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Abstract: We confirm a conjecture of Fox and Kleitman from [3] on the maximal degree of
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than 4.

Keywords: Fox-Kleitman conjecture, inverse problems, arithmetic regularity lemma
AMS Subject Classification: 05D10, 11P70
Received: 09.01.2017

1. Introduction

A linear equation is called r-regular if for every r-coloring of N there exists
a monochromatic solution to this equation. The equation is called regular if it
is r-regular for every positive integer r. Otherwise, the largest integer such that the
equation is r-regular is called the degree of regularity of this equation. Kleitman
and Fox studied regularity of various linear equation in [3], in particular

S =Y yith, (1

1=1 i=1
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where b is a positive integer. It is easy to observe that for every positive inte-
ger b one can define a 2n-coloring ¢ : N — {0,...,2n — 1} by c(2) = j if
% <5 -1yl < ]zinl without any monochromatic solution to (1), thus the de-
gree of regularity of this equation is at most 2n — 1. On the other hand, Straus
proved in [6] that for every n one can always find an integer b = b, such that the
equation (1) is Q(log n)-regular. Kleitman and Fox [3] conjectured that their upper

bound is tight.

CoNIECTURE 1. For n € N, there is a positive integer b,, such that the equation
n n
D_m=D yitb 2)
i=1 i=1

is (2n — 1)-regular.

The aim of this paper is to confirm Conjecture 1. Our approach will rely on a certain
structural theorem.

Foraset A C {l,..., N} we denote by 2A the sumset A+ A = {a; +a, : a;,
a, € A} and, more generally, by kA we denote the k-fold sumset A+ ...+ A =

={a;+...+ar:a; € Afor 1 <i<k}. Clearly, we have that 2|A| — 1 < [24] <
< 1AL+

The structure of the sets with small doubling was intensively studied. The well
known 3k — 4 theorem of Freiman from [4] states that if |2A4| < 3|A| — 4, then A
is contained in an arithmetic progression of length at most |A + A| — |A| + 1. In

, where the lower bound is only achieved for the arithmetic progressions.

this paper we focus on another structural theorem proved by Eberhard, Green and
Manners in [2]. Denote by Ds(A) = {z : 14 % 1_a(z) > &} the set of d-popular
differences, where for any two functions f,g: {1,..., N} — C their convolution
is defined by f* g(n) = & > f(m)g(n — m).

m

THEOREM 1.1.  For every € > 0 there is some & >, 1 such that the following holds.
If AC{l,...,N} is a set with |Ds(A)| < 4|A| — €N, then there is an arithmetic
progression P C {1,..., N} of length |P| >, N such that |AN P| > (% + %E)|P|

Following the method of Eberhard, Green and Manners, we will generalize
this theorem for sets A which have small k-fold sumset for some &k > 2.

THEOREM 1.2.  For every € > 0, k > 2 and every set A C {1,...,N} if
|kA| < K?|A| — €N, then there is an arithmetic progression P C {l,...,N} of
length |P| >.) N such that |AN P| > (1 + <¢)|P|. In particular, there exist
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1 < j < k-1 and an arithmetic progression P C {1,...,jN} of length |P| >¢; N
such that |JANP| > (3 + ﬁ€)|P|

The key ingredient in proof of this theorem is the arithmetic regularity lemma.
We give an exact statement of this lemma in the next sections, along with some
other auxiliary lemmas from [2].

2. Auxiliary lemmas

In this section we will quote various auxiliary lemmas and definitions mainly from [2].
The crucial result we use is the arithmetic regularity lemma proven by Green and
Tao in [5]. The proof of the version we need was also given by Eberhard in [1]. This
lemma allows us to decompose a function f: {1,..., N} — [0, 1] into a structured
part and parts small with respect to £,(N) and the Gowers U*(N) norms. We recall
first some definitions.

DEfiNnITION 1. Let f : {1,...,N} — C be a function. Then we define the Gowers
U%(N) norm

2wy = 1 fllozey/ I, vyl @) s
where G = Z/N'Z for some arbitrary N' > 4N and
1£1i2(6) = Eahheaf (@) f(@ + hi) f@ + ha) f(& + hy + ha).

