Moscow

Journal

of
Combinatorics
and

Number Theory

/\meTH_ i




Moscow Journal of Combinatorics and Number Theory. 2011. Vol. 1. Iss. 3. 80 p.

The journal was founded in 2010.

Published by the Moscow Institute of Physics and Technology
with the support of Yandex and Microsoft.

The aim of this journal is to publish original, high-quality research articles from
a broad range of interests within combinatorics, number theory and allied areas.
One volume of four issues is published annually.

Website of our journal
http://mjcnt.phystech.edu

Address of the Editorial Board

Moscow institute of physics

and technology (state university)
Faculty of Innovations

and High Technology,
Laboratorny Korpus, k.209,

9, Institutskii pereulok,
Dolgoprudny,

Moscow Region,

Russia,

141700

URSS Publishers

56, Nakhimovsky Prospekt,
Moscow,

Russia,

117335

E-mail
mjcnt@phystech.edu

Aapec peaakummn

MocKoBCcKUii (DU3NKO-TEXHUIECKHI
MHCTUTYT (FOCYIApCTBEHHBIA YHUBEPCUTET)
DakyIbTeT MHHOBALIMIA

U BBICOKMX TE€XHOJIOTUI

JlaboparopHnsiii koprmyc, k. 209,
WHcTtutyTcKmii nepeynok, a.9,

T. JlonronpynHbIii,

MockoBckasi 001acTb,

Poccuiickast ®enepariusi,

141700

M3zaateabcTBO «YPCC»

Haxumoscxul np-T, 56
Mockma,

Poccuiickas Pemeparnnus,
117335

XKypnan 3apernctpupoBaH B MenepalibHON cyk0e MO Ham30py B chepe MacCOBBIX KOM-
MYHUKaLIMH, CBSI3U U OXpaHbl KyJbTypHOro Hacieaust 3 ceHtsiops 2010 r. CBuaerenbcTBO

M1 Ne dC77-41900.

®opmat 70x 100/16. IMey. . 5. 3ak. No [TXK-43.

OtrnevataHo B OO0 «JIEHAH]I».

117312, Mocksa, np-t Lllectunecsitunerust Oktsiops, 11A, ctp. 11.

ISSN 2220-5438

SCIENTIFIC LITERATURE
AND TEXTBOOKS

E-mail: URSS@URSS.ru
Our catalogue on the Internet:

http://URSS.ru

Phone/fax: +7(499) 724 25 45,
+34 (625) 37 87 73 URSS

© YPCC, 2011

11210 ID 158900

85453

All rights reserved. No part of this book may be used or reproduced in any manner whatsoever

without written permission of the publisher.



Moscow Journal

of Combinatorics

and Number Theory
2011, vol. 1, iss. 3,

pp. 6978, [pp. 277-286]

Almost all factorial subclasses
of quasi-line graphs with respect
to one forbidden subgraph

Victor Zamaraev (Nizhny Novgorod)

Abstract: For a graph property X, let X, be the set of graphs with the vertex set {1, ..., n} that
satisfy the property X. A property X is called factorial if X is hereditary (i. e. closed under taking
induced subgraphs) and n" < |X,| < n?" for some positive constants ¢; and ¢,. A graph G
is a quasi-line if for every vertex v, the set of neighbors of v can be expressed as a union of two
cliques. In the present paper we identify almost all factorial subclasses of quasi-line graphs defined
by one forbidden induced subgraph. We use these new results to prove that the class Free(K 3, W)
is factorial, which improves on a result of Lozin, Mayhill and Zamaraev [8].
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1. Introduction

A graph property is an infinite class of graphs closed under isomorphism. Given
a property X, we write X, for the set of graphs in X which have the vertex
set {1,2,...,n}. Following [3], we define the speed of the property X as |X,|.
A property is called hereditary if it is closed under taking induced subgraphs.

