=
�
W �

nP
j=2

xj
� n a[x1 , y1 ] , then, applying the first

claim of Lemma 3.8, we get that

jY j+ 1 � minfm, p�m, l, p� lg. (48)

Hence

n� 1 � jW j � l
�

by (46)
�

= jY j
�

by (47)
�

� minfm, p�m, l, p� lg � 1.
�

by (48)
�

(49)

The assumptions min
1�i�n

j[xi, yi]j � 4 and
nP
i=1

j[xi, yi]j � p� 1 yield

l+ 4(n� 1) � p� 1. (50)

Since l > n � 1 , we conclude that k = minfm, p �m, l, p � lg by (49) and (50).
Thus l � k and we may apply the second claim of Lemma 3.8. Then

l+ n� 1 �
�����W �

nX
j=2

xj

����� �
by (46)

�
=

�
l

k

�
+ (k� 1)

�
p

k

� �
by Lemma 3.8

�
>
l� k
k

+ (k� 1)
�
p� k
k

�
,

and therefore

l+ n

�
k

k� 1

�
+ k > p. (51)

Since a 62 f0, �1g, k � 2 . Hence

l+ 3n � l+ 2n+ k
�

by (49)
�

� l+ n

�
k

k� 1

�
+ k

�
since k � 2

�
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> p
�

by (51)
�

> l+ 4(n� 1)
�

by (50)
�

and this contradicts n � 4 . This shows l � n� 1 .
Define

Z :=

(
axi + (a� 1)δ+

nX
j=1,j 6=i

xj : i 2 f1, . . . , ng, δ 2 f0, 1g
)

.

Let δi, δk 2 f0, 1g be such that

axi + (a� 1)δi +
nX

j=1,j 6=i

xj = axk + (a� 1)δk +
nX

j=1,j6=k

xj.

Then

(a� 1)(xi � xk + δi � δk) = 0

and consequently

xi + δi � δk = xk. (52)

Since as the intervals [x1 , y1 ], . . . , [xn, yn] are pairwise disjoint and each has at
least 4 elements, we conclude from (52) that xi = xk and then jZj = 2n. Since W

is an interval and axi + aδ+
nP

j=1,j 6=i
xj 2 W for all i 2 f1, . . . , ng and δ 2 f0, 1g,

we have that axi + (a� 1)δ+
nP

j=1,j6=i
xj 2 W for all i 2 f1, . . . , ng and δ 2 f0, 1g

except at most for one element. In other words,

jZ \W j � 2n� 1. (53)

Thus

2n� 1 � jZ \W j
�

by (53)
�

� jW j
� l+ n� 1

�
by (46)

�
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� 2n� 2,
�

since l � n� 1
�

and this contradiction concludes the proof. �

We show the first important result of this section.

Theorem 6.1. Let n 2 N�3 and a1 , . . . , an 2 (Z/pZ)� be not all equal. Take

X1 , . . . , Xn pairwise disjoint subsets of Z/pZ such that min
1�i�n

jXij � 4 and
nP
i=1

jXij �
� p� 2 . Assume that there is l 2 f1, . . . , ng such that

a1 = a2 = . . . = al�1 = al+1 = . . . = an�1 = an.

Then ����� [
σ2Sn

nX
j=1

aσ(j)Xj

����� >
nX
j=1

jXjj.

Proof. We demonstrate this claim by induction on n. If n = 3 , the claim is
a particular case of Theorem 5.1. From now on, we assume that n � 4 and that the
claim is true for all 3 � m � n� 1 . Without loss of generality, we assume that l = 1
(in other words, a2 = . . . = an), and we write a := a1a

�1
2 . Define Yi := a2Xi for

all i 2 f1, . . . , ng. Set

Z :=
n[
i=1

�
aYi +

nX
j=1,j6=i

Yj

�
=
[
σ2Sn

nX
i=1

aσ(i)Xi,

and for all k 2 f1, . . . , ng

Zk :=
n[

i=1,i 6=k

�
aYi +

nX
j=1,j62fi,kg

Yj

�
.