Above and throughout the paper for any function f : {I,..., N} — C and any

subset K C {1, ..., N} we use the notation E,cx f(x) = % > f(z).
neK

DEfiNITION 2. Let f:{1,..., N} — C be a function. Then we define

1l = (% ) f(n)|2> |

n<N

DEfINITION 3. Suppose that @ € R™. Let N > 1 be an integer and let A > 0 be some
real parameter. We say that 0 is (A, N)-irrational if whenever qy, . .. , q,, are integers,
not all zero, with Y |q;| < A then ||q\0) + ... + ¢m0n|lr/z > A/N.

i

DEfiNITION 4. Suppose that X is a compact metric abelian group endowed with trans-
lation invariant metric d and f : X — C is a function. If there exists a constant L
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such that |f(x) — f(z')| < Ld(z, 2') for all x,z' € X, then the function f is called
a Lipschitz function. The Lipschitz constant || f||Lip of the function f is defined by
f(z) - F(y)]
1 fllzip = sup ———==.
v 17#1/ d([L‘, y)

Throughout the paper let X be the product of spaces Z/qZ, [0, 1], (R/Z)™ with the
suitable product metric of the discrete metric on Z/qZ and the Euclidean metrics
on [0, 1] and (R/Z)™. We will also denote (R/Z)™ by T. We can now formulate
the arithmetic regularity lemma.

LEMMA 2.1 (Arithmetic regularity lemma). Suppose we are given a parameter § > 0
and a growth function F : N — R . Then for any function f:{1,..., N} — [0, 1]
there is an M <55 1 and a decomposition f = fior + funf + fenu into func-
tions taking values in [—1,1], where ||fsmlle,vy < 0, |funglloogyy < 1/F(M)
and fior(n) = F(n(mod q),n/N,0n) for some q,m < M and some function
F : Z/qZ x [0,1] x T — [0, 1] with Lipschitz constant at most M. Furthermore,

the element 0 € T may be taken to be (F(M), N)-irrational.

We will also make use of various properties of the functions obtained through
such decomposition.

LEMMA 2.2. Suppose that § € T is (A, N)-irrational and let F : T — C be a function
with Lipschitz constant at most M. Suppose that P C {1,..., N} is an arithmetic
progression of length at least nN. Let p be a normalized Lebesgue measure on 'T. Then

provided that A > Ay(M, d, n, d) is large enough.

LEMMA 2.3. Suppose that 0 € T is (A, N)-irrational. Let ¢ € N and let F : 7./q7Z X
x [0, 1] x T — [0, 1] be a function with Lipschitz constant at most M. Let | be the

product of the uniform measure on 7/qZ and the normalized Lebesgue measure on
[0, 1] and T. If § > 0 is arbitrary, then

BocFln(mod ). /. 0n) ~ [ Fau| <6,

provided that A > Ay(M, q, d, d) and N > Ny(M, q, d, 0) are large enough.
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LEMMA 2.4. Let X be a compact metric abelian group endowed with translation
invariant metric d and a translation-invariant probability measure |. Suppose that
f: X — C is a function with Lipschitz constant at most K. Let g : X — C be any con-
tinuous function with ||g||s < 1. Then the convolution f*g(z) = [ f(y)g9(z—y)du(y)
also has Lipschitz constant at most K.

Next, we quote some useful lemmas for dealing with functions with small

Gowers norm.

LEMMA 2.5, Suppose that f: {1,..., N} = C is a function. Then |E,<yf(n)| <
& | fllo2(w)- More generally suppose that P C {1, ..., N} is an arithmetic progression
of length at least NN. Then |Encpf(n)l| < 07| fllv v -

LemMa 2.6. Let f, f,g: {1, ..., N} = [—1, 1] be functions such that ||J7—f||Uz(N) <
< 6. Then |f * g(d) — f* g(d)| < 40" for all except at most 406N values of d.

Finally, we also need a lemma to bound the values of convolution of functions.

LEMMA 2.7. Let P,P" C {l,...,N} be arithmetic progressions with the same
length. Let f : P — C and g : P — C be two functions. Suppose that both are
bounded pointwise by 1 and that either E,cp|f(n)| < n or Eueplg(n)| < n. Then

IIf * glloe < n|P|/N.

3. Proof of theorem 1.2

Our argument closely follows the proof of theorem 1.1 from [2]. In the course of the
proof we will always assume that IV is large enough depending on ¢, k. For small N
the theorem is true trivially by taking any two elements of A to be an arithmetic
progression P (or one if |A| = 1). We will use the induction on k. For k = 2
the lemma follows from Theorem 1.1. Let £ > 3. We assume that the theorem is
true for k — 1 and that A C {l,..., N} is a set such that |kA| < k*|A] — eN.
Let F: N — R, be a growth function depending on ¢ and k to be chosen later.
Let € = min(e, W). Then we can apply the arithmetic regularity lemma to the
function 14 to obtain a parameter M L kT 1 and a decomposition

g = ftor + ﬁml + funf’
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where ||fsml||€z(N) < EREED | funglloe ) < f(ﬂ and

ftor = F(n (mOd Q)s %, 0”)

for some F : Z/qZ x [0, 1] x (R/Z)™ — [0, 1] such that g, m, ||F||1;, < M and for
some (F(M), N)-irrational 8 € (R/Z)™

