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Abstract: The purpose of this paper is to improve a result of Conlon about the existence of rainbow
solutions of linear equations in n variables with coefficients in Z/pZ, see |3]. To obtain his result,
Conlon proves an inverse theorem, and then he demonstrates the existence of a rainbow solution.
In this paper we establish an inverse theorem, and then we proceed to demonstrate a theorem on
existence of rainbow solutions under weaker conditions than those in Conlon’s work.
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1. Introduction

Let p be a prime number bigger than 3. We denote by Z/pZ the set of congruence
classes modulo p, and we write (Z/pZ)* := (Z/pZ)\ {0}. For any X and Y subsets
of Z/pZ and r € Z/pZ, set

X+Y ={z+y:z€X,yeY} and rX:={rz: z € X}

For any n € N, an n—coloring of Z/pZ is a partition Z/pZ = |J;_, X; such
that X; is not empty for each i € {1,...,n}; foreach i € {1,...,n}, X; is known
as a color class. We say that a subset Y of Z/pZ is rainbow with respect to the
n—coloring Z/p7Z, = U?:l X; if Y intersects each color class; if it is clear which
coloring we are talking about, we simply say that Y is rainbow. In the case where
n = 3, Jungi¢ et al. proved the following statement.
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THEOREM 1.1. Let ay, ay, a3 € (Z/pZ)* be not all equal and b € Z/pZ. For any
3—coloring with the property that each color class has at least 4 elements, there is
a rainbow subset {z1, 2, 23} of Z/pZ such that a,z, + a2z, + a3z3 = b.

PRrROOF. See [8]. O

Later Conlon demonstrated the following theorem.

THEOREM 1.2. Let n € Nx4 be such that p > 3n?—4n—3. Take a,,...,a, € (Z/pZ)*
not all equal and b € Z/pZ. For any n— coloring with the property that each color
class has at least n elements, there is a rainbow subset {z\, ..., z,} of Z/pZ such

n
that Z a;z; = b.

i=1
PROOF. See [3]. O
The proof of the previous theorem is based on an inverse theorem. We need

some notation to state it. For all m € Z, we denote by m its projection in Z/pZ.
We write

I'=T(p)={meZ: 0<m<p—1}

thus I" contains one and only one representative of each class of Z/pZ. For any
z,y € Z/pZ, let k € T be such that k =y — z and set

[z,y| ={z+i€Z/pZ: i€, i<k}

which is called an interval. For all r € (Z/pZ)* and | € N, an arithmetic progression
with difference r and length [ is a subset X of Z/pZ such that there are =, y € Z/pZ
satisfying that X = r[z, y] and | = | X].

THEOREM 1.3.  Let n € Ny3 be such that p > 3n? — 4n — 3. Take X,,..., X,
n
subsets of 7./pZ such that 1rgn<n |1 X;|>n+1and > | X;| <p-1.1If
<i<n

=1
n n l
dox| <> Ixl,
i=1 i=1

then all the X; are contained in arithmetic progressions with the same common difference
and length at most | X;| +n — 1.

PrOOF. See [3]. O
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In Theorem 1.3 it is allowed that the subsets X, ..., X, intersect. However,
when we are working with n—colorings Z/pZ = U?:] X, we have that the subsets
Xy, ..., X, are pairwise disjoint. Proceeding in this direction, we state the first

main result of this paper which is an inverse theorem and it will be used to
improve Theorem 1.1 and Theorem 1.2. We denote by S,, the set of permutations
of {I,...,n}.

THEOREM 1.4. Let n € Ny and ay,...,a, € (Z/pZ)* be not all equal. Take
X\, ..., X, pairwise disjoint subsets of 7./pZ such that 12H<H | X;| > 4.
<i<n

i) If | Xi|+ X, <p—6and
[(a1X) + 6, X5) U (a2 X, + a1 X5)| < | X + | X3,

then ay = —a, and there are r,x, Yy, 2z, w € Z/pZ such that
{X1. X5} = {rlz, yl. rly + 2,z — 2] \ {w}}.
n

i) Ifn>3and > |X;| <p-—2, then

1=1

U Z o (i) Xi

o€S, =1

n
> IXil.
1=1

The size of the sums of dilations has been study widely in the last few years,

see [1]. In particular, there have been interesting results in groups of prime order,
see [9], [10]. It was kindly remarked by the referee that Theorem 1.4 gives a (small)
contribution to this area when the sets are pairwise disjoint. It would be interesting
to know if some of the ideas of this paper can be used in further research about the
size of the sums of dilations.

Theorem 1.4 is the main tool of the second main result of this paper which is
the following theorem and it improves Theorem 1.1 and Theorem 1.2.

THEOREM 1.5. Let n € Ns>;. Take a,...,a, € (Z/pZ)* not all equal and
b € Z/pZ. For any n—coloring with the property that each color class has at least 4

n
elements, there is a rainbow subset {zi, ..., z,} of Z/pZ such that >, a;z; = b.

i=1

There are two remarks that need to be done about the assumptions of Theo-
rem 1.5. The first one is that if we allow a; = a, = ... = a,,, then the conclusion
of Theorem 1.5 is not always true, see [7, Thm. 5]. The second point is that the

conclusion of Theorem 1.5 is not always true if we allow some color classes to have
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exactly one element, see [7, Thm. 6]. However, we think that maybe the conclusion
of Theorem 1.5 holds if each color class has at least 2 elements (but much more
effort would need to be done).

This paper is organized in the following way. In Section 2 we recall some
additive number theory results, and, at the end of this section, we demonstrate an
inverse result needed later. In Section 3 we develop some tools about almost arith-
metic progressions used in the forthcoming sections. In Section 4 we demonstrate
Theorem 1.4 when n = 2. Then we show Theorem 1.4 when n = 3 in Section 5.
The proof of Theorem 1.4 is done by induction; however, to complete the induction,
we need to solve some particular cases when n > 3 and this is done in Section 6.
The proof of Theorem 1.4 is completed in Section 7 and the proof of Theorem 1.5,
which is a straightforward consequence of Theorem 1.4, is finished in Section 8.

2. Additive number theory

Before we start stating the inverse theorems used in this paper, we recall the Cauchy-
Davenport Theorem.

THEOREM 2.1. Let X and X, be nonempty subsets of 7./pZ such that X+ X, # 7./pZ.
Then
| X1+ Xo| 2 [ X+ [Xa] - 1.

PRrROOF. See [2,4,5]. O

For r € (Z/pZ)*, a subset X of Z/pZ is an almost arithmetic progression with
difference r if there are an arithmetic progression Y with difference r and y € Z/pZ
such that X = Y \ {y}. We remark some trivial facts about almost arithmetic
progressions.

Remark 2.1. Let X be a subset of 7/pZ and r € (Z/pZ)*.

i) X is an almost arithmetic progression with difference v if and only if there are
z,Y, 2 € Z/pZ such that X = r|z, y| \ {z}.
iiy X is an almost arithmetic progression with difference v if and only if X is an
almost arithmetic progression with difference —r (since r|z,y| = (-r)|-y, —z]
Jorall x,y € Z/pZ).
iii) If X # Z/pZ and X is an arithmetic progression with difference r, then it is an
almost arithmetic progression with difference r.



