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In the paper [13] C. Pomerance proved a new explicit version of the famous
Polya—Vinogradov inequality for character sums. In this paper we present an im-
provement of Pomerance’s result. Our approach is based on a recent construction
due to V. Bykovskii [2], [3]. In [2] and [3] this construction was used to obtain new
upper bounds for the discrepancy of good lattice points sets. The present paper is
organized as follows. In Section 1 we give a brief survey of classic and recent results
on the topic. In Section 2 we formulate our main result. In Section 3 we formu-
late two lemmas by Pomerance. In Section 4 we describe Bykovskii’s construction.

In Section 5 we complete the proof of our main result.
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1. Introduction

Let x (mod ¢) be a primitive Dirichlet character. Put

> x(n)

n=M

N

> x(a))-

a=0

Sy = max
0<M<N<q

T, — max
’ X N

A character is defined to be even or odd if x(—1) = 1 or x(—1) = —1 respectively.
In the case of even characters one has

S, = 2T, (1)

In 1918 Pdlya [12] and Vinogradov [17] independently proved that for any non-
principal Dirichlet character the inequality

Sy < cy/qlogg (2)

holds with an absolute constant ¢. In 2007 Granville and Soundararajan [6] proved
that for every primitive Dirichlet character x (mod ¢) of odd order g we have

- i
T, < Vallog "0, where 5,=1-Zsin ", g .

m Y
This result has recently been improved by Goldmakher [5]. He obtained the following
estimate:

T, < v/g(log g)' .

Under the General Riemann Hypothesis, Montgomery and Vaughan [10, Theorem
3] proved that

Sy < v/qloglogg.

In fact, this is the best-possible result. Paley [11] proved that there exists an infinite
class of quadratic characters X, (mod g,) such that

Sy, > v/qn log log g,,.

An important problem is to find the most precise form of the inequality (2). So
far, two types of results have been obtained. Results of the first type don’t include
explicit bounds for the remainder terms, whereas results of the second type define
all constants explicitly. As a rule, results of the first type are characterized by having
more accurate constants in the main term.



27

A numerically explicit version of the Pélya-Vinogradov inequality

235]

1.1. Asymptotic results
Landau [9] proved that

SX<<%\/§+0(1))\/Elogq if x(=1)=1

and

SX<<%+0(1))\@logq if x(=1)=-1

Hildebrand [8] obtained that

2
TXS(F—FO(I))\/Elogq if x(=1)=1

and
1
1< (55 o)) valoea i x(-D=-1.

Later, Hildebrand [7] improved his result in the case of even characters. He proved

the estimate

T, < <%\/§+0(1)>\/§10gq for x(=1) =1,

where
if q is cubefree;

1
4’
C =
1

otherwise.

b

Granville and Soundararajan [6] obtained the following two inequalities:

69 ¢
< e —— i —_ =
TX\<707T\/§+°(1))*@10“ if x(=1)=1

and
C
T < (; +0(1))\/§10gq if x(-1)=-L

At the moment of writing, this is the best known asymptotic estimate.
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1.2. Numerically explicit results

In this section we discus numerically explicit versions of the Pélya—Vinogradov

inequality. Qiu [14] proved that
4 1
S, < —5v/qlog g+ 0.38,/g + 0.608— + 0.116,/q.
v Vi
Simalarides [15], [16] obtained the estimates

3 log2 v
T, < —/ql 2— — — — if -1)=1
xS -V ogq+( - ) if  x(=1)

and

1 1
T, < ;ﬂlogq%—ﬂ%—i if x(-1)=-1.