It is well-known that a graph property X is hereditary if and only if X can
be described in terms of forbidden induced subgraphs. More formally, for a set of
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graphs M let us denote by Free(M) the class of graphs containing no induced
subgraphs isomorphic to a graph in the set M. Then X is a hereditary class if and
only if X = Free(M) for some set M. We call M the set of forbidden induced
subgraphs for the class X and say that graphs in X are M-free. For the sake of
simplicity, we are going to omit curly brackets in expressions of the form Free(M)
if we are dealing with a specific set of graphs, e. g. the expression Free({K] 3, W4})
will be written as simply Free(K| 3, Wj).

In [9] Scheinerman and Zito have shown that for a hereditary property X
the growth of |X,| is far from arbitrary. They have defined four layers, which are
comprised of classes with certain specific growth rates of the function log, | X,,|:

e the constant layer contains classes X with log, | X,| = O(1);

the polynomial layer contains classes X with log, | X,,| = ©(log, n);

the exponential layer contains classes X with log, | X,,| = ©(n);

the factorial layer contains classes X with log, | X,| = ©(nlog, n).

Independently, a similar result has been obtained by Alekseev in [2]. Moreover,
Alekseev found all minimal (by inclusion) elements in each layer and provided the
first three layers with complete structural characterizations. In [3] Balogh, Bollobés
and Weinreich, also independently, gave their characterization of the first three
layers as well as characterized the lower part of the factorial layer. They described
properties with the speed nI=VE+o(D)n for each natural k > 2 and showed in [4] that
for any property X with a speed above that range we have | X,| > B, ~ (n/logn)",
where B, is n-th Bell number. The factorial layer is the minimal one for which no
complete structural characterization is known. Graph properties beyond the factorial
layer are called superfactorial. More formally, a graph property X is superfactorial if
for all positive constants ¢ and nq there exists n > ng such that | X,| > n®.

The factorial layer contains many classes of theoretical or practical importance,
such as line graphs, interval graphs, permutation graphs, threshold graphs, forests,
planar graphs, classes of graphs of bounded vertex degrees, etc. On the other hand,
except for the definition, very little can be said about the factorial layer in general.
This motivated some authors to study factorial properties on a systematic basis
[7,8,10].

In [7] Lozin, Mayhill and Zamaraev revealed a variety of factorial properties
defined by two forbidden induced subgraphs. They also pointed out some minimal
classes of graphs defined by two forbidden induced subgraphs for which the member-
ship in the factorial layer is an open question. One of such classes is Free(K 3, Cy),
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which was for some time the only open case in the collection of classes defined by
two forbidden induced subgraphs with at most four vertices. Recently, it was proved
in [8] that Free(K 3, C4) is factorial, with the main step of the proof showing that
the class of Cy-free quasi-line graphs is factorial.

In the present paper we study subclasses of quasi-line graphs defined by one
forbidden induced subgraph and identify almost all factorial cases. Using these new
results, we also show that the class Free(K) 3, Wy) is factorial, improving on a result
of [8].

2. Preliminaries

2.1. Notation and Terminology

All graphs in this paper are assumed to be finite, undirected, without loops or
multiple edges. By V(G) and E(G) we denote respectively the vertex set and the
edge set of a graph G. By N(z) we denote the neighborhood of a vertex z in G.
The subgraph of G induced by a set of vertices U C V(G) is denoted by G|U]|. By
G\ M, where M C V(G), we denote the graph G[V(G) \ M]. A union of two graphs
G1(V}, Ey) and G,(V,, E,) is the graph U(V; U V5, Ey U E,). By G+ H we denote
a disjoint union (in the sense that G and H have disjoint vertex sets) of graphs G
and H. The complement of a graph G is denoted by G.

As usual, by C,, P,, and K, ,, we denote a chordless cycle, a chordless path
and a complete bipartite graph with parts of size n and m. The graph K| ;, is usually
referred to as a star. By ®,, we are going to denote the graph obtained from two
stars K, and K 4 by connecting their central vertices with an edge and subdividing
this edge once. Also, Tj ;3 is the graph obtained from K 3 by subdividing one of its
edges once and another edge twice. By W,, we denote an n-wheel graph, which is the
graph with n + 1 vertices formed by connecting a single vertex to all vertices of C,,.