26 Mario Huicochea (Mexico) [114

Let r € (Z/pZ)*. The family of arithmetic progressions with difference r will be
denoted by AP(r), and the family of almost arithmetic progressions with difference r
will be denoted by AAP(r). With this notation we restate the well-known theorems
of Vosper and Hamidoune-Rgdseth.

THEOREM 2.2. Let X| and X, be subsets of Z/pZ such that min{|X,|, | X,|} > 2
and

| X1+ X = X + [ X -1 <p-2.
Then there is r € (Z/pZ)* such that X|, X, € AP(r).
PRrOOF. See [11]. O

THEOREM 2.3. Let X| and X, be subsets of Z/pZ such that min{|X,|, | X,|} > 3

and

T<IX + X=X+ X <p-4
Then there is v € (Z/pZ)* such that X, X, € AAP(r).
PRrROOF. See [6]. O

Another inverse result needed in Section 5 is the following statement.

LEMMA 2.1. Let X and'Y be subsets of 7./pZ such that |X| > 4 and X+Y # Z/pZ.
Assume that X € AP(r) for some r € (Z/pZ)*. If

X +Y|<|X|+]|Y]+1,
then there are z, w,u,v € Z/pZ such that Y = r|z, w| \ {u, v}.

PROOF. We assume that 7 = 1 (otherwise we consider 7 !X and 7~ 'Y instead
of X and Y respectively). Furthermore, translating X if necessary, we assume that
X = [0, z| for some z € Z/pZ. Write Y = |J;__,[2i, w;] such that

e Foralli,j€{l,...,n}, [z — LLw; + 1] N[z, w;] = @ if i # 3.

e Foralli€ {l,...,n—1}, [w;+1, 2,4, —1]NY = @ and [w,+1, z,—-1|NY = .
In particular, Z/pZ\Y = [wy+1, 21 — U [ws + 1, 241 — 1]. If |2, w4+ 2| N
N [z, w] # @ and [z, w; + x| N [2i41, w1 (] # @ foreach i € {1,...,n— 1},
then [z, w, + ] D [w, + 1, 21 — 1] and [2;, w; + ] D [w; + 1, z;,1 — 1] for each
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i € {l,...,n— 1}. Thus, in this case,

n n—1
X—i‘Y:U[Zi,wri-n] Olwy+ 1,2 — 1]UU[U}¢+1,Z¢+1— 1| =Z/pZ\Y.

i=1 1=1

However, this is impossible since Y C X+Y and X+Y # Z/pZ. Hence we assume
without loss of generality that |z, w, + x| N [z, w;] = @ and therefore

[w, + 1, w, + 2] C(X +Y)\ [21, wy]. (1)

Foralli € {1,...,n—1}, define Z; := [w;+ 1, w; + 3] if |[Jw; + 1, z; 41— 1]| > 3 and
Z; = |w; + 1, z;41 — 1] otherwise. Note that |Z;| > 1 foreach i € {1,...,n — 1}.
Since |X| > 4, we have that [0, 3] C X and therefore

n—1

Uz cx+v)nlz, wa].

i=1
By the construction of the subsets Z; and (1), we have that

n—1
z:=YUlJZUlw,+1,w, + 2|

i=1

is a disjoint union. Furthermore, since Y = 0+Y C X + Y, we have that Z is
a subset of X + Y, and then

n
D 1zl =12 = |[wp + 1, w, + ]| - |Y]
i=1

=1Z] - (IX]-1) - |Y]

<IX+Y[ - (X -1) - [Y]

<2. 2)
From (2) we have that n < 2, and thereby Z; = [w; + 1,2, — 1] for all

i € {l,...,n — 1}. Taking z = z; and w = w,, by (2), we have the exis-
tence of u, v € Z/pZ such that Y = [z, w| \ {u, v} as desired. O
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3. Almost arithmetic progressions

In the previous section we defined the almost arithmetic progressions. In this section
we continue studying their properties.

LEMMA 3.1. Let X and Y be nonempty subsets of Z/pZ and d € Z/pZ. If X CY
and |Y \ X| < 1, then

(Y +d)\ Y- (X +d)\ XI[ < 1.
Prookr. For any subset Z of Z/pZ,
(Z+d)\Z|=|2| - |(Z+d)n Z]. ©)

If Y\ X| = 0, the statement is trivial. Therefore, from now on, we assume that
Y\X#@. Letz €Y\ X, sothat Y = XU {z}. Note that
(Y + )\ Y| =[(XU{z}) +d)\ (XU {z})|
=|(X +d)\ (XU {z})|
+{z+d} \ (XU {z})] (since = ¢ X)
—I1X +d| - (X + d) N (XU {z})|
+ o+ d} — [{z +d} 0 (X U {z})] (o (3))
—IX +d| - [(X+d) N X]| - (X +d) N {z}]
11—z +dyn(Xu{z)) (since z ng)
—|(X +d)\ X| - (X +d) N {a}| + 1
~{z +d}n (X U{z}). (v 3) @

Since

= 1(X +d) 0 o} - o+ dhn (XU e <1,
the claim is a consequence of (4). O

Recall that
F'={meZ: 0<m<p-1},
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and also recall that m is the projection of m € Z into Z/pZ.
LEMMA 3.2. Let d € Z/pZ and X € AP(1). If m € T is such that m = d, then

(X +d)\ X| = min{m, p —m, |X], p - |X|}.
ProoF. If | X| < p—|X|, then
m ifde{o,...,|X|};

(X+d)\X|=9 |x| ifde {[X],....p— |X|};
p— m1fd€{p | X1, ..,p—l}.

If | X| > p—|X], then
m ifde {0,...,p—|X|};

(X +d)\X|=q p-|X|ifde {p—[X]..... X[}
p—m ifde€ {|X|,...,p—1}.

In any case our claim is true. O
LEMMA 3.3. Let d € Z/pZ and X € AAP(1). If m € T is such that m = d, then

Furthermore, if

then
(X +d) \ X| > min{m,p—m, |X|,p—|X[} - 1.

PrOOF. Let Y € AP(1) and y € Z/pZ be such that X =Y\ {y}. Note that X C Y
and |Y \ X| < I; then Lemma 3.1 yields

Y +d)\ Y] - (X +d)\ X|| < 1. (5)
On the one hand,

min{map —m, |Y|ap - |Y|} Z min{map —-m, |X|’p - |X|} - 1: (6)
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and the first claim follows from Lemma 3.2, (5) and (6).
On the other hand, if

mln{m’p_ m, |X|’p_ |X|} #p_ |X|a

then

Thus the second claim follows from Lemma 3.2, (5) and (7). O

In several parts of the proof of Theorem 1.4, the following two lemmas will be
used.