We complete the proof by induction assuming that the claim is false for n and
arriving at a contradiction. Thus

nX
i=1

jXij � jZj. (54)
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We have that for all k 2 f1, . . . , ng

nX
i=1

jYij =
nX
i=1

jXij

� jZj
�

by (54)
�

� jZk + Ykj
� jZkj+ jYkj � 1

�
by Theorem 2.1

�
�

nX
i=1

jYij.
�

by induction
�

(55)

From (55) we have that jZk + Ykj = jZkj+ jYkj � 1 . Then, by Theorem 2.2, there
is rk 2 (Z/pZ)� such that Yk, Zk 2 AP(rk) . Moreover, since Zk + Yk � Z, we have
from (55) that Z = Yk +Zk ; in particular, Z 2 AP(rk) for all k 2 f1, . . . , ng. This
means that Z, rkr�1

1 Z 2 AP(rk) for all k 2 f1, . . . , ng and, applying Lemma 3.4,
we deduce that rkr�1

1 2 f�1g. Thus, without loss of generality, we assume that
rk = 1 for all k 2 f1, . . . , ng. For each k 2 f1, . . . , ng, let xk, yk 2 Z/pZ be such
that Yk = [xk, yk] . We have to study two cases:

� Assume that a = �1 . For each i 2 f1, . . . , ng, define wi := �yi +
nP

k=1,k6=i
xk

and W :=
�
wi : i 2 f1, . . . , ng	. Let i, j 2 f1, . . . , ng and δ 2 [�1, 1]

be such that wi = wj + δ. Since Y1 , . . . , Yn are pairwise disjoint and they
have at least 4 elements, for all k 2 f1, . . . , ng n fi, jg and δ0 2 [�2, 2] , we
have that wi 6= wk + δ0 . This means that for all i, j, k 2 f1, . . . , ng pairwise
distinct, if u, v 2 Z/pZ are such that fwi, wj, wkg � [u, v] , then j[u, v]j > 3 .
Let x, y 2 Z/pZ be such that W � [x, y] . The previous argument and the
Pigeonhole Principle yield

j[x, y]j � 4
�
n

3

�
+

�
n� 3

�
n

3

��
. (56)

Furthermore, since n � 4 , we conclude from (56) that

j[x, y]j > n. (57)
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Recall that Yk is an interval for all k 2 f1, . . . , ng; then, for all i 2 f1, . . . , ng,
we get that������ Yi +

nX
j=1,j6=i

Yj

����� =
�����
"
� yi +

nX
k=1,k6=i

xk, �xi +
nX

k=1,k6=i

yk

#�����
=

 
nX
j=1

jYjj
!
� (n� 1). (58)

We have that the set �Yi +
nP

j=1,j6=i
Yj is an interval for each i 2 f1, . . . , ng and

we have bounded its cardinality in (58). On the other hand, from (57), we know
how spread are the first elements of these intervals. Then

jZj � 1 +

nX
j=1

jYjj.

contradicting (54).

� Assume that a 6= �1 so a 62 f�1, 0g. Set

W :=

(
az+

nX
k=1,k6=i

xk : i 2 f1, . . . , ng, z 2 Yi
)

.

From Lemma 6.1, since a 62 f�1, 0g, we know that if x, y 2 Z/pZ are such that
W � [x, y] , then

j[x, y]j > max
1�i�n

jYij+ n� 1. (59)

For each i 2 f1, . . . , ng and z 2 Yi , set

Wz := az+

nX
k=1,k 6=i

Yk.

Since Yk is an interval for all k 2 f1, . . . , ng, we have that

jWzj =
�����az+

nX
k=1,k 6=i

Yk

����� =
 

nX
k=1,k 6=i

jYkj
!
� (n� 2). (60)
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Assume, without loss of generality, that jY1j = max
1�i�n

jYij. We have that the set Wz

is an interval for all z 2 Y1 , and we have bounded its cardinality in (60). On
the other hand, from (59), we know how spread are the first elements of these
intervals. Then (59) and (60) yield

jZj �
����� [
z2Y1

Wz

�����
= 1 +

nX
j=1

jYjj

contradicting (54). �

In the proof of Theorem 1.4 we need to deal with some special cases that cannot
be solved with the previous results. That is why we need the following lemma.

Lemma 6.2. Let a1 , . . . , a4 2 (Z/pZ)� be not all equal, and assume that there are
i, j 2 f1, . . . , 4g such that ai = �aj . Take X1 , . . . , X4 pairwise disjoint subsets of

Z/pZ such that min
1�i�4

jXij � 4 and
4P
i=1

jXij � p� 2 . Then

����� [
σ2S4

4X
i=1

aσ(i)Xi

����� >
4X
i=1

jXij.

Proof. Assume, without loss of generality, that a1 = �a2 . Set

Y :=
[
σ2S4

4X
i=1

aσ(i)Xi,

Y4 :=
[
σ2S3

3X
i=1

aσ(i)Xi,

Z :=
[
σ2S2

2X
i=1

aσ(i)Xi.