We will study the density of A on some arithmetic progressions in {1,..., N}. To
do this we define a parameter M = [5‘4’“(’““)]\71 | and progressions:

Li= {n € (%\7 %] :n = a (mod Q)}

for a € Z/qZ and i € {1,..., M}. We proceed as in [2]| by defining functions
F,;: T —[0,1] in the following way: F,;(z) = F(a,i/M, z) for a € Z/qZ and
i € {l,..., M}. Now we can replace function f;,, by a function fg, : {1,..., N} —
— [0, 1] such that

fstr l‘) Z Z 1[ x)Faz en)
a(mod ¢) =1

Because F is M -Lipschitz, so is F,; and therefore fg, differs from f;,, by at most
g¥h(k+2) a5

|fstr(n)_ftor(n)|: F(CL 9n)—F(a,%,6’n)

)
bl M’
for n € I, ;. We can deal with this difference by defining a function fs,;; = ﬁml +
+ fior — fstr, which still has small £,(N) norm || fomlleyvy < 28%**+2. Observe
that we can always choose the function F in such a way that F(M) > F(M)

for some arbitrary growth function F depending on ¢, k. Therefore, we obtain
a decomposition

la= fstr + funf + fsmla

~Ak(k+2)

where || fomille,v) < 26 s | funglloeawy < ﬁ and

fstr(n) = Z Z Ir,; n)Faz (6n)

a(modg) i=1
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with @ being (F(M), N)-irrational. We denote by «(a, i) the density of A on I,;
and put

~2k(k+2)}

E={(a,i) € Z/gZ x {1, ..., M} : Euer, | fomi(n)] > &

We quote here some lemmas from [2].

LEMMA 3.1. |E| < E2kk+2)-1g0g
LEMMA 3.2.  For all (a,i) € Z/qZ x {1,..., M} outside E we have [ F,; >
T

> ala, i) — E* provided that F(M) is large enough depending on €,k, M and N is
large enough depending on q, M.

LemMma 3.3. Let n > 0. If F grows sufficiently rapidly depending on m, then the
Jollowing is true. If F : T — [0, 1] is M-Lipschitz, 0 is (F(M), N)-irrational and
I CA{1,..., N} is any progression of length at least % , then the proportion of n € 1

such that F(On) > n is at least p({x € T : F(z) > 2n}) — 7.

We will also need the following result of Tao [7].

LEMMA 3.4. If S1, 8, C T are open and 0 < t < min(u(S;), u(S2)), then

/ min(ls, * Ls,, )dp > t min(u(S)) + u(Sh) £, 1).
T

Next lemma is a generalization of Lemma 4.6 from [2].

LEMMA 3.5. Let k> 2 and 0 < n < (3k — 4)~**&+)  Suppose that F\, F;, ..., Fy
: T — [0, 1] are M -Lipschitz functions such that [ F\, ..., [ F, > 3n"/®*+0) Thep
the measure of the set of © for which F\ x ...x Fy(x) > n is at least

min (/ F, +...+/Fk, 1) — 3k — 2)p"/kE+D),

ProoF. We will use the induction on k. For kK = 2 our lemma is just Lem-
ma 4.6 from [2]. We assume that the lemma is true for k and that the functions
Fy, ..., Fyy, satisfy the conditions of the lemma for £ 4+ 1. Let = n/(k+2)
and denote the convolution F} % ... F; by F and m by 3. We de-
fine an open set S = {x € T : F(z) > n?tF*+2}. Since nftF/(+2) < 77 we
can estimate the measure of the set S from below by the measure of the set
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{z € T : F(z) > 7}. By assumption [ F,... ka > 3pf = 35V/kE+D and
,'7 _ nk/(k+2 (3k _ 1)—(k+1)(k+2)k/(k‘+2 (3k ) k(k+1) < (3k 4) k(k+1) By
the inductive hypothesis

w(S) > p({x € T: F(z) > 7}) > min (/ Fi4...+ / Fy, 1) — (3k — 2)7/HkHD)

— min (/F1+...+/Fk,l) — Bk—2)".

In fact we can show that u(S) > n°. Indeed, in view of n < (3k — 1)~k+D#+2) and
f F; > 3n® we have

min (/ F +...+/Fk, 1) > min (3knﬁ, 3k — 1)775) > (3k — ).