LEMMA 3.4. Let X be asubset of 7./pZ such that 2 < |X| < p—2and r,t € (Z/pZ)*.
If X,tX € AP(r), then t € {£1}.

PROOF. Assume, without loss of generality, that r = 1 (otherwise we take rlX
instead of X). Since X € AP(1), there are z,y € Z/pZ such that X = [z, y| and
therefore

(X+D\X|=|lz+ Ly+1]\ [z, 9]l =1 ®)
Let m € T" be such that m = t. From Lemma 3.2

=|(tX + 1)\ tX|
(X + D\ X]. o)

From (8) and (9),
min{m’p - m, |X|>p_ |X|} = 15

however, the inequality 2 < |X| < p — 2 implies that
min{m,p—m} =1

som € {1,p— 1} and finally t € {£1}. O

LEMMA 3.5. Let X be asubset of Z./pZ such that 4 < |X| < p—5andr,t € (Z/pZ)*.
If X, tX € AAP(r), then t € {£1}.
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PROOF. Assume without loss of generality that 7 = 1 (otherwise we take 7! X instead
of X). Since X € AAP(1), there are x, y, z € Z/pZ such that X = [z, y] \ {z} and
therefore

(X +D\X = [(lz+ Ly+ 1N\ {z+ 1)\ ([z. 9]\ {})[ <20 (10)

Let m € T be such that m = t. Now we show that min{m,p —m, | X|,p — | X|} #
# p — | X| by contradiction. Assume that min{m,p — m, |X|,p — | X|} = p — | X].
Since tX € AAP(1), the first claim of Lemma 3.3 yields

= min{m, p — m, [tX], p — [tX|} -2
<X + 1)\ tX]
=|(X+ 1)\ X|. (11)
Hence (10) and (11) lead to
p—4<|X]|
and this contradicts the inequality | X| < p—5. Thus min{m, p—m, | X|, p— |X|} #
# p — | X|. The second claim of Lemma 3.3 yields
min{m’p_ m, |X|sp_ |X|} —-1= min{msp_ m, |tX|5p_ |tX|} -1
< (X + 1)\ £X]
=[|(X+ 1)\ X]. (12)
From (10) and (12),
min{msp -m, |X|’p_ |X|} S 39

and thereby the inequalities 4 < |X| < p — 5 let us conclude that
min{m, p — m} = min{m,p — m, |X],p — | X[} < 3. (13)

We show that m # 2 by contradiction. If m = 2, then ¢ = 2, and therefore
2X = 2([z,y] \ {2}) € AAP(1); however, this will mean that |[z,y]| < 2 or
I|z,y]| > p — 3 which is impossible due to the inequality 4 < |X| < p—5. In
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the same way it is proven that m ¢ {3,p — 2, p — 3}. From (13) we conclude that
m € {1,p— 1} and consequently ¢ € {£+1}. O

With similar ideas to the ones used in the previous lemmas, we demonstrate
the following claim used in Section 4.

LEMMA 3.6. Let X and Y be subsets of 7./pZ such that 6 < |X| <p—-6, X CY
and Y\ X| < 1. Take r,s € (Z/pZ)*. If X € AAP(r) and Y € AAP(s), then
r € {£s}.

PROOF. Assume without loss of generality that s = 1 (otherwise we take s~!X and
s~ 'Y instead of X and Y respectively). Since Y € AAP(1), there are z, y, z € Z/pZ
such that Y = [z, y| \ {z}, and therefore

Y+ D\Y|=|([z+ Ly+ 1\ {z+ 1})\ ([, 5]\ {z})| <2.  (14)

Furthermore, Lemma 3.1 yields
(X +D\X| <Y +D\Y|+1,

and then (14) leads to
(X + 1)\ X[ <3. (15)

Let m € T be such that m = 7~ !. Since X € AAP(r), we have that r' X € AAP(1)
and the first claim of Lemma 3.3 yields

min{m, p — m, |X|,p — |X|} — 2 = min{m, p — m, |~ X|,p— |r~' X[} -2
< ' X +r)\ X
=X+ 1)\ X] (16)

From (15) and (16)
min{m, p —m, |X|,p — |X|} <5,

and then, from the inequalities 6 < |X| < p — 6, we conclude that
min{m,p —m} <5. (17)

We show that m # 2 by contradiction. If m = 2, then 7 = 2~!. With this value of r,
if X is contained in an almost arithmetic progression Z with difference 1 such that
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|Z\ X| <1, then |Z| > p — 3 or |Z| < 3. This would mean that X ¢ Y which is
impossible. In the same way it is proven that m & {3,4,5,p—2,p—3,p—4,p—5};
then m € {1, p — 1} by (17), and finally r € {£1}. O

For all z € R, we denote by [z] its integral part. The following result is
a technical lemma that will be used in the proof of Lemma 3.8 which is very
important in the proof of Theorem 1.4.

LEMMA 3.7. Let w, z € Z/pZ and t € (Z/pZ)*. Take m € T such that m = t~'. If
i,7 €T are such that 0 < 4,5 <m — 1 and (w+i)t, (w+ )t € [z, 2+ [2] - 1],
then © = j.

PROOF. If (w+1)t, (w+7)t € [z,z—l—@— |, then (w—t""z+é)t, (w—t'2+j)t €
€ [0, [2]-1], and consequently either {0, (i—j)t} C [0, [% —1] or {0 (j—i)t} C

C [0, [2]—1]; we assume, without loss of generality, that {0, (—j)t} C [0, [m]—l] .
Thus there exist [, 7, a,q,b € T such that b < [2] — 1 and

n=t,

l=i-j,
b=t(i - j),
mn =qp+ 1,
In=ap+5b

Since 0 < 4,5 <m — 1, we get that 0 <[ < m and then
a<q. (18)

Now see that

lgp+1=1(gp+1)
=Imn
=mlin
= m(ap + b)
= amp + mb,

and, since [, mb € T, we arrive to the equalities
l=mb and Ilg=am. (19)
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Now (19) leads to

am = mbq

and therefore

a = bg. (20)
By (18) and (20), we conclude that a = b = 0 and thereby i = j. O

The following lemma is very important in the proof of Theorem 1.4. For
arbitrary r, s € (Z/pZ)*, it bounds the cardinality of an arithmetic progression with
difference s which contains an arithmetic progression with difference r.

LEMMA 3.8. Let z,y,z,w € Z/pZ, 7,8 € (Z/pZ)* and Y be a subset of |z, w].
Take m € T such that m = r~'s. If vz, y] = s(|z, w] \ Y), then

Furthermore, if ||z, y|| > min{m, p — m}, then

el > [t 2 ingmnp - - )| L]

min{m, p — m} min{m, p — m}

PROOF. We start by proving the first claim. Write [z, w] \' Y = U], [2;, w;] where
[zi — 1, w; + 1] N [2j, w;] = @ if i # j. Note that n < [Y], and therefore

(s wI\ Y) + 8) \s(lz,wl \ V)| = | (1 ]\ ¥) + 1)\ (12, 0]\ V)]
<n+1
< Y]+ 1. (1)

On the other hand, Lemma 3.2 implies

([, gl + ) \rlo,yl| = |(f. 1 +77's) \ o, ol

= min {p—m,m, |[z,y]l,p - [[z,9][}. (22)

The first claim follows from (21) and (22) since r|z, y] = s([z, w] \ Y).
We start the proof of the second statement. We divide it into two cases.
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e First we assume that

m = min{m, p — m}. (23)

For all u € Z/pZ, define

v [2]-1]
u+(m—1)[ﬂ,u—1].

