Moscow

Journal

of
Combinatorics
and

Number Theory

[\ MoTH Ui




Moscow Journal of Combinatorics and Number Theory. 2012. Vol. 2. Iss. 1. 88 p.

The journal was founded in 2010.

Published by the Moscow Institute of Physics and Technology
with the support of Yandex and Microsoft.

The aim of this journal is to publish original, high-quality research articles from
a broad range of interests within combinatorics, number theory and allied areas.
One volume of four issues is published annually.

Website of our journal
http://mjcnt.phystech.edu

Address of the Editorial Board

Moscow institute of physics

and technology (state university)
Faculty of Innovations

and High Technology,
Laboratorny Korpus, k.209,

9, Institutskii pereulok,
Dolgoprudny,

Moscow Region,

Russia,

141700

URSS Publishers

56, Nakhimovsky Prospekt,
Moscow,

Russia,

117335

E-mail
mjcnt@phystech.edu

Aapec peaakummn

MocKoBCcKUii (DU3NKO-TEXHUIECKHI
MHCTUTYT (FOCYIApCTBEHHBIA YHUBEPCUTET)
DakyIbTeT MHHOBALIMIA

U BBICOKMX TE€XHOJIOTUI

JlaboparopHnsiii koprmyc, k. 209,
WHcTtutyTcKmii nepeynok, a.9,

T. JlonronpynHbIii,

MockoBckasi 001acTb,

Poccuiickast ®enepariusi,

141700

M3zaateabcTBO «YPCC»

Haxumoscxul np-T, 56
Mockma,

Poccuiickas Pemeparnnus,
117335

XKypnan 3apernctpupoBaH B MenepalibHON cyk0e MO Ham30py B chepe MacCOBBIX KOM-
MYHUKaLIMH, CBSI3U U OXpaHbl KyJbTypHOro Hacieaust 3 ceHtsiops 2010 r. CBuaerenbcTBO

M1 Ne ®C77-41900.

®opmat 70x 100/16. IMey. u1.5.5. 3ak. Ne XKC-44.

OtrnevataHo B OO0 «JIEHAH]I».

117312, Mocksa, np-T Lllectunecsatunerus: Oktsiops, 11A, ctp. 11.

ISSN 2220-5438

SCIENTIFIC LITERATURE
AND TEXTBOOKS

E-mail: URSS@URSS.ru
Our catalogue on the Internet:

http://URSS.ru

Phone/fax: +7(499) 724 25 45,
+34 (625) 37 87 73 URSS

© YPCC, 2012

11995 ID 161043

7854537000296

All rights reserved. No part of this book may be used or reproduced in any manner whatsoever

without written permission of the publisher.



Moscow Journal

of Combinatorics
and Number Theory
2012, vol. 2, iss. 1,
pp. 3—15

On the sum of the digits of multiples
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Abstract: Let sy(n) be the sum of digits function of n in base g. Almost all integers n have
a multiple hn with sg(hn) significantly smaller than s4(n). We consider the opposite direction.
For any fixed K > 1 we give a lower bound for the frequency of those integers n satisfying

syllm) > —3,(n)

for all integers h > 1.
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1. Introduction

Let g > 2 be an integer and sy(n) denote the sum of digits in base g of the positive
integer n. The relationship between s,(n) and s,(hn) raises interesting questions.
We introduce the function

F(n):= r}gl? sq(hn).
Clearly F(n) < s4(n). In fact in [1] it is proved that if n is not a power of g then
there exists h & {g* : k € N} such that sq(hn) = s4(n). On the other hand, F(n)
is much smaller than sg(n) in many cases, for example, if n is a prime and g is
a quadratic non-residue modulo n, then by Euler lemma g(nfl)/ ’+1=0 (mod n),
that is F(n) = 2. It is somewhat harder to find examples for F(n) big. A natural
question is to study the following set:
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and more generally, for any given K > 1,

Sy(z, K) := {n <z:F(n)> %sg(n)}.

In [1] it is proved that these sets are small, more precisely:

{n <z:F(n)> %sg(n)}‘ <

T
(log z)'/2"

In 1980, Stolarsky [3] obtained the following lower bound (strictly speaking he
only studied the case g = 2, but his method worked in general)

1/2

|Sg(2)| =~

1
9

Our main objective in this paper is to improve the exponent in the lower bound
and to extend the result to the sets Sy(z, K).