Put T = {z € T : Fp (z) > n"/*+2} and denote by T° the complement of T

in T. Since
/Fk+1 /Fk+1+/Fk+1 §/1+/77 Ak+2)

T° T T°
N(T)+7]1/(k+2)ﬂ(Tc) S N(T) +n1/(k+2)

~

we can estimate the measure of T' from below by

w(T) > /Fk—H — D > 3P P > P

Further, by assumption, the functions Fi,..., Fxy; are M-Lipschitz, hence by
Lemma 2.4 so is the convolution F. Consequently, F' and Fj,, are continuous
functions, so that the sets S and T are open. Therefore we can use the Lemma 3.4
with ¢ = 5%, We have

/ min(Ls # Lr,n’)dp > 7 min(u(S) + u(T) -1, 1),

$0
min(lg * 17, n%)

nP

dp > min(u(S) + u(T) -, 1).
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We estimate the right-hand side using the integrals of functions Fy, ..., Fyq

min(min(/Fl+...+/Fk,l) —(3k—2)nﬂ+/Fk+1—nﬂ—nﬂ,l)
min(min(/Fl—i-...—i—/Fk,l)+/Fk+1,1)—3knﬂ
min(/F1+...+/Fk+/Fk+1,1) —3kn”.

To estimate the left-hand side let us define X = {z € T : lg * Ip(z) > n"/*k+2-F},
We have

/mmls*lT, /mmls*lT,n) /mmls*lT,n)
1/(k+2)
/—d,u—i—/ ——dp

< u(X) + / /"7y < p(X) + o
XC

(V4

v

where the last inequality follows from the fact that —= — 23 > 3 for k > 2. Observe

that for x € X we have

k+2

Fx Fpypy(z) > nﬂ+k/(k+2)1 % 771/(k+2)1T(35) > 77ﬂ+k/(k+2) ,nl/(k+2) . nl/(k+2)—ﬁ =

where the first inequality follows from the definitions of the sets S and T and
the second inequality follows from the definition of the set X. Comparing these
estimates we get

p({z €T: FxFypi(x)>n}) > min (/F1+...+/Fk+/Fk+1,l) — Gk+ 1)y’

which completes the proof. O
With this lemma we will be able to link the size of kA with the densities a(a, 7).
LEMMA 3.6. Let (ay,1y), ..., (ay, ix) € E and a(ay, 1y), ..., a(ag, i) > 42%. Then

N . . o N
|KAN Ty 4 fapivt. . 4ip—jl > qT/[ min(a(ay, i) + ... + a(ag, ix), 1) — 7Tke q_M

Jorany 0 < j<k—1.
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Proor. Recall that

k k
(hZih—j—l)N (Zih JN
=1 h=1 —
I+ fapi+.. +i—j=94 NE I , M :n:E ap(modq)

Let us notice first that in view of Lemma 3.2 it is sufficient to prove that

N a2 N
|k‘Aﬂ Ial+---+ak,i1+---+ik—]'| Z m min (/Fal,il +...+ / de,ik’ 1) — 6ke m

for (ai,%1),...,(ax,ix) ¢ E and [ F, ;,..., [ F,i > 32%. To show that d €

€ KANIy 4 tapii+.. +ig—j We have to verify that 1, | *...% L, ., (d) > 0 for

d € Iot . tapi+.. +ig—j- We will write Fy, for Fy, ; for 1 < h < k. We will focus
. . ) iy —2h&e2

on the case j = 0. Now, let d, € I 4. 44, +...+i, satisfy dp < %N for

some h < k. We will use the induction on h. As in [2] one can prove that

=2

g
* fstriz,, ,, (d2) > W(Fl * F(0dy) — ——

~2k(k+1)
R ).

fstr|]a

101

Let us denote F; * ... Fj_; by F' and assume that

2\"? 6" ! ker)
fs"‘[al,il Hooox fs””ﬂhq%—l (dh_l) 2 (q_M) (F(edh_l) B 4. 6k6 )

Furthermore, we define

> ij—2hE > ij—2(h—1)2
1<j<h~1 N<p < SISk N
M - = M

X= nEIaH-. T TSR P

Note that dj, —n € I, ;, for every n € X and f_}\]/lv <X <L 3%;—]\1} provided that
N(g, M) is large enough. Therefore

fstr|]a

1
L1 *.. ~*fstr|1ah_ih (dh)ZNZfstrUa],il *.. '*fstr‘lah,l.ih,l (n)fstr\lah,ih (dh_n)

nex

() (et o
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1 gQ h=2T )
> N(W) 1X] ZF (On) Fy(6(dr,—n))— Z46k 2K6+) B (0(dp— n))]
e neX nex
1/72\"?r bl .
> N(E_M) | X| (/F(Gn)Fh( (dp—n))dp— o O k(1) _ 46kgzk(k+1))]
q
1 &2 h2 _~2N 6h’ o 2N
> v\ —— FxF] ~2k(k+1) € 1V
z N(qM) Wi xF,(0dy)—2 46’“8 a1
2\ 6" 2h(k1
> (qT/I) [F*Fh(edh)_ S2h(k+ )].