Now see that Z/pZ is equal to the disjoint union
u+ (m— 1)[2},11/— 1]
m

(g luﬂ[%],w(ul)[ﬂ —1]) U

and therefore, intersecting with rs~'[z, y|, we obtain that

rs” 'z, y] = <:gL<u+H>> U M(u) (24)

where the left-hand side union is also disjoint. Forall j € I" such that 0 < j < m-2,
Lemma 3.7 implies that if v € Z/pZ is such that rs~'v € L(u —i—j[%]) , then,

L(u) == rs [z, y] N

M(u) == rs"'[z,y] N

forall i € T such that 1 <i < m— I, we have that rs~! (v +1) ¢ L(u+@).
Thus, by the Pigeonhole Principle and (24), for all v € Z/pZ such that
[v, v—i—m] C [z, y|, we have that M (u) has an element of rs™! [v, U+m] ;
consequently

vy > 120 03

Since 7|z, y| C s|z, w], we have that s|w+ 1,z — 1| C Z/pZ\ r|z, y| and then
[w+1,2-1]CZ/pZ\rs [z, y]. (26)

By the Pigeonhole Principle, there is no interval Z with |Z| < (m — 1)[%]
containing all the points rs~'z,rs~!(z + 1),...,7s7!(z + m — 2) (otherwise
we contradict Lemma 3.7). Thus, since |[z,y]| > min{m,p — m} = m, the
previous assertion yields rs~![x, y| is not contained in an interval Z when



36 Mario Huicochea (Mexico) [124

|Z| < (m — 1)[2], and consequently
p
w1211 <p-m- [ 2].
m
Thus there is uy € Z/pZ such that

[w+1,z2—-1] C

uo—l—(m—l)[%],uo—l].

Note that [w+ 1,z — 1] and M(u,) are disjoint by (26). Hence

fw+1, 2= 1] < | |ug+ (m - 1)[%},% - 1] — | M(u)|
—p(m= )| 2] - s
<p—(m—1) {ﬂ - % (v 29))
27)

Finally,

|[Z, ’LU]| =P - |[’LU+ I,Z— 1]|

>p— (p ~(m—1) [%] - ”2"’”) (by (27))

S [T EY

m m

(im0 ]

e Now we assume that (23) is false (in other words, min{m, p — m} # m). Note
that

(=r)-y, —z] = rlz, y| = s([z, w]\ Y),
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and p—m is the element of T" with the property that p — m = (—r)~'s. Moreover,
since (23) is false, we have that

p—m =min{m,p —m} = min{p — (p — m),p — m}.

Thus we may apply the previous case to find a lower bound of |[z, w]| taking
[y, —x] (resp. (—7)"'s, p — m) instead of [z, y| (resp. 7~ 's, m), and we get
that

[z, w]| > [H & m)”] +((p—m)— 1)[L}

(p- p—m
_ [ [z, yl|

min{m, p — m}

|+ Gmingonp = -2,

min{m, p — m}

O

4. Case n =2

In this section we show Theorem 1.4 when n = 2. First we prove the following
statement.

LEMMA 4.1.  Let ay,a; € (Z/pZ)* be such that a, ¢ {*a,}. Take X, and X,
disjoint subsets of 7./pZ such that min{|X,|, | X,|} > 4 and |X,| + |X,| < p — 6.
Then

|(a1X1 -+ (12X2) U (a2X1 -+ (11X2)| > |X1| + |X2|

PRrROOF. Write
X = ((I]X] + GQXQ) U (GQX] + CL]XQ) and Y := (ale + GQXz) N (CQX] + ale).

We assume that the claim is false and we will get a contradiction. Thus assume that
| X] <X ] + [ X (28)

Theorem 2.1, applied to the sumsets |a;X| + a,X5| and |a, X + a,X5|, yields
min{|a; X + a; X/, [a, X + a1 X5[} > [ X | + | X, = 1,

and then (28) leads to
la1 X1 + a2 X5, [ax X1 + a1 Xo|, | X] € {|X1| + | Xo| = 1, | X | + | Xal}. (29)

We have two cases.
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e Assume that
la1 X1 + ar Xo| = |, X + 0, X5| = | Xy | + | X5 - 1. (30)

The equality |a;X| + a,X,| = |X,| + |X;,| — 1 implies, by Theorem 2.2, the
existence of r € (Z/pZ)* such that a1 X, a,X, € AP(r). In the same way the
equality |a,X| + a1X,| = |X| + | X,| — 1 yields the existence of s € (Z/pZ)*
such that a, X, a; X, € AP(s). Thus a, Xy, (rs”'aya; ')a; X, € AP(r). Then,
from Lemma 3.4, we conclude that 7s~'aya;' € {1} and then

ra; € {£sa,}. (31)

Also a,X;, (rs~'aja;")a, X, € AP(r). Hence, from Lemma 3.4, we deduce that
rs~'aja;' € {£1} and therefore

ra; € {£sa,}. (32)
Since a; ¢ {+a,}, we get from (31) and (32) that
= —s. (33)

We have that
|X| + Y] = |ai1 Xi + a2 X5| + |a, X + a1 X5;

this equality, (29) and (30) imply that Y| > | X,| + | X,| — 2. In particular, since
Y C ax X, + a1 X; and a,X| + a1 X; € AP(s), we have that Y € AAP(s). In the
same way we deduce that Y € AAP(r). We conclude that Y, rs~'Y € AAP(r),
and then Lemma 3.5 implies rs~! € {£1} contradicting (33).

e Assume that (30) is false. Suppose, without loss of generality, that
la1 X1 + ax Xo| = [Xi] + | Xl (34)

The equality |a; X + a,X,| = | X|+ |X;| implies, by Theorem 2.3, the existence
of r € (Z/pZ)* such that a;X|,a,X,€AAP(r). If |a, X 40, X5 |=|X|+|X5| -1,
Theorem 2.2 yields the existence of s € (Z/pZ)* such that a, X, a1 X, € AP(s).
If @ X, + a1 X,| = | X,|+|X;|, Theorem 2.3 yields the existence of s € (Z/pZ)*
such that a, X, a; X, € AAP(s). In any case there is s € (Z/pZ)* such that
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a; X1, a; X, € AAP(s). Now see that a; Xy, (rs'aya;)a; X; € AAP(r). Then,
from Lemma 3.5, we conclude that rs‘lazal_l € {£1}, and hence

ra, € {£sa,}. (35)

Also a,X>,(rs 'aja;")ay X, €AAP(r). From Lemma 3.5 we see that rs~'a;a5' €
€ {£1} and therefore

ra; € {£sa,}. (36)
Since a; ¢ {+a,}, we obtain from (35) and (36) that
= —s. (37)

If
lax X + a1 X5| = | X | + | X5,

then (29) leads to
X + a1 X) = a1 X + ar X,.