THEOREM 1. For any fixed integers g > 2, K > 1 and k > 0 we have

1 0
|Sg($9 K)| 2 +k z )
gK_l(erl)

with
(K —1)log g+ log (g+k)

k+1
. 1
(k+K+1)logg M)

0=0,kr=

In the classical case of K = 1 Stolarsky’s result corresponds to the choice of k = 0,
while our method always gives a better exponent. For example, when g = 2 we take

k=1 to get

1 log 3
S:(a)| > 32", 6= B 0.5283... . )

Other numerical examples are

g 10 100 1000 10° 10" 10%
0 || 0.5856.. | 0.6645... | 0.7213... | 0.8119.. | 0.8808.. | 0.9277...
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Using the straightforward bounds

gk+l - g+k <gk+l
(k+1)F “\k+1) = ’

the choice k < log g < k + 1 implies

COROLLARY 1. Let g > 2 and K > 1 be integers. We have

1 1—(1+4log(1+log g))/(K+log g)
|Sg(l" K)' > gK+10gg .

Note that everything is explicit in Corollary 1, allowing us to choose K or g
as functions of x. At the end of the paper we will indicate that the above choice
of k provides the optimum of the present method, at least when g is big. The same
calculation indicates that for K > logg, the optimal choice is £ = 0. In other
words our iterative process does not improve upon the direct argument, which is

LRIy
1S,(z, K)| > g—Kml /(K1)

A little twist on the iteration, however, improves this to

THEOREM 2. Let g > 2 and K > 1 be integers. We have

1 1-1/QK
Sy(z, K)| > AL
520 B> Car (= e
We do not make any effort to get the best multiplicative constants in these lower
bounds. On the other hand, Theorem 1 reflects our best exponent for K = 1, while
Theorem 2 reflects our best exponent for K > log g. The question raises naturally
if it is possible to combine the proofs of the two theorems. There is a straightforward

method resulting the new exponent
(2K — 3) log g + log (717

Kk (k+2K—-1)logg ° (3)

which is superior to (1) for 3 < K < log g/ log log g.

There is also a more sophisticated method, based on a recent result of Mauduit,
Pomerance and Sérkozy [2] on the distribution of the values of s4(n). However,
the improvement upon (3) is very small.
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The function s4(n) is the ultimate example of a “q—additive” function. Our
arguments may be useful in other situations, and some of our statements may extend
to a wider subclass of g—additive functions.

2. Stolarsky’s construction revisited

The sum of digit function, s, is a sub-additive function, that is, for all m,n € N
Sg(m +n) < sg(m) + sg4(n). (4)

Formula (4) is easily obtained if m is of type m = ugk with 0 <u<g—1.
The general case for m is then obtained by iteration. It is also easy to see that there
is equality in (4) if and only if “there is no carry in adding m and n”. Equivalently,
we have for n > m

sg(n —m) = s4(n) — sg(m), (5)

and there is equality in (5) if and only if no digits of m are bigger than the corre-
sponding digits of n. This situation will be denoted by n > m.
The idea of Stolarsky was to consider the binary sum of digits of the multiples of

14204, 42D iy

for some integer £ > 1. He proved that s,(hn) > sy(n) Vh € N.
A natural extension of this idea to general basis is to consider the multiples
of the integers

No=(g-D)(1+g+...+9)=g"" -1,
with r > 1.

LEMMA 1. For all h > 1 we have
8g(RN;) = 84(N;). (6)

This lemma follows from the next by induction.

LEMMA 2. Writing h = u+vg"™", where 0 < u < ¢"*" and 0 < v we have

8g(hN;) = 54((v + 1)Ny). )
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For 1 <h < g™ we have
Sg(AN;) = s4(N). (8)

PROOE. Let h > 1. The obvious identity (h — 1)(N, + 1) = (h — 1)g""" implies
AN, =N, —(h—=1)+(h—-1)g" =N, —(u—1)+(h—1-v)g" "

Note that 0 < N, — (u — 1) < g't! and that the least significant = + 1 digits
of (h—1—wv)g"t" are zero. Thus we have:

8g(AN;) = 84(N, — (u — 1)) + s4(h — 1 — v). 9)
If v=0 then h — 1 = u — 1 and we have by (5) (since N, >u — 1):

Sg(RNy) = 84(N;) — sg(u — 1) + sg(u — 1) = s4(N;).

r+1

This proves the second statement (the case h = g' "~ being trivial). If v > 1 then

h—l-v=u+vgd ™" —1-v=(w+ 1N, — (N, — (u—1)) (10)
and by (5) we find
Sg(h — 1 =) = s4((v+ 1)Ny) = 54(Ny — (u — 1)).