By B and B we denote respectively the class of bipartite graphs and the class
of co-bipartite graphs (complements of bipartite graphs). It is known [1] that the
classes B and B are superfactorial and that their speeds can be both written as
/Aol A graph G is a quasi-line if for every vertex v the set of neighbors of v
induces a co-bipartite graph. Denote by Q the class of quasi-line graphs. It is easy
to see that B C Q and hence Q is also superfactorial.

In order to proceed, we are going to need the characterization of quasi-line
graphs which has recently been obtained by Chudnovsky and Seymour [5].
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2.2. Quasi-line graphs

A circular interval graph G = (V, E) is defined by the following construction.
Take a circle C, and let V(G) be a finite set of points of C. Take a subset of
intervals I of C (an interval is a proper subset of C' homeomorphic to [0, 1]) and
say that u, v € V(G) are adjacent in G if {u, v} is a subset of one of the intervals.
A special case of a circular interval graph is the /inear interval graph which is defined
in the same way, only taking C' to be a line instead of a circle.

A vertex v € V(G) is simplicial if the set of neighbors of v is a clique. A strip
is a triple (G, a, b), where G is graph and a and b are two designated simplicial
vertices of G called the ends of the strip. A strip (G, vy, v,), where n > 1, is called
a linear interval strip if G is a linear interval graph with the vertices given in order as
Vi, ..., . A glue of two vertex-disjoint strips (G, a, b) and (G, ', V') is the graph
resulting from the union of G\ {a, b} and G'\ {d', '} together with the adjunction
of all possible edges between the neighbors of a(b) and the neighbors of a'(b).

Let Gy be a disjoint union of cliques with an even vertex set V(Gy) =
={ay, by, ..., ax, by}, where a;, b; are nonadjacent, 1 =1,...,k. Fori=1,...,k
let (G}, a;, b;) be k vertex-disjoint strips that do not intersect the vertex set of Gj.
Fori=1,...,k let G; be the graph obtained by gluing (G;_, a;, b;) together with
(Gi, a;, b;). The resulting graph G,, is called the composition of the strips (Gj, a;, b;),
1 <1 < k, with the disjoint union of cliques Gy.

In [5] Chudnovsky and Seymour have generalized the notion of a circular interval
graph. A graph G(V, E) is a fuzzy circular interval if the following conditions hold:

1. There is a map ¢ from V(G) to a circle C (not necessarily injective).

2. There is a set of intervals I of C, none including another, such that no point
of C is an endpoint of more than one interval, and also

a) if any two vertices u and v are adjacent, then ¢(u) and ¢(v) belong to
a common interval;

b) if ¢(u) and @(v) belong to the same interval, which is not the interval
with endpoints ¢(u) and ¢(v), then the vertices u and v are adjacent.

In other words, for a fuzzy circular interval graph its fuzzy representation (¢, I)
completely describes adjacencies, excepting the adjacencies for vertices u and v such
that I contains an interval with the endpoints ¢(u) and ¢(v). For such vertices the
adjacency is fuzzy. Note that if we require ¢ to be injective, the definition of a fuzzy
circular interval graph is equivalent to the definition of a circular interval graph.
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Fuzzy linear interval graphs and fuzzy linear interval strips are defined similarly, with
a provision that if a and b are the endpoints of a strip, then ¢(a) and ¢(b) are
different from ¢(v) for all other vertices v of G. Chudnovsky and Seymour proved
the following structural result [5].

THEOREM 1. A connected quasi-line graph G is either a fuzzy circular interval graph
or a composition of fuzzy linear interval strips with a disjoint union of cliques.

In [8] Lozin, Mayhill, and Zamaraev proved that the class Free(K) 3, Cy)
is factorial. In fact, they reduced the original problem to the class of C4-free quasi-
line graphs and showed that this class is factorial. One of the steps of this proof is
the following theorem.

THEOREM 2. A connected quasi-line graph G without an induced Cy subgraph is either
a circular interval graph or a composition of linear interval strips with a disjoint union
of cliques.