We assume that the claim is false and we will arrive at a contradiction. Thus

jY j �
4X
i=1

jXij. (61)
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Then

4X
i=1

jXij � jY j
�

by (61)
�

� jY4 + a4X4j
� jY4j+ ja4X4j � 1

�
by Theorem 2.1

�
�

4X
i=1

jXij.
�

by Theorem 5.1
�

(62)

From (62) we have that

jY4 + a4X4j = jY4j+ ja4X4j � 1,

and Theorem 2.2 implies the existence of r4 2 (Z/pZ)� such that Y4 , a4X4 2 AP(r4 ) .
Furthermore, since Y4+a4X4 � Y, (62) lets us deduce that Y4+a4X4 = Y, and then
Y 2 AP(r4 ) . In the same way, for each i 2 f1, 2, 3g, one may prove the existence
of ri 2 (Z/pZ)� such that Y , a4Xi 2 AP(ri) . This means that Y , rir�1

4 Y 2 AP(ri)
for all i 2 f1, . . . , 4g and, applying Lemma 3.4, we deduce that rir�1

4 2 f�1g.
Thus, without loss of generality, we assume that ri = a4 for all i 2 f1, . . . , 4g. Let
xi, yi 2 Z/pZ be such that Xi = [xi, yi] for each i 2 f1, . . . , 4g. Observe that

1 +

3X
i=1

jXij = jY4j
�

by (62)
�

�
�����Z + a3X3

�����
� jZj+ ja3X3j � 1

�
by Theorem 2.1

�
and we get that

jZj � jX1j+ jX2j+ 2. (63)

Since a1 = �a2 , from (63), we obtain that

x1 � y2 2
�
x2 � y1 + i : i 2 f�3, �2, �1, 0g	. (64)
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From (64) we obtain the existence of z2 , w2 2 Z/pZ such that z2 2 [w2 �3, w2 +3]
and X2 = [y1+z2 , x1�w2 ] . In the same way, for i 2 f3, 4g, there are zi, wi 2 Z/pZ
such that zi 2 [wi�3, wi+3] and Xi = [y1 +zi, x1�wi] . Thus the sets X1 , . . . , X4

are not pairwise disjoint since they have at least 4 elements; this contradiction
concludes the proof. �

Lemma 6.3. Let a1 , . . . , a5 2 (Z/pZ)� be not all equal, and assume that there are
i, j 2 f1, . . . , 5g such that ai = �aj . Take X1 , . . . , X5 pairwise disjoint subsets of

Z/pZ such that min
1�i�5

jXij � 5 and
5P
i=1

jXij � p� 2 . Then

����� [
σ2S5

5X
i=1

aσ(i)Xi

����� >
5X
i=1

jXij.

Proof. Assume, without loss of generality, that a1 = �a2 . Set

Y :=
[
σ2S5

5X
i=1

aσ(i)Xi,

Y5 :=
[
σ2S4

4X
i=1

aσ(i)Xi.

We assume that the claim is false and we will arrive at a contradiction. Thus

jY j �
5X
i=1

jXij. (65)

Then

5X
i=1

jXij � jY j
�

by (65)
�

� jY5 + a5X5j
� jY5j+ ja5X5j � 1

�
by Theorem 2.1

�
�

5X
i=1

jXij.
�

by Lemma 6.2
�
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From here on the proof is completed proceeding, mutatis mutandis, in the same way
as is done in Lemma 6.2 after (62). �

7. Proof of Theorem 1.4

For n 2 N, let a := (a1 , . . . , an) be an element of

n�timesz }| {
(Z/pZ)� � . . .� (Z/pZ)� and F

be a family of n pairwise disjoint subsets of Z/pZ. We say that (F , a, n) is generic
if the following assertions are true:

i) n � 2 .

ii) Not all the entries of a are equal.

iii) If a = (a1 , a2 ) , then a1 6= �a2 .

Before we conclude the proof of Theorem 1.4, we prove the following useful lemma.

Lemma 7.1. Let n, m 2 N and a1 , . . . , an 2 (Z/pZ)� be not all equal. Take

X1 , . . . , Xn pairwise disjoint subsets of Z/pZ such that min
1�i�n

jXij � 4 and
nP
i=1

jXij �
� p� 2 . Set

a1 := (a1 , . . . , am), F1 := fX1 , . . . , Xmg,

a2 := (am+1 , . . . , an), F2 := fXm+1 , . . . , Xng.

Assume that Theorem 1.4 is true for all k 2 N�2 such that k < n. If (F1 , a1 , m) and
(F2 , a2 , n�m) are generic, then����� [

σ2Sn

nX
i=1

aσ(i)Xi

����� >
nX
i=1

jXij.

Proof. Set

Y1 :=
[
σ2Sm

mX
i=1

aσ(i)Xi and Y2 :=
[

σ2Sn�m

n�mX
i=1

am+σ(i)Xm+i.