This means that a1 X; + a; X, € AAP(r) and a,X; + a, X, € AAP(s). In
other words, a1 X| + ay X5, rs™'(a1X| + a,X,) € AAP(r) and Lemma 3.5 let us
conclude rs~! € {£1} contradicting (37). If

|la: X1 + a1 Xo| # [ Xi] + [ Xa,
then (29) implies that
lax X1 + a1 Xo| = [X3] + | X5 - 1.
From (29) and (34), we have that
ar X+ a1 X, C a1 X + ar X,.

Recall that a; X + a, X, € AAP(r) and a1 X, + a, X, € AAP(s), so Lemma 3.6
applied to these almost arithmetic progressions yields r € {%s} contradict-
ing (37). O

Now we proof Theorem 1.1 when n = 2.
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THEOREM 4.1. Let a1, ay € (Z/pZ)* be such that a; # a,. Take X| and X, disjoint
subsets of Z./pZ such that min{|X|, | X5|} > 4 and |X;|+ |X,| <p—-6. If

(@1 X1 + a2 X5) U (a2 X, + 01 X5)| < | Xy| + [Xo],
then ay = —a, and there are r,x,Yy, 2, w € Z/pZ such that
X1, X5} = {rlo, gl rly + 2,0 — 2]\ {w}}.
PrROOF. From Lemma 4.1 we have that a; = —a,. Write
X = (a1 X + a;X5) U (a2 X + a1 X3).
Theorem 2.1, applied to the sumsets |a;X| + a,X5| and |a, X| + a,X,|, yields
min{|a; X; + a; X/, [a, X + 0, X5[} > [ X3 ] + | X, = 1,
and then, since |X| < |X;| + |X;|, we conclude that
la1 X1 + ax Xs|, |ax Xy + a1 X, [X] € {|X0] + [ Xo] = 1, | Xi| + | X}
If |a) X1+ a,X5| = | X|+|X5|— 1, Theorem 2.2 yields the existence of s € (Z/pZ)*
such that a, X, a, X, € AP(s). If |a; X, + a,X3| = |Xi| + |X;,|, Theorem 2.3
yields the existence of s € (Z/pZ)* such that a; X, a,X, € AAP(s). In any case
there is s € (Z/pZ)* such that a;X),a, X, € AAP(s). Write 7 := a,'s. Since
a; = —ay, there are xy, Y1, 2, Y2, 21, 22 € Z/pZ such that X| = r|z;, y1] \ {z1}
and X, = 7|z, 2] \ {22} Since |X| < |X;| + |X,| and a; = —a,, we have that

xl—yge{xz—yl—i—i: iE{O,:I:]}};

checking these cases we obtain straightforward the existence of x, y, z, w
€ Z/pZ such that

{X1. X5} = {rlz.yl. rly + 2z, 2 — 2]\ {w}}. O
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5. Case n =3

We demonstrate Theorem 1.4 when n = 3 in this section. For all X and Y subsets
of Z/pZ.,
X-Y=X+(-Y)={z-y: z€ X, yeY}

We need an auxiliary result.

LEMMA 5.1. Let X and Y be subsets of Z/pZ such that min{|X|, |Y|} > 4 and
X =Y # Z/pZ. Assume that there are v, x,y € 7/pZ such that X = r|x,y|. If

(X -Y)u (Y - X)| <[X[+]Y]+]1,
then there are v, w, z € Z/pZ such that Y = r[y + z,z — 2] \ {v, w}.
ProoF. We have that
X -Y|<|(X-Y)UY - X)| < |X]+[|Y]+1. (38)

If we apply Lemma 2.1 to the sets X and —Y, we get that there are 2/, w', u', v/
€ Z/pZ such that =Y = r[2, w'| \ {«/, v'}. Thus, to achieve (38), we need that

—(z+7)e{y+w +i: i€ {£2,£1,0}}. (39)
Checking the cases that we have by (39), we conclude from (38) that there are
v, w, 2z € Z/pZ such that Y = r|y + z, x — 2| \ {v, w}. O

The previous lemma is applied in the following statement.

LEMMA 5.2. Let ay, ay, a3 € (Z/pZ)* be not all equal and assume that a; € {a;}
forall i,j € {1,2,3}. Take X, X,, X3 pairwise disjoint subsets of 7./pZ such that
3

min |X;| >4 and > |X;| < p—2. Then

1<i<3 =1
3 3
U Z as@)Xi| > D |1Xil.
0€S3 i=1 =1
PROOF. Assume, without loss of generality, that a; = —a,. Set

3
Y= X,

o€S; i=1



42 Mario Huicochea (Mexico) [130

and for any choice {1, j, k} = {1, 2, 3}, set
Y, = (alXj + asz) U (CLle + CLQX]').

We assume that the statement is false and we will arrive at a contradiction. Thus
3
I (40)
i=1

First we will demonstrate that there are r € (Z/pZ)* and i € {1,2, 3} such that
X; € AP(r). If
V1| < [X5| + | X5,

then Theorem 4.1 yields there are 7, z, y, 2, w € Z/pZ such that
{X5, X3} = {rlz, yl, rly + 2,2 — 2] \ {w}}.
and our claim is true. Now assume that
V1| > |Xa] + X5 (41)

Then we have that

LI (bv (40))

> Y] + a3 X
> Y| 4 |as X | = 1 (by Theorem 2.1)

3
>3 1xil. (by (41))
i=1
This yields

Y\ + a3 X, | = |Y1]| + |as X = 1,

and Theorem 2.2 implies the existence of r € (Z/pZ)* such that a;X; € AP(asr);
in other words, X; € AP(r). In any case our claim is true and we assume, without
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loss of generality, that there are z, y, r € Z/pZ such that X| = r[z, y]. Now we see
that

i X > 1Y] (bv (40))

> Y + a3 X;|
> V3| + 1 Xs| — 1 (by Theorem 2.1)

and then

Y| <[Xi] + |X5] + L.