In the estimate above the second inequality follows from the inductive hypothesis.
In the fourth inequality we used Lemma 2.4 and the fact that the product of
two M -Lipschitz functions bounded pointwise by 1 is 2M -Lipschitz, hence we can
use Lemma 2.2 provided F(M) is large enough depending on M, m, g, h, k.
Repeating this argument until h = k, we get

gz k—1 1
fStT‘Ial i K f3t7"|1ak,ik (dk) Z (qu) |:F1 ...k Fk(edk) — Z&,‘zk(k—H)

for at least —(1 — 2(k + 1)&?%) values of di. But if F grows sufficiently rapidly
depending on ¢, M, then by Lemma 3.3 the proportionof d € I, . 1q, +.. 44, Such
that Fy % ... x Fy(6d) > 1&2F¢+1) s at least p(Y) — 382**+) where Y = {z € T
Fy % ...% Fy(z) > £+k+)} We can estimate the measure of Y using Lemma 3.5
with i = 2¢k+1) | Recall that £ = min(e, 5z). Then

|\ 2k L\ KD e
°<"5(W) :<W) < (k-

and [ Fy,..., [ Fy > 382 = 3n"/(k+1))  Therefore by Lemma 4.6

u(Y)Zmin(/F1+...+/Fk, 1) — 3k —2)&".

This proves that

2N ey LTV e
2k(k+1) __ 2k +4k—2
fstru,ll,,v1 Kook fstr|lak,ik (dk) > 2 (m) € =1 (q_M> €
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N /F+ +/F1 SkN~2
quln T+ ... k> qu

values of d € Ial+_ cAag, i+ iy

for at least

Next we will bound the contribution of the functions fyn,; and fy,z Let us first
recall that by Lemma 3.1 for 1 < h < k Enelah.ih| fsml\lah,ih (n)| < &2kk+2) since
(ap,ip) ¢ E. For 2 < j <k let B; = {b;,b,,...,b;} be any subset of size j of
the pairs A = {(ay, 41), ..., (ax, ix)}. We will show, by induction, the analogue of
Lemma 2.7

| < 1 1 2k +4k—2
= 100k2 (qM)J'—1

|fsml|Ib] koK fsml|]1,j (n)

For j =2, B, = {b;, b,} and any n we have

1 |1, |
| fomun, * fsmiz, (n)] < N Z | fsmu, (0 = )| fsmuz, (d)] < %Edelbz | fsmiz,, ()]
d

< iﬂgzkﬂ—% < 2 1 2R Hak-2 11 R ak-2
NgM qM 10*k* 100k* gM

2
Now, we assume that | fg, IRE R fomi I, (n)] < WIZHW%% +4E-2 for any
B;. = {b’,...,b;;l} C A and any n. Then for B; = {b;,...,b;} C A and any n
we have

1
|fsml\[bl koK fsml|]bj (n)| S N Z |fsml|];Jl *oo0% fsml\ijq (n - d)||fsml|lbj (d)|
d

1 1 opiars |1, |
S 100k2j72 (qM)'772 3 T]Edelb]. |fsml|1bj (d)|

< 1 1 ~2k*4-4k—2
~ 100k% (qM)J'—1 '

Analogously, we can show that for ¢ := k"/*=) 1 < < k—1,C; = {cf,...,¢;} C A
and any n

h-1
c
| Fstrir,, * -+ % [ fstriz,, ()] < (q_M)

as E,¢ Ic]-| Fstr| L, (n)] < land |I,| < cqﬁM for N sufficiently large. Combining these
estminates for B; and Cj such that 2 < j <k, h = k- j, B;U(C, = A and
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B;NC, =2 we get
|fsml\1b ¥..0% fsml\[b. * fstr\]c ORI fstr\[c (n)l
1 '§ 1 h