The elements a1 , . . . , am 2 (Z/pZ)� are not all equal and the subsets X1 , . . . ,
Xm of Z/pZ are pairwise disjoint. We have that 2 � m � n � 2 ; moreover, if we
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have m = 2 , the sum of the entries of a1 is not zero. Since Theorem 1.4 is true
for m, we conclude that

jY1j >
mX
i=1

jXij. (66)

In the same way we deduce that

jY2j >
nX

i=m+1

jXij. (67)

We conclude the proof as follows����� [
σ2Sn

nX
i=1

aσ(i)Xi

����� � jY1 + Y2j

� jY1j+ jY2j � 1
�

by Theorem 2.1
�

>

nX
i=1

jXij.
�

by (66) and (67)
�

�

Now we are ready to complete the proof of Theorem 1.4.

Proof. (Theorem 1.4) The first part of the theorem is already demonstrated in
Theorem 4.1. It suffices to show the second claim and this is done by induction
over n. The claim is true for n = 3 from Theorem 5.1. Thus, from now on, we may
assume that n � 4 and the statement is true for all 2 � m � n � 1 . Furthermore,
since not all the a1 , . . . , an are equal, we assume that a1 6= a2 without loss of
generality. First we demonstrate the claim when n = 4 . From Lemma 6.2 we may
assume that ai 6= �aj for all i, j 2 f1, . . . , 4g. We deal with two cases.

� Suppose that a3 = a4 . From Theorem 6.1 we may assume that a3 62 fa1 , a2g.
Set

a1 := (a1 , a3 ), F1 := fX1 , X2g,

a2 := (a2 , a4 ), F2 := fX3 , X4g.

Then (F1 , a1 , 2) and (F2 , a2 , 2) are generic, and Lemma 7.1 concludes the proof
of the claim.
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� Suppose that a3 6= a4 . Set

a1 := (a1 , a2 ), F1 := fX1 , X2g,

a2 := (a3 , a4 ), F2 := fX3 , X4g.

Then (F1 , a1 , 2) and (F2 , a2 , 2) are generic, and Lemma 7.1 finishes the proof.

Now we demonstrate the claim when n = 5 . From Lemma 6.3 we may assume
that ai 6= �aj for all i, j 2 f1, . . . , 5g. We deal with two cases.

� Suppose that a3 = a4 = a5 . From Theorem 6.1 we may assume that a3 62 fa1 , a2g.
Set

a1 := (a1 , a3 ), F1 := fX1 , X2g,

a2 := (a2 , a4 , a5 ), F2 := fX3 , X4 , X5g.

Then (F1 , a1 , 2) and (F2 , a2 , 3) are generic, and Lemma 7.1 concludes the proof
of the claim.

� Suppose that a3 , a4 , a5 are not all equal. Set

a1 := (a1 , a2 ), F1 := fX1 , X2g,

a2 := (a3 , a4 , a5 ), F2 := fX3 , X4 , X5g.

Then (F1 , a1 , 2) and (F2 , a2 , 3) are generic, and the claim is true by Lemma 7.1.

Finally we show the claim when n � 6 . We have to deal with two cases.

� Suppose that a3 = . . . = an . From Theorem 6.1 we may assume that a3 62 fa1 , a2g.
Set

a1 := (a1 , a3 , a4 ), F1 := fX1 , X2 , X3g,

a2 := (a2 , a5 , . . . , an), F2 := fX4 , . . . , Xng.

Then (F1 , a1 , 3) and (F2 , a2 , n�3) are generic, and Lemma 7.1 lets us conclude
the proof of the claim.

� Suppose that a3 , . . . , an are not all equal. Assume, without loss of generality,
that a4 6= a5 . If

a1 := (a1 , a2 , a3 ), F1 := fX1 , X2 , X3g,
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a2 := (a4 , . . . , an), F2 := fX4 , . . . , Xng.

Then (F1 , a1 , 3) and (F2 , a2 , n � 3) are generic, and in this case we conclude
using Lemma 7.1. �

8. Proof of Theorem 1.5

In this section we conclude the proof of Theorem 1.5.

Proof. (Theorem 1.5) We assume that n � 4 by [7, Thm. 6]. Set

Y :=
[
σ2Sn

nX
i=1

aσ(i)Xi and Yn :=
[

σ2Sn�1

n�1X
i=1

aσ(i)Xi.

From Theorem 1.4

jYnj >
n�1X
i=1

jXij. (68)

We claim that Y = Z/pZ. If this is not true, we have that jY j � p� 1 and therefore

p� 1 � jY j
� jYn + anXnj
� jYnj+ janXnj � 1

�
by Theorem 2.1

�
>

 
nX
i=1

jXij
!
� 1

�
by (68)

�
= p� 1,

and this contradiction yields Y = Z/pZ. Then we have that b 2 Y, and therefore

there is a rainbow subset fz1 , . . . , zng of Z/pZ =
Sn
i=1 Xi such that

nP
i=1

aizi = b. �
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