This inequality let us apply Lemma 5.1 to the sets a;X; and a; X5, and we conclude
that there are z3, v3, w3 € Z/pZ such that a; X3 = a 7r|y+23, z—23]\{v3, w3 }. Inthe
same way there are z;, vy, wy € Z/pZ such that a; X, = a r[y+ 23, T — 25|\ {v2, w1 }.
However, since lrgig3 | X;| > 4, itis impossible that a; X, a; X, and a, X are pairwise
<<
disjoint. Thus X, X, and X; are not pairwise disjoint and this contradiction
concludes the proof. ]
Now we show Theorem 1.4 when n = 3.
THEOREM 5.1. Let ay, ay, a3 € (Z/pZ)* be not all equal. Take X, X,, X3 pairwise
3
disjoint subsets of 7./pZ such that 11}1123 | Xi| > 4 and > | X,
<i< i=1
<p—2. Then

3
U Z Ao (5) X

o€S; =1

3
> | X5
i

PROOF. From Lemma 5.1 we may assume that there are ¢, j € {1, 2, 3} with the
property that a; € {£a;}; without loss of generality, a; ¢ {£a,}. Write

3
Y= X,

o€S; i=1

and for any choice {4, j, k} = {1, 2, 3}, set

Y, = ((I]Xj + asz) U (ale + asz).
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We assume that the claim is false and we arrive at a contradiction. Thus we have
that

3
M EIP (42)
i=1
From Theorem 4.1, since a; ¢ {%+a,}, we have that
V3| > [X4] + [ Xl (43)

Then we have that

3

> Ixi| > [yl (by 42))

i=1

> Y3+ a3 X5
> V3] +|as X5 — 1 (by Theorem 2.1)

> 23) bl (bv@)) @

From (44) we deduce that
Y3 + a3 X3 = V3] + |as Xs] - 1,

and Theorem 2.2 implies that there is r; € (Z/pZ)* such that Y3, a3 X; € AP(r3).
Moreover, since Y = Y3+a;3X; by (44), we deduce that Y € AP(r;). In the same way
we find 71, r, € (Z/pZ)* suchthat Y}, a3 X,,Y € AP(r)) and Y5, a; X,, Y € AP(r,).
Since Y € AP(r;) for all ¢ € {1, 2,3}, we have that Y, rirj_lY € AP(r;) for all
i,j € {1,2,3}; this fact implies that r; € {%r;} for all ¢,j € {1,2,3} from
Lemma 3.4. Thus we assume, from now on, that r; = r, = r; and we write r :=r;.
From (44) we obtain that

la1 X1 + ar Xo| < |V3| < | X |+ [ Xo| + 1. (45)

We know that a;X; € AP(aj'a;r). Then, by (45), we can apply Lemma 2.1 to
the sets a;X; and a,X,; hence there are z, w,u,v € Z/pZ such that a,X, =
= a;'ayr[z,w] \ {u,v}. In particular a,X, is an arithmetic progression with



133] An inverse theorem in Z/pZ and rainbow-free colorings 45

difference a;lalr without at most two elements. Since a;X; is an arithmetic
progression with difference a;lalr and it has at least 4 elements, we get that

1

its sum with a,X, is an arithmetic progression with difference a3 a;r; in other

words, a; X, + a, X, € AP(a;lalr). In the same way (switching a; and a; in
the previous procedure), we conclude that a;X; + a,X, € AP(a;'a,r). Thus
a1 X + ar X, alaz_l(a]X] + arXy) € AP(a;lalr); then Lemma 3.4 leads to the
inclusion a,a, I'e {£1}, however this is impossible since a; ¢ {%a,}. O

6. Special cases when n > 3

In this section we show some special cases of Theorem 1.4 when n > 3. Before
we start with the proof of one of the main statements of this section, we need an
auxiliary lemma.

LEMMA 6.1. Let n € N>y and a € Z/pZ \ {0, £1}. Take xy, ..., Tn, Y1, .-, Yn
n
€ Z/p such that min |[z;, yi]| > 4 and 3 [[zi, y;]| <p — 1. Ser
<ikn

i=1

n
X := {az,-—i— Z z;:1€{l,...,n}, zie[mi,yi]}.

j=Li#i

If x,y € Z/pZ are such that X C |z, y]|, then
- ~ 1.
1z, yll > max ||z, ]| +n

PrOOF. We assume that the claim is false and we will arrive at a contradiction. Set
W := [z, y| and | := max |[z;, y;||. Thus
1<i<n

W|<l+n-—1. (46)

First we will show that [ < n — 1. We assume that [ > n — 1 and we will arrive at
a contradiction. Suppose, without loss of generality, that [ = |[z;, y;]||. Note that

alzyl CX =) g, CW-) a; (47)
j=2 j=2
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Let m € T (where ' ={i € Z: 0 <1 < p— 1}) be such that m = a!, and
n

set k:=min{m,p—m}. f Y := (W — 3" ;) \ a[z,, 1], then, applying the first
=2
claim of Lemma 3.8, we get that

Y]+ 1> min{m, p—m,L,p—I}. (48)
Hence
n—1>|W|-1 (by(46))
= |v] (‘by (47))
> min{m,p —m,L,p— I} — 1. ( by (48)) (49)

n
The assumptions 11211<n l[zi, y;]l > 4 and > |[z;, y;]| < p— 1 yield
<i<n :

1=1

[+4(n—1)<p-1. (50)

Since [ > n — 1, we conclude that k = min{m,p — m, [, p — I} by (49) and (50).
Thus [ > k and we may apply the second claim of Lemma 3.8. Then

n
l+n—1> W= (by(46))
=2
! p
= [E] +(k-1) [E} (by Lemma 3.8)
-k p—k
NG AU N I
>t a0 (B,
and therefore
k
. 1
l+n(k_1>+k>p (51)
Since a ¢ {0, £1}, k> 2. Hence
I+3n>1+m+k (by(49))

Zl—i—n(kﬁ])—i-k (sincekZZ)
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>p (by (51))

> 1+ 4(n— 1) (by (50))

and this contradicts n > 4. This shows [ <n — 1.
Define

n
7 = {axi—l—(a— 1)d + Z zj:i€{l,...,n}, 0 € {0,1}}.
j=Lji
Let §;, 0 € {0, 1} be such that
n n
az; + (a — 1)d; + Z z; = ax, + (a — 1)0) + Z ;.
Jj=Lj#i J=Lj#k

Then
(@ - 1)(z; — 2 +6; = ) =0
and consequently
T; +0; — 0 = xp. (52)

Since as the intervals [z1,y],..., [T,, yn] are pairwise disjoint and each has at
least 4 elements, we conclude from (52) that z; = xj and then |Z| = 2n. Since W

n
is an interval and ax; +ad + > =x; € Wforalli € {l,...,n} and d € {0, 1},

J=Lj#i
n
we have that az; + (a — 1)6 + > =z, € Wforalli€ {l,...,n} and é§ € {0, 1}
J=Lj#i

except at most for one element. In other words,
|ZNW|>2n—1. (53)
Thus

m—1<|ZNW| (by (53))
< W
<l+n-1 (by (46))
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<2n -2, (sincelgn—l)

and this contradiction concludes the proof. Il

We show the first important result of this section.

THEOREM 6.1. Let n € Ny3 and ay,...,a, € (Z/pZ)* be not all equal. Take
n

X\, ..., X, pairwise disjoint subsets of Z./pZ such that 1211<r1 | Xi| >4 and > | X;] <
<isn i=1

< p — 2. Assume that there is | € {1, ..., n} such that
a =a=...=0-1 =0Q41 = ... = Qp—1 = Q.