Inserting this into (9) gives
$g(hNy) = sg((v + 1)Ny).

This proves Lemma 2. [l

PrROOF OF LEMMA 1. The second statement of Lemma 2 proves (6) for h < gt

Since h = u + vg”“] > v+ 1 we can use induction based on the first statement

of Lemma 2 when u # 0, or based on sy(hN,) = s4(vN,;) when u = 0. O

Let H := {h > 1: s4(hN,;) = s4(N,;)}. The importance of H is reflected
in the fact that for any h € H and for any m > 1 we have by Lemma 1

sg(mhN;) = s4(Nr) = s4(hN;),
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that is hN, € Sy(x), whenever AN, < . We proved in Lemma 2 that h € H if
1<h< gTH. This observation covers Stolarsky’s argument.

3. How to go further?

For simpler exposition we introduce a variant of the relation >. We write n >

r+1

m mod g to express that the least significant r+ 1 digits of n are not smaller

than the corresponding digits of m. That is if the g—basis expansion of n and m are
n:no—i—n]g—i—nzgz—i—..., m:mo—i—m]g—i—m2g2+...,

then

n; =>m;, for j=0,...,r.

LEMMA 3. Let h=u+vg "', where 1 <u< g and 0<v. Ifv+1€H and
u—1>vmodg ™", then h € H

PROOF. By (9) we have
85(hN;) = 84(N, — (u — 1)) + s4(h — 1 — v).
By (10) we have
sg(h =1 =) = sy(u—1+0N,) = s,((v+ )N, = (N, — (u — 1))).
If
(v+ )N, > N, — (u — 1), (11)

then s,((v + )N, — (N, — (u = 1))) = s4((v + 1)N,) = 84(N, — (u — 1)). In this
case the condition v + 1 € H implies that h € H. Now it remains to check that
(11) is satisfied. It is enough to compare the r + 1 least significant digits as the right
hand side itself is < ¢""'. Note the identity (v+1)N, = vg ™' + N, — v. Since N,
is constructed to have maximal digits (11) is indeed equivalent to

N, —v> N, — (u—1)mod g"",

and this is equivalent to the condition v — I > v mod g”l. This ends the proof

of Lemma 3. U
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LEMMA 4. Leth € N, h = ho—i—hlg’"+]+. . .—|—hkgk(r+]) with 0 < hg, ..., by < gr+l
Ifhg>1andif h — 1> h > hy>...> hy then h € H

PRrROOF. First note that the conditions imply
0<he <...<h <h—-l1<gt -1

We prove this lemma by induction on k. The case k = 0 follows immediately from
Lemma 2. Similarly for k=1, h = hy + hlng, we have by + 1 € H by Lemma 2,
and we can apply Lemma 3.

Suppose that the lemma is true for k — 1 for some k£ > 2 and let u = hy and
v="hi+hgd T+ 4+ hg® VD so that h = u+vg""!. By Lemma 3, h € H
"1 and v+ 1 € #. The first condition is clearly satisfied
since hy — 1 > h; and v = h; mod gTH. By our induction hypothesis the second

whenever © — 1 >vmod g

condition also holds. |
LEMMA 5. Let &, denote the set of the k + 1 tuples (hg, hy, ..., hg) satisfying
0<ho,....,hiy <g ' hg>1and hg—1>h > ...> hy. We have
|g |_ g+k r—H_ g+k—1 r+1 (12)
BT\ k41 k '
ProOF. Note that |&,| = ¢""' = 1. Let k > 1. For all (ho, hy,...,ht) € Er
we write

IS SETANED DU ST
£=0

with 0 < (Z) <g-1.
The k + 1—tuple (ho,...,hy) is in &, if and only if the following conditions hold

0<hi—1<g™ -1, (13)

and forall 0 <4 <r
g=12el>W>0 > P> (14)
For any given 0 < £ < r, the number of (50 ,age), ... ,sff) ) satisfying (14) is

k
(li—i—ii 1) , the number of choices of k + 1 not necessarily different elements out
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of 0,...,g—1, since each choice has exactly one decreasing order. Thus the number
’ g+ k r+1
of all sets of 0 < 65-) < g — 1 satisfying (14) is < ko 1) . However, sets with
a(()o) =...= 58” — g — 1, that is with by — 1 = ¢"t' = 1 (= N,), do not lead
to a valid choice of hg, as they violate (13). Much the same way, the number
of (585), 550, ... ,eg)) satisfying
g—lzsff) 25(16) 2556) > ... >