1
S ]T/- ; |fsml\Ibl *. .. >l<.fsml|[bj(Cl)||fstr|lcl *. . '*fstr|IEh('n/_ d)|

1 c \ !
S N (qu) Z |fsml|1;,l *---*fsmll]bj(d)l
dely, +.. .+I,,].
< L e\ 1 ! ~2k2+4k—2|I TR,
—— — ———w—v3 —6 ... .
= N \gM 100k%7 (gM)7~! b bi
h—1
< 1(ie b : ! ‘ g2k2+4k—2jc£
N \gM 100k%7 (gM )7~ qM
1 NP s
N J g2k2+4k72
qM 100k% )

In the similar way, we see that for any b € A and Cy_; = A\ {b} and any n

|fsml|Ib * fstrl]Cl *oo0% fstr|ICk )| > Z |.fsml|Ib ||.fstr| X fstrllckq (’I’L - d)l

() e foan < () !

Finally, we have

(.fstr|1a +fsml\[a] iy ) . -*(fstr|1a +fsml|1ak‘ik)(d)

1501 kol

= fstr\[al,il *.o..

k
*fStT‘Iak,ik (d)+Z Z fsml\[l,l *. . -*.fsml|1bj *fstr|]c] *.. -*fstr|Ick7j (d)

=1 (B} Ci—j)

1 1 k_1~2k2+4k—2 k ¢ k_1~2k2+4k—2 1 +Zk: kY wif 1 ! J
a\gt) °© ) ° 100k "<\ j “ \gM) 100k
k- k-
l L 1E2k2+4k—2_ ¢ lgzk2+4k—2 1 + 1
4\ gM qM 100k* * 100k
k- k- k-
> 1 L lgzk2+4k—2_i i 152k2+4k—2> 1 i 1g2k2+4k—2
T 4\ gM 50\ gM “5\gM

for at least
N N
— mi Fi+... Fi, 1) — 5k—
oM mm(/ |+ —i—/ %> 1) qu

v

v
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values of d € In, 4 tapi+.. +is-
) < f# we can use

Since ||1A|Ia]-,ij - (fstrl]a]-,ij + fsmlllaj,ij) |U2(N) = ||funf\1a].‘i]. (M)
the Lemma 2.6 to include the contribution of f,,¢ provided that 7 grows sufficiently

rapidly depending on k, €, ¢, M. Then

1 k-1 R
~2k"+4k-2

1
IA‘Iul.i] ok 1A|]“Ic>ik (d) Z g <q]_\4'

for at least

N '(/F+ +/F 1) 6k
— min — —
aM 1 k> qu

values of d € Ia1+. cAagi e i O

To prove the next lemma we will need the Brunn-Minkowski theorem.

THEOREM 3.1. Let X,Y be open subsets of R™. Then we have \(X + Y)/™ >
> MX)V™ 4+ XN(Y)™ | where X is the Lebesgue measure.

LEMMA 3.7.  For a given function o : Z/qZ x {1,..., M} — [0, 1] and (z,y) €
€ Z/qZ x {1, ..., kM} we define a(z, y) = max(a(ay, i1) +. .. + alag, ix)), where
the maximum is taken over all pairs (ay,1%1), ..., (ay, ix) € Z/qZ x {1, ..., M} such
that a;+...+ar =x and iy, + ...+ i — j =y for some j € {0, ...,k — 1}. Then

Z alz,y) >k Z a(a, 1)

z,y a,i

PROOF. We define the following open set X C Z/qZ x R?

X= U {a} x (i — 1,7) x (0, a(a, i)).

(a.0)€Z/qZx{1,.. .M}

Let us observe that

X+ X= U {a+ad}yx(@+i —2,3+i)x(0,a(a,i)+ad,i))
(a,i),(a'3")

hence

k k k k
kX = U a; ¢ X le_k’zlj X O,Za(aj,ij)
(a1,i1),- - s (apsip)  J=1 j=1 j=1 j=1
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- U <{Za]} X <Zz’j—k,zz'j—(k—1)) % (O,Za(aj,ij)) ) u...
(@1,i1),- - - (ak,ix) j=1 j=1 j=1 =1
U ({Za]} X (Zij—l,zz'j) % (o,za(aj,ij))>

— U {z}x (y—1,y) x (0,a(z,y)),

(z,y)€Z/qZx{1,....kM}

if we ignore the sets of measure zero in the second equality.
Now, let v be a a product of counting measure on Z/qZ and Lebesgue measure A
on R?. Then ¥(X) = > a(a, i) and v(kX) = > a(z, y). We want to show that

a,i T,y

v(kX) > k*v(X). If ¢ = 1, then we simply apply the Brunn-Minkowski inequality
for m = 2 and the induction on k. Otherwise, we use fibres X, of X over
a € 7Z/qZ. These fibres are open subsets of R?. Let a, be an element of Z/qZ
such that A(X,,) = Z a(ay, 1) = max A(X,). Then for any a such that X, # &

Brun-Minkowski 1nequahty implies that

(Ko +X0) > (/MXa) + /A0 ) 2 4M(X,).