Dobrowolski and Williams [4] proved that for any non-principal Dirichlet character
X (mod q) one has

1
S, < —/ql 3./q.
X 210g2x/5 ogq+3q
Bachman and Rachakonda [1] improved their result, proving that
Sy < 1 Vel +6.5/q
< —/qlo )
XS g3 VIORY 1
for any non-principal Dirichlet character x (mod ¢). In [13] Pomerance proved that
2 4 3 .
S¢S 5valogg+ v/gloglogg+ -v/g if x(=1) =1 ©)

and
1 1 '
Sxé—zwx/c_jlogq—i— ;\/(_Jloglogq—i—\/(_] it x(—1)=-1. (4)

To be more precise, Pomerance showed that

2 4
Sy < p\/alogw— p\/éloglogq—i—

4 3 log (%) ™
— log4 1+ - = 1 if -1)=1, (5
+7r2\/a( gttt it n+ logq + 12¢% log q 1 x(=1) ©)
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and

1 1
Sy < gx/cjlogq—l— ;\/(_Jloglogq—i—

log (3) ™ ) o

log g 12¢% log q

1 4 3
+—vq| log| =) +y+log2+1+—+
s T m
it x(=1)=-1, (6)
where n = [2,/qlogq| , m = [(4/7),/qlog q] and gq is big enough (see [13]). Until

now, these bounds have been the best known numerically explicit versions of the
Pdlya—Vinogradov inequality.

2. The main result

We prove the following theorem, improving (3) and (4) in the second term.

THEOREM 1. Let x (mod q) be a primitive character. Then

1. If x(—1) = 1, we have

2 4
S, < P\/Qlogq—i— p\/@(l + v+ log Co) + ¥1(g),

2. If x(=1) = —1, we have

1 1 2C,
S, < ZT\/&logq+ ;\/_(l—i—’y—i—log —) + ¥ (q),

where vy is the Fuler constant, Cy = 47 + 5, and

v 1/’2(‘1):14“i+3 Vi

24 8
=1+t — .

wCy 7 xp(47r‘/—) 1’

Simple calculations show that for ¢ > exp(Cy/4) ~ 1.38- 10* the first and the second
case of Theorem 1 improve on (5) and (6) respectively. The proof of this theorem
is based on the ideas of Bykovskii [2] and Pomerance [13].
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3. Pomerance’s lemmas

In this section we formulate some results from Pomerance’s paper [13].

LEMMA 1. For all real numbers x and positive integers n we have

2

n . .
| sin jx| 2 3
E - < —logn+—|vy+log2+—].
peri s s n

PROOF. See [13, Lemma 3].

LEMMA 2. For all real numbers o, B and positive integers n we have
“ 1 3
Z —| cosma — cosmf| <logn+ vy +log2+ —.
m n

m=1

PRrROOF. See [13, §4].

4. Bykovskii’s method

In this section we describe the main construction from the paper [2], and then

present our own modification of this construction. Let € : [0,00) — [0, 1] be the

following function:

For all ¢t € (0, 00) we have

ON

j=—00
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Let w,w" : (0,00) — [0, 1] be defined as follows:
( 1
0, ifo<t< =
00 ¢ ' | 2
w(t)—z9(§) =< 2t—1, if-<t<1;
J=0 2
1, if 1
\
( 1
1, if0<t< =
S ! 2
1
W) =1-wlt)= ) 9(5) =92-2t if-<t<l
‘ 2
j=—00
\ 0, if1<t
For any positive P and P’ put
| m
P, P —w| — 2
S(u; )= Zm( ) (P>sm7rmu
m=1
If 2P < P', we can write
S(u; P, P') = S(u; P) — S(u; P'),
where
=<1 m
P) = —
S(u; Z - ( ) sin 2mmau. (7)
m=1
For any positive P define
- 1 T — In|
Gp(’u) = Z m = F Z eXp (— 271'?)6(7’%0, (8)

n=—oo n=—x

where e(u) = exp(27iu). Bykovskii proved (see [2, Lemma 1]) that
|S(u; P)| < 14Gp(u).

We are going to improve on this result.
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LEMMA 3. For any u € [0; 1] and P > 1 the inequality

|S(u; P)| < 55 Gp(w)

is satisfied.