Theorem 2 says that if we forbid an induced C, in quasi-line graphs, we
then eliminate fuzziness in their representation. A result from [8] motivates us to
investigate the following question:

how to identify graphs H such that the class
of H-free quasi-line graphs is factorial? (1)

A result from |[7] partially answers a similar question for the class of bipartite
graphs, and hence for the class of co-bipartite graphs (since |X,| = [X,|):

THEOREM 3. If a graph G is not isomorphic to any induced subgraph of T\ ,3,
®,,+ O1, or P;, then the class Free(G) N B is superfactorial. If G = T, ,3 or
G = @, + O, for any natural p, q, then Free(G) N B is factorial.

In the next section we prove the same result for the class of quasi-line graphs.
Before proceeding to the next section, we need to define certain notions and
formulate several auxiliary statements.

2.3. Auxiliary Notions and Statements

Let G be a graph. A set of graphs H;, ..., H; such that their union is G will
be called a covering of G. The following lemma is a powerful tool which often helps
determine whether a graph property is a member of the factorial layer [7].
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LEMMA 1. Let X be a class of graphs and m be a constant. If every graph G € X can
be covered by graphs belonging a class Y with log, |Y,| = O(nlogn) in such a way
that every vertex of G is covered by at most m graphs, then log, | X,| = O(nlog n).

Using the definition of a glue, it is easy to prove the following lemma.

LEMMA 2. Let (G, a1, b)) and (G, ay, by) be two strips, and let G be their glue.
If G\ {a1, b} or Gy \ {ay, by} contains H as an induced subgraph, then G also
contains H as an induced subgraph.

COROLLARY 1. If G is a composition of strips (G;, a;, b;), i =1, ..., k, with a digjoint
union of cliques, and G does not contain H as an induced subgraph, then none of
Gi\{ai, b}, i=1,...,k, contain H as an induced subgraph.

Let G be a fuzzy circular interval graph with a representation (¢, I). If [p, ] is
an interval of I such that ¢~'(p) and ¢ ™' (¢) are both nonempty, then we call the pair
(6™ (p), ¢~ (q)) a fuzzy pair, where ¢~ (p) denotes the set {v € V(G)|¢(v) = p}.
Note that G[¢~'(p)] and G[¢~'(g)] are cliques, and hence the subgraph induced
by ¢~ '(p) U ¢~ (q) is co-bipartite. The following lemma was proved in [6].

LEMMA 3. Let G be a fuzzy circular interval graph with a representation (¢, I).

If G[d)_l(p) U (;S_l(q)] is a Cy-free subgraph for every fuzzy pair (¢_1(p), ¢_1(q)),
then G is a circular interval graph.

3. The main results
THEOREM 4. The class Free(H) N Q is at most factorial if and only if Free(H)NB is.

PROOE. The ’only if* part immediately follows from the fact that B C Q. In order
to prove the converse suppose that Free(H) N B is at most factorial and estimate
the number of n-vertex H-free quasi-line graphs. Note that Lemma 1 allows us
to be restricted to connected graphs only, and hence by Theorem 1 we only need
to estimate the number of n-vertex H-free fuzzy circular interval graphs and the
number of n-vertex H-free compositions of fuzzy linear interval strips with a disjoint
union of cliques.

PROPOSITION 1. The class of H-free fuzzy circular interval graphs is at most factorial.

Let G be a graph from the class under consideration with a representation (¢, I),
where I = {[ay, b1], ..., [ak, br]} and the pairs ay, by, ..., a, by are distinct. For
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each interval [a;, b;] € I remove from @ all edges (a,b) such that a € ¢ '(a;),
be dfl(bl-) and denote the resulting graph by G,. Obviously for ¢ = 1, ...,k we
have that Go[¢™ ' (a;) U¢ ™" (b;)] is C4-free and hence from Lemma 3 we can deduce

that Gy is a circular interval graph. By G;, where i = 1,...,k, denote graphs
Gl¢™ " (a;) U ¢~ (b;)]. It is clear that G; € Free(H) N B, i = 1,...,k, and that
the graph G is a union of Gy, G, ..., Gi. As the class of circular interval graphs

is factorial [8], Free(H) N B is at most factorial (by assumption), and every vertex
of G is covered by at most 2 graphs. By Lemma 1, the class of H-free fuzzy circular
interval graphs is at most factorial.

PROPOSITION 2. The number of fuzzy linear interval strips (G, a, b), where |V(G)| = n
and G\ {a, b} is H-free, is at most n™", where c is a constant independent of n.

G is a union of three graphs: G \ {a, b}, GlaU N(a)] and G[bU N(b)]. The
first of them belongs to the class of H-free fuzzy linear interval graphs, which is
at most factorial since it is a subclass of the class of H-free fuzzy circular interval
graphs. The remaining two graphs belong to the class of complete graphs. Using
Lemma 1, it is easy to conclude the proof.

PROPOSITION 3. The number of n-vertex H-free compositions of fuzzy linear interval
strips with disjoint unions of cliques is at most n°", where ¢ is a constant independent of n.

Let G be an n-vertex H-free composition of strips (G;, a;, b;), 1 < i < k,
with a disjoint union of cliques. Without loss of generality we may assume that each
gluing adds at least one vertex to the resulting composition, and hence for every
composing strip (G, a;, b;) we have |V(G;)| > 3.

Any n-vertex composition of k strips is completely determined by a 2k-vertex
labeled graph Gy, which is a disjoint union of cliques, given together with a partition
of its vertices into pairs {ay, by, ..., ax, bx}, and an ordered set of k labeled strips
(Giyai, b)) (i =1,...,k). Note that k < n, since each gluing adds at least one

vertex to the resulting graph. Denote |V(G;)| by n; = t; +2, where ¢; is the number
k

of vertices the i-th strip contributes to the resulting graph. Therefore, Z ti=n,

1=1

k
and hence Z n; =n+ 2k < 3n.
i=1

Suppose that we have been given a fixed ordered partition S; U...U S of
V =A{l1,...,n} such that V(G;) = S;U{n+ 1,n+2}. The labels n+ 1 and n+ 2
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are used for the endpoint vertices in each strip which are deleted in the process of
gluing. Since G is H-free, by Corollary 1 all graphs G; \ {a;, b;} (i =1,..., k) are
also H-free, and Claim 2 implies that the number of different strips (G;, a;, b;) is at
most nf" Therefore, the number of different compositions with the above partition
does not exceed

k
12 i llen

k
(2k)* H n™ < (2n) 0= < ',
i=1

where (2k)4k is an upper bound on the number of different labeled G graphs with
their vertices partitioned into pairs. The number of different ordered partitions of V
into k sets does not exceed k", and therefore the total number of labeled n-ver-
tex H-free compositions of fuzzy linear interval strips with disjoint unions of cliques
is bounded by

n

]
2 :nllcnkngn(llc-i—l)n—i-l <nfm
k=1

for some constant ¢ .
From Theorem 1, Claim 1, and Claim 3 it follows that the class of H-free

quasi-line graphs is at most factorial. [l

Using Theorem 3, Theorem 4, and the fact that B C Q, we can now state
a theorem similar to Theorem 3:

THEOREM 5. If a graph H is not isomorphic to any induced subgraph of T3,
®,,+ O1, or P;, then the class Free(H) N Q is superfactorial. If H = Ty, or
H = ®,,+ O, for some natural p and q, then Free(H) N Q is factorial.

It is easy to show that for every co-bipartite graph H with at least three vertices
the class Free(H) N Q contains at least one of the two classes, Free(K3, K| ) and
m, which are factorial [2]. Hence, for every co-bipartite graph H with
at least three vertices the class Free(H) N Q is at least factorial. This allows us to
answer the question (1) for any graph distinct from P

THEOREM 6. Let H be a graph with at least three vertices such that H is not isomorphic
to P;. Then Free(H) N Q is factorial if and only if H is isomorphic to some induced

subgraph of Ty 3 or ®,,+ O, for some natural p and q.
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Theorem 6 allows us to generalize a result from [8] which states that the class
Free(K, 3, Cy) is factorial.

THEOREM 7. The class Free(K 3, Wy) is factorial.

PrOOF. Using exactly the same argument as for the class Free(K 3, Cy) [8] (see
Theorem 7 and Lemma 3), we can reduce the original question to the class of Wy -free
quasi-line graphs. In other words, if the class of W,-free quasi-line graphs is at most
factorial, then Free(K 3, Wy) is factorial. Wy is an induced subgraph of m,
and thus by Theorem 6 the class of W,-free quasi-line graphs is factorial. [

4. Open problems

The question whether the class Free(ﬁ) N Q is a member of the factorial layer is still
open. By Theorem 4, in order to answer this question we only need to consider the
smaller class of P;-free co-bipartite graphs (or the class of P;-free bipartite graphs).

Studying generalizations of quasi-line graphs could be another interesting re-
search direction. Let k be a fixed natural number. Denote by £}, the class of such
graphs that the set of neighbors of every vertex can be expressed as a union of k
cliques. We believe that a statement similar to Theorem 5 is also true for the classes
L, ke N

CONJECTURE 1. Let k € N If a graph H is not isomorphic to any induced subgraph
of T1 23, ®p4 + O, or P, then the class Free(H)N Ly, is superfactorial. If H = Tj 5 3
or H= ®,,+ O, for some natural p and ¢, then Free(H) N Ly, is factorial.

Acknowledgements. Research of this author was supported by RFFI, project number
11-01-00107—a; by FAP “Research and educational specialists of innovative Rus-
sia”, project number 2010—1.3.1-111-017—012 and by LATNA Laboratory, NRU
HSE, RF government grant, ag. 11.G34.31.0057.

Bibliography

1. V.E. Alekseev, Range of values of entropy of hereditary classes of graphs, Diskret. Mat. 4,
Ne2 (1992), 148—157 (in Russian; translation in Discrete Mathematics and Applica-
tions 3, Ne2 (1993), 191-199).

2. V.E. Alekseev, On lower layers of the lattice of hereditary classes of graphs, Diskretn. Anal.
Issled. Oper. Ser. 1, 4, Ne 1 (1997), 3—12 (in Russian).



78 Victor Zamaraev (Nizhny Novgorod) [286

3. J. Balogh, B. Bollobas, D. Weinreich, The speed of hereditary properties of graphs J. Com-
bin. Theory B 79 (2000), 131-156.

4. J. Balogh, B. Bollobas, D. Weinreich, A jump to the Bell number for hereditary graph
properties, J. Combin. Theory B 95 (2005), 29—48.

5. M. Chudnovsky, P. Seymour, The structure of claw-free graphs, London. Math. Soc.
Lecture Note Series 327, 153—171.

6. F. Eisenbrand, G. Oriolo, G. Stauffer, P. Ventura, The stable set polytope of quasi-line
graphs, Combinatorica 28, Ne 1 (2008), 45—67.

7. V.V.lozin, C. Mayhill, V. Zamaraev, Locally bounded coverings and factorial properties
of graphs, Accepted to European J. Combin.

8. V.V.lozin, C. Mayhill, V. Zamaraev, A note on the speed of hereditary graph properties,
Electronic J. Combinatorics 18 (2011), Research paper 157.

9. E.R.Scheinerman, J. Zito, On the size of hereditary classes of graphs, J. Comb. Theory B
61 (1994), 16-39.

10. V. Zamaraev, Estimating the number of graphs in some hereditary classes, Diskret. Mat.
23, Ne 3 (2011), 57—62 (in Russian).

VICTOR ZAMARAEV

Lobachevskii State University of Nijnii Novgorod,

Department of Computer Mathematics and Cybernetics,

Pr. Gagarina 23,

603950 Nijnii Novgorod, Russia

and

NIU High School of Economics in Nijnii Novgorod,
Department of Business-Informatics and Applied Mathematics,
Pecherskaya 25/12,

603155 Nijnii Novgorod, Russia

viktor.zamaraev@gmail.com