We then use induction. Let us assume that A(X, + (j — 1)X,,) > 7°A(X,). Then

X+ 3X0) 2 (A + (G- DXa) + /AX0)

= (X + (= DXa) + 20/ MXa + (G~ DXa)AXe) +AM(Xe)
> FPAM(Xa) + 25MXa) + A(Xa) = (5 + 1)’ A(Xa).

By induction we conclude that A\(X, + (k — 1)X,,) > k*’A(X,) And since X, +
+ (k- 1)X,, are disjoint as a ranges over Z/qZ, we have

SOAK A+ k-1DX) > Y BAXL) = Ku(X)

a: X, A2 a: X, A2

and finally

D Az, y) = v(kX) > Kv(X) =k a(a, i). O

T,y a,i
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LEMMA 3.8. For a given function a : Z/qZ x {1, ..., M} — [0, 1], (z,y) € Z/qZ %
x {l,...,kM} and n > 0 we define a(z,y) = max(a(a, i) + ... + a(ag, i),
where the maximum is taken over all pairs (a1, 11), . .., (ax, 1x) € Z/qZx {1, ..., M}
such that a(ay, iy), ..., c(ag, i) >n, a1 +...tag=zand i, + ...+ —j=y
Sor some j € {0, ...,k — 1}. Then

Z a(z,y) >k Z a(a, i) — K*ngM.

T,y a,i

PROOF. Let us define a set S = {(a,i) € Z/qZ x {1, ..., M} : a(a,) < n} and

a function
a(a, i), if (a,1) ¢ X,
al(a, i) =
0 if (a,7) € X.

We see that &(z,y) = a'(z,y), where @'(x, y) can be interpreted as a maximum
in the sense of both this and the previous lemma. Then using the previous lemma

we get

Z&(m,y):Z&T(x,y)Zkzzoﬁ(a,i):kz Z a(a,i)— Z a(a,i)

2y (a,)gS (ai)eS
Zkzza(a,i)—kzon. O

a,i

We will continue the proof of Theorem 1.2. Put

a(a, 1) if (a,1) ¢ E,
o' (a,1) =
0if (a, ) € E.

Then by Lemma 3.6 applied with o/(a, i)

N . . "
\KAN o 4. tapiit. . +in—ijl = q_M min(a'(a;,4;) + ...+ a'(ag, ix), 1) — 7k62qT/I
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for any 0 < j < k — 1 provided o'(ay, i) > 4€2 for all 1 < h < k. Summing up
for different values of x = a; + ...+ a; and y =¢; + ... + i — j we obtain

N
kAl > — > min(@ (z, y), 1) — 7TkEN
q
T,y

where &' is the maximum defined in Lemma 3.8 with n = 4&2. But then

4 4 >
kA > — 1+ —¢€)— —-eN—T7ke"N.
|kA| Zmln (z,y), 1+ Sks) 5€ 3

Suppose that &'(z,y) < 1 + %s for all (z,y). Then by Lemma 3.8

N 4 N 4

|kA| > AT &'(x,y)—geN—7k52N2q—MkZZo/(a,i)—452k2N—gaN—7k52N
4

2—k2Zaaz —58%kK’N 6N TkE* N> k| A|—68° gsN—7k’§2N

4
N——s>k2|A| eN

> K| A|-(6k*+7k

which gives us a contradiction with the assumptions of the theorem.
Therefore there exists (z,y) € Z/qZ x {1, ...,kM} such that &'(z,y) > 1+ %8
and consequently there are (aj, %), ..., (a, i) € Z/qZ x {1, ..., M} such that
a(ar, i) + ... + alag, ig) > 1+ 5;4166. But then there exists an arithmetic pro-
gression P C {l,..., N} of length at least ¢cN (where ¢ = c¢(q, M)) such that
JANP| > (1 + 5,€e€)|P| Let P={x+d,z+2d,...,z+ |P|d} be this arith-
metic progression and let A’ = % = {%3* : a € AN P}. Then, clearly
A CA{l,...,|P|} and |A'| > %(1 + %s)|P|. We will consider two cases:
o (k- 1DA> (3 + 758 (k- 1IP| -k +2).
Thus, (k—1)-fold sumset of A’ has density (5 -+ kz+r16) on the arithmetic progres-
sion @ = {k—1,...,(k—1)|P|}. Observe that (k—1)A"-d+(k—1)z C (k—1)A,
Q-d+ (k—1)x C (k— 1)P and that (k— 1)P is an arithmetic progression con-
tained in {1, ..., (k— 1)N} of length