PrOOF. Take A € [0;1]. The optimal value of the parameter A will be computed

later. We are going to consider the following two cases separately.

1. Let P|lu|| < A.
We can write

| sin 2rmu| < 27||mal| 9)
and
my
. 1
Z sin 2mmu| < ——. (10)
2 2l

The proof of (10) can be found in [2, Lemma 1]|. By using partial summation and

applying (10) we obtain

U ffull 1

sin 2mmu

M < L. (11)
m 2||lu|| B 2B

m>B/||u|

Let B € [A; 1]. The optimal value of the parameter B will be calculated later. We
can see that

Therefore, from (7), (10), and (11) we have

sin 2mmu
> ——|<
m

m>B/|[ul|

sin 2mmu 27| |mu 1
| | s el 1

m<B/||ull

Sw; P) < Y

m<B/||ull

If B < 1/2, then we have

S(u: P)| < 27B + —
U, X T S
2B
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and otherwise

1 1 —mu 1
S(u; P)| < 27m= +2 — <
|S(u; P)| 7r2+ T g +ZB
1/2||ul| <m< B/ [ul]

1 1 1 1
<2n{ — +1log2B— | B— — — =27{1— B+1log2B —
7r(2—|— og ( 2))4—23 w( + log )+2B

By the definition of the function Gp(u) we have

o) > 1 L
u) = > .
P 1+ P2~ 1+ A2

Thus, we can write
1S(u; P)| < Ci(1+ A*)Gp(u),

where
1 , |
2B+ —, ifA<B< —;
2B 2
G = 1 1
27r(1—B+log2B)—|—E, if max <E’A> <B<1

2. Let P||lul| > A.

The proof is going to be similar to the proof of the second case of Lemma 2
in [2], and therefore we are going to use the relevant notation from [2]. Lemma 1
of [2] states that for any P’ > 2P we have

1 o0
[S(us P, P)| = 5| S (nin = lfulls P, P =i + full; P, P))|,
n=-o00
where
PP = [l E) e (2 ) e(cwn) &
n(w,P,P)-/w(P)w (P’)e( wx) .
P/

Applying the ideas of this lemma, we obtain

o 1 /10 16
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Therefore, we can write

o0
I 1016
. /
S(u; P, P)| < > P TR <ﬁ+ﬁ>,

which leads to
1

5 oo
S(u; P)| € — —_.
S PI< 55 2 Bmrap
n=-—00
For any integer n we have

2

1+ A?

P(n+u)’ > (1+ P(n+u)?).

This leads to the following estimate:

5 s X 1 5 1
S(u; P 1 - <« = |1+ —=)Gpr).

It is easy to prove that
fi(4) = C(1+ 4%)

is an increasing function if A € [0; 1]. Therefore, we should use the value of A that

s 5 h)

satisfies the equation

If A 7 then

1
min (27rB + —) =2/,

A<BL1)2 2B
and therefore

fi(4) =2ym(1+ 4%, 0< A< 7

Solving the system of equations

272 A?
1 (12)
0<AS ——

2y

2(/m(1 4 A%) = i<1+ . )
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yields
V5

T oA

Substituting this value of A in the estimates that have been obtained earlier leads to

1S P)] < fl(zﬁ)ap( )= (207 + 5 ) Grlo

concluding the proof. ]

LEMMA 4. For any q € N and P > 1 we have
q
a q q 1
Gpl-)=m=4+2"1——F—F+~¢-——.
Z P(Q) P Pexp (2rd) — 1
PrROOF. Let us take