Then

U D ewpX;

c€S, j=1

n
> > 1xl.
j=1

PrROOF. We demonstrate this claim by induction on n. If n = 3, the claim is
a particular case of Theorem 5.1. From now on, we assume that n > 4 and that the
claim is true for all 3 < m < n — 1. Without loss of generality, we assume that [ = 1
(in other words, a; = ... = a,), and we write a := a;a,'. Define Y; := a,X; for
all i € {1,...,n}. Set

Z = U (aYi + Z Y]) = U Zao(i)Xia
i=1 =1 €S, i=I

and forall k € {1,...,n}

n

Zv= (aYH— i Yj).

i=1,i£k j=1,5¢{i.k}

We complete the proof by induction assuming that the claim is false for n and
arriving at a contradiction. Thus

> Xl > |z, (54)
i=1
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We have that for all k € {1,...,n}

n n
dWi=>] I
i=1 i=1

> 7] (by (54))
> | Zy + Yy
> | 2| + Vil — 1 (by Theorem 2.1)
n
>3 |vil. (by induction) (55)
i=1

From (55) we have that |Zy, + Y| = |Zx| + |Yx| — 1. Then, by Theorem 2.2, there
is 7, € (Z/pZ)* such that Yy, Zy € AP(ry). Moreover, since Zy + Yy, C Z, we have
from (55) that Z = Yy + Zj; in particular, Z € AP(ry) for all k € {1, ..., n}. This
means that Z, 1y, 'Z € AP(ry,) for all k € {1,...,n} and, applying Lemma 3.4,
we deduce that rkrl_l € {£1}. Thus, without loss of generality, we assume that
ry=1forall k€ {1,...,n}. Foreach k € {1,...,n}, let zy, yx € Z/pZ be such
that Y; = [z, yx]. We have to study two cases:

n
e Assume that ¢ = —1. For each i € {I,...,n}, define w; := —y; + >, =}
k=1 ki

and W= {w; : i€ {l,...,n}}. Let i,j € {I,...,n} and § € [-1,1]
be such that w; = w; + §. Since Yj,...,Y, are pairwise disjoint and they
have at least 4 elements, for all k € {1,...,n}\ {3,j} and & € [-2,2], we
have that w; # wy + ¢'. This means that for all 4, j,k € {I,...,n} pairwise
distinct, if w, v € Z/pZ are such that {w;, w;, wi} C [u, v], then |[u, v]| > 3.
Let z,y € Z/pZ be such that W C [z, y]. The previous argument and the
Pigeonhole Principle yield

I[w,y]|24[%] + (n—3[g]> (56)

Furthermore, since n > 4, we conclude from (56) that

[z, y]l > n. (57)
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Recall that Yy is an interval for all k € {1,...,n}; then, forall i € {1,...,n},
we get that
n n
I‘ —Yut Z T, —Ti + Z yk]
k=1,k#i k=1k#i

‘—YH— i Y;
=(Zml)—(n—1). (58)

j=Lj#i

n
We have that the set —Y; + > Y; is an interval for each ¢ € {1,...,n} and
j=lj#*i
we have bounded its cardinality in (58). On the other hand, from (57), we know

how spread are the first elements of these intervals. Then
n
121> 1+ 1Y),
j=1

contradicting (54).
e Assume that a # —1 so a € {£1, 0}. Set

n
W::{az—i— Z Ty iE{l,...,n},zEYZ}.
k=1,k#i

From Lemma 6.1, since a ¢ {*1, 0}, we know that if z, y € Z/pZ are such that
W C [z, y], then

[z, yl| > fmax Vil +n— 1. (59)

For each i € {1,...,n} and z € Y, set

n
W, :=az+ Z Y.
k=1 ki
Since Yy, is an interval for all k € {1,...,n}, we have that

az+ Y Y :< > |Yk|> —(n-2). (60)

k=1k#i k=1,k#i

|Wz| =
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Assume, without loss of generality, that |Y;| = max |Y;|. We have that the set W,
1<i<n

is an interval for all z € Y, and we have bounded its cardinality in (60). On
the other hand, from (59), we know how spread are the first elements of these
intervals. Then (59) and (60) yield

1Z] >

Uw.

ZEY]
n

=1+ YY)l
j=1

contradicting (54). O

In the proof of Theorem 1.4 we need to deal with some special cases that cannot
be solved with the previous results. That is why we need the following lemma.

LEMMA 6.2. Let ay,...,a4 € (Z/pZ)* be not all equal, and assume that there are

i, € {1,...,4} such that a; = —a;. Take X,, ..., Xy pairwise disjoint subsets of
4

| X;| < p—2. Then
=1

1

Z,/pZ. such that min |X;| > 4
/D7 such tha 1@?4' i| > 4 and

4
U Z o) Xi

4
> Z | Xl
i1

o€S, i=1
PROOF. Assume, without loss of generality, that a; = —a,. Set

4

Yi=J > anX
o€S,y i=1
3

Y, = U Z Ao (i) Xi,
O'ES3 i=1
2

Z = U Zag(i)Xi.
O'ESZ i=1

We assume that the claim is false and we will arrive at a contradiction. Thus

4
V<D X (61)
=1
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Then

i | X > Y] (by (61))
i=1

> Y4+ a4 X4
> |Yy| + |ag X4 — 1 (by Theorem 2.1)
4
> Z | X (by Theorem 5.1) (62)
i=1

From (62) we have that
Yy + a3 Xy| = [Ya| + |as Xy| — 1,

and Theorem 2.2 implies the existence of 74 € (Z/pZ)* such that Yy, a, X4 € AP(r4).
Furthermore, since Y;+a4 X, C Y, (62) lets us deduce that Y;+a4 X4 = Y, and then
Y € AP(r4). In the same way, for each i € {1, 2, 3}, one may prove the existence
of r; € (Z/pZ)* such that Y, a;X; € AP(r;). This means that Y, r;r;'Y € AP(r;)
for all 4 € {1,...,4} and, applying Lemma 3.4, we deduce that rirf € {£1}.
Thus, without loss of generality, we assume that r; = a4 for all 2 € {1,...,4}. Let
z;, y; € Z/pZ be such that X; = [xz;, y;] for each i € {1, ..., 4}. Observe that

3
1+ 3 1] = il (bv ()
i=1
> |Z+a3X;3
>|Z| + |las X5 — 1 (by Theorem 2.1)

and we get that
1Z] < 1X] + | Xa| + 2. (63)

Since a; = —a,, from (63), we obtain that

o -y € {zm—y +i: i€ {£3,+2,+1,0}}. (64)
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From (64) we obtain the existence of z,, w, € Z/pZ such that z, € [w, — 3, wy + 3]
and X, = [y + 25, €, —w,]. In the same way, for 7 € {3, 4}, there are z;, w; € Z/pZ
such that z; € [w; — 3, w; +3] and X; = [y; +2;, £, —w;]. Thus the sets X1, ..., X,
are not pairwise disjoint since they have at least 4 elements; this contradiction

concludes the proof. O
LEMMA 6.3. Let ay,...,as € (Z/pZ)* be not all equal, and assume that there are
i, € {1,...,5} such that a; = —a;. Take X,, ..., Xs pairwise disjoint subsets of