(k= 1)P| > (k= )P —k+2> (k- 1)eN —k+2> c(e, k)N

Therefore the statement of the theorem is satisfied with j = k—1 and P’ = (k—1)P.
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o |(k= DA< (5+ o)k =P —k+2).
Then we have

1

E—DA| < (= +———

< S0+ ek DIPI -

e)(k—1)|P|—k+2)

2k? +2 — 5k

k(K2 + 1) e(k = 1)IP]

1 1
—|A'| — —e|P| < (k- 1)’|A'| — —el|P).
14 3¢ 15 15

1
< 5+ —8)( 1)
So we can use the induction hypothesis for the main theorem for the set
A, N =|P|, k-1 and 158 It implies that there exists an arithmetic
progression @ C {1,...,j|P|} of length |Q| > c(%e,k — 1)|P| > c(e, k)N
such that [jA' N Q| > (% L_¢)|Q| for some 1 < j < k — 2. Therefore,

T
|7AN(Q-d + jx)| > (% 1s)|Q| and the assertion follows.

4. The conjecture of Fox and Kleitman

In this section we will study the degree of regularity of the equation (2). We begin with
a simple lemma, which guarantees the existence of the long arithmetic progression
contained in the difference set A — A for sets A with density bigger than 1/2.

LEMMA 4.1. Let P be an arithmetic progression of difference d and A be a subset
of integers. For every € > 0 if [ANP| > (3 +¢)|P|, then tkd € A — A for
0<k<|[2|P|].

ProOF. Let P={z+d,z+2d...,z+1ld}, A =ANPandlet 0 < k < [2¢|P|].
To show that kd € A — A it is sufficient to show that |(A’ + kd) N A’| > 0. We have

1
(A" +kd)nA'| = |A 4+ kd| +|A| - [(A" +kd) U A'| > 2(5 +¢)|P| - (|P| +k) >0,

because (A’ +kd)UA' C{z+d,z+2d...,z+ (I + k)d}. O

Now we are ready to estimate from below the degree of regularity of the equation

n n
D mi=2 ui+h
i=1 i=1
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THEOREM 4.1. Let n > 2. Then there exists an integer b, such that for every N
big enough and every (2n — 1)-colouring of {1, ..., N} there exists a monochromatic
solution of the equation x| + ...+ T, =Y + ... + Y + by.

PROOE. Letusdenote r =2n—1and € = % Let d(g) be the minimum of constants
estimating the length of arithmetic progressions in Theorem 1.2 for k € {2,...,n}
and €. Put b, = ([%J )! and suppose N is large enough. Then for any colouring
of {1, ..., N} with r colours we can find a monochromatic subset A C {1,..., N}
of size at least g

We will now show that there exist an integer 1 < 57 < n and an arithmetic progression
P C{l1,...,jN} of length |P| > §(¢)N such that |jAN P| > (% + E) |P|.
Suppose that this is not true. Then by Theorem 1.2 applied twice

.
P

N 4+n
2n—1 4n -2

InA — nA| > 4|nA| — enN > 4(n’|A| — eN) — enN > 4n’

4n? —2n+2n 44+n 4n -n

> ——— N — N >2nN + —— N > 2nN.
2n —1 4n — 2 4n — 2
On the other hand, [nA — nA| < 2nN, which gives us a contradiction. Hence there
exists an arithmetic progression P of length |P| > §(¢)N such that |jAN P| >
> (% + #€)|P| for some 1 < j < n. Let d be the common difference of P. Lem-
ma 4.1 implies that +id € jJA—jA for 0 < i < [2#6|P|J. Since P C {1,...,nN}
we have

nN nN nN 2n

< < =
Pl— 1= 6@EN—-1"

(|Pl-1)d<nN=d< 1
2

But d is an integer, so d < I_%J This means that for N big enough there
exists 1 < 4 < |2-—¢|P|| such that id = (L%J)' So we can find elements

iy
Ti,... %5, Y1,...,Y; € A such that

T +... .tz +n=-Hz;— (i +...+y;+ (n—J)z;) = by,

which gives us a monochromatic solution to the equation x;+. . .+x,=y+. . .+¥y,+b,. O
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