Ze(ax)_ I, ifa=0 (mod q); (13)

z=1 0, else,

and then apply (8) to write

yo() 52 X o (- 5)e(r5) -

a=1 a=1n=—x q

T o i
=5 exp( 27r—)q6q(n):

n=—xo

:wl% (1 —|—2§:exp (—2%%)&1(11)) =

n=1

proving the lemma. [l
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5. Proof of Theorem 1
Let 0 <a<b< 1, and let A(z; a, b) be a function defined on [0; 1) as
(1
-, ifx=a
2
1, ifa<z<b
Az; a,b) = ]
-, ifz=0b;
2
\ 0, otherwise.
Its Fourier expansion can be written as
1 1
XNz;a,b) =b—a+ =Sz —a)— =S(z-b),
T T
where
> sin 2mma
S(x) = _
=y
m=1
For all 0 < M < N < q we can write
E . a M N\ x(M)+x(N)
S x@ =Y x5 X
a=M a=1 7 9 4
q
a—M a— N M) + x(N
——Zx(a)(5< )_S< )) xX(M) + x(N) (14)
T q q 2

For a primitive Dirichlet character x (mod g) we have

7001 = Ve

(15)
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It has been proved by Pomerance (see equation (10) in [13]) that

1 2wam o
Z x(a) cos , if x is even;
a=1

q
xX(m)7(x) = (16)

q
2mam
’LZX ) sin , ifx is odd.
a=1

5.1. The case of even characters

It follows from (14) that

3= () -s(45)) 24

Let P > 0. By the definition of the functions w(t) and w*(t), we have

sin2mmu , [ m = sin2mmu [m
)= 30 T () 4 30 () -
m=1

m<P

-y e sin 2mmu *(%) + S(u; P). (17)

m<P

Hence, we can write

N q : a N
1 sin 2mm2 — sin 2mm m
S =1 3o S T s ()
a=1 7ra:l m<P m P
I & a a— N x(
- — P} - P = 18
a(s(Gr) -s(S55r)) 25 o

m)T N, (m)
= - Z sin2mm—w | — |,
q P

m<P
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and (15) implies that

From (19) and Lemma 3 it follows that

> xio

a=1

<Yy

‘ sin 27rm— ‘

m<P

By Lemma | and Lemma 4 we have

F2 02 42

Co q
2m? P

C
Let us take P = 70\/6, obtaining

> " x(a)

a=1

4
+ 5+

12

71'20()

_l’_

Co q

2 Ch
222506

_va 1
71'2 exp(%‘i) -1 2

a=1

2

212 Pexp (2nd) -

2 3
< —zﬁ(logP+’)/+log2+—) +
T P

1+2'

1 2
< P\/cilogqqL p\/(}(1+7+10g00) +

Now applying (1) proves Theorem 1 in the case of even characters.

5.2. The case of odd characters

From (14) and (17) we have that

(19)

(20)

(21)

(22)
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Applying (16) yields

1 < sin 2rm <=M — sin 2rm &N ./ m
= x(e) )] : —w (—) =
s m P
a=1 m<P
o Y(m)f(x)( M N ) *<m)
= —— E — | cos2mm— —cos2mtm— jw { — ),
us m q q P

m<P

and taking into account (15) and Lemma 2 allows us to write

4 sin 27 m
DY ()<
1 m<P
1 M
< Ve Z —| cos2mrm— — cos 2mm—| <
m mng q q
3
gﬁ(logP+’y+log2+]—3). (24)

v

Thus, from (23), (24), and Lemma 3 we have

> o) <

a=

p C a
log P log 2 — — - 1.
<og +vy+log2+ — )—i—ﬂ_; = ( )

a=1
Applying Lemma 4 yields

N

D x(a)| <

a=M

3
f(logP+’y+log2+P) +

C C 2
42203 4,01

i S—
2w P 272 P exp (27‘(%) -1 *

C
Now let us take P = —0\/(_1, obtaining
T

N

> x(a)

a=

1 1 2C)
< —ql —val 1 log —
V4 0gq+7rx/§( +y+log — )+
302
—L—Fl.

+—+
G mexp (5200) -1
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This concludes the proof of Theorem 1. Ul
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