5
7./pZ such that 113135 | X;| > 5 and > |X;| < p—2. Then
_Z_

i=1

5 5
U Z as@)Xi| > D |1Xil.
0€Ss i=1 =1
PROOF. Assume, without loss of generality, that a; = —a,. Set

5
Y = U Z ag(i)Xi,

GESS i=1

4
Y5 = U Zag(i)Xi.

O'ES4 i=1

We assume that the claim is false and we will arrive at a contradiction. Thus

5
Y| <> Ixil. (65)
1=1

Then

5

> Ixi > Y] (bv (65))

i=1

> |Ys + as Xs|
> |Y5| + |asX5| — 1 (by Theorem 2.1)

5
> Z | X;]. (by Lemma 6.2)
i=1
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From here on the proof is completed proceeding, mutatis mutandis, in the same way
as is done in Lemma 6.2 after (62). O

7. Proof of Theorem 1.4

n—times
Forn € N, let a:= (ay, ..., a,) be an element of(Z/pZ)* X ... X (Z/pZ)? and F
be a family of n pairwise disjoint subsets of Z/pZ. We say that (F, a, n) is generic

if the following assertions are true:

i) n>2.

ii) Not all the entries of a are equal.
iii) If a = (ay, ay), then a; # —a,.

Before we conclude the proof of Theorem 1.4, we prove the following useful lemma.

LEMMA 7.1. Let n,m € N and ay,...,a, € (Z/pZ)* be not all equal. Take
n
X1, ..., X, pairwise disjoint subsets of 7./pZ such that 1r<r11<n | X;| >4 and > |X;| <
<i<n i=1
< p—2. Set
a; :=(ap,...,an), Fir={Xy,..., Xn},
= (Gpity -, 0n), Fry ={Xms1, .- Xn}

Assume that Theorem 1.4 is true for all k € N>, such that k < n. If (F;,a;, m) and

(F2, 4, m — m) are generic, then

n n
U Zao(i)Xi > ) 1Xil.
o€S, i=1 =1
PROOE. Set
m n—m
le = U Zaa(i)Xi and Y2 = U Zam+g(i)Xm+i.
o€S,, i=1 0ES,—m =1
The elements ay, ..., a,, € (Z/pZ)* are not all equal and the subsets X1, ...,

X, of Z/pZ are pairwise disjoint. We have that 2 < m < n — 2; moreover, if we
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have m = 2, the sum of the entries of a; is not zero. Since Theorem 1.4 is true
for m, we conclude that

m
Vil > IXil. (66)
i=1
In the same way we deduce that
n
Vol > D |Xil. (67)
i=m+1
We conclude the proof as follows
n
U Z as()Xi| 2 Y1+ Y|
o€S, i=1
> Y|+ |Va] — 1 (by Theorem 2.1)
n
>3 Xl (by (66) and (67)) 0
i=1

Now we are ready to complete the proof of Theorem 1.4.

PROOF. (Theorem 1.4) The first part of the theorem is already demonstrated in
Theorem 4.1. It suffices to show the second claim and this is done by induction
over nn. The claim is true for n = 3 from Theorem 5.1. Thus, from now on, we may
assume that n > 4 and the statement is true for all 2 < m < n — 1. Furthermore,
since not all the aq,...,a, are equal, we assume that a; # a, without loss of
generality. First we demonstrate the claim when n = 4. From Lemma 6.2 we may
assume that a; # —a; forall 4, j € {1,...,4}. We deal with two cases.

e Suppose that a3 = a4. From Theorem 6.1 we may assume that a3 ¢ {a;, a,}.
Set

a; == (a1, a3), Fi={X1, Xp},
a = (az, (14), .FQ = {X3, X4}

Then (Fi, aj, 2) and (F>, a,, 2) are generic, and Lemma 7.1 concludes the proof
of the claim.
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e Suppose that a3 # a4. Set

a = (al, az), Fi= {Xl,Xz},
a, 1= (a3, a4), Fr = {X3, X4}

Then (Fy, ay, 2) and (F>, ay, 2) are generic, and Lemma 7.1 finishes the proof.

Now we demonstrate the claim when n = 5. From Lemma 6.3 we may assume
that a; # —a; forall ¢, j € {1,...,5}. We deal with two cases.

e Suppose that a3 = a4 = as. From Theorem 6.1 we may assume that a; ¢ {a;, a,}.
Set

a = (a,a3), Fi:={X, X5},
a = (ay, a4, as), Fy = {X3, X4, Xs}.

Then (Fi, a1, 2) and (F,, a,, 3) are generic, and Lemma 7.1 concludes the proof
of the claim.

e Suppose that as, a4, a5 are not all equal. Set

a = (a,a), Fi:=1{Xi, X},
a = (as, a4, as), Fy = {X3, X4, Xs}.

Then (Fj, a1, 2) and (F>, a,, 3) are generic, and the claim is true by Lemma 7.1.
Finally we show the claim when n > 6. We have to deal with two cases.

e Suppose that a; = ... = a,. From Theorem 6.1 we may assume that a; ¢ {a;, a,}.
Set

a; ;= ((11,03, a4), Fii= {XI’X29X3}’
a = (a’Z’G’SS"'sa'n)a f2 = {X4""’XTL}‘

Then (Fi, a;, 3) and (F,, a;, n— 3) are generic, and Lemma 7.1 lets us conclude
the proof of the claim.

e Suppose that as, ..., a, are not all equal. Assume, without loss of generality,
that a4 # as. If

a, := (a1, ay, a3), Fii={X1, X3, X3},
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A = (a4,... ,an), ]:2 = {X4,... ,Xn}

Then (F,ay, 3) and (F,, ap, n — 3) are generic, and in this case we conclude
using Lemma 7.1. O

8. Proof of Theorem 1.5

In this section we conclude the proof of Theorem 1.5.

PROOF. (Theorem 1.5) We assume that n > 4 by |7, Thm. 6]. Set

n n—1
Y = U Zag(i)Xi and Y, = U Zag(i)Xi.

g€S, i=1 0ES,—| =1

From Theorem 1.4

n—1
Vol > > Xl (68)
i=I
We claim that Y = Z/pZ. If this is not true, we have that |Y| < p— 1 and therefore
p—12>1Y]
> Yo + an Xy
> 1Yol + lanXn] — 1 (by Theorem 2.1)
n
> ( 3 |Xi|> 1 (by (68))
i=1
=p- 15

and this contradiction yields Y = Z/pZ. Then we have that b € Y, and therefore
n
there is a rainbow subset {z1, ..., z,} of Z/pZ = |J;—_, X; such that > a;z; = b. OJ

i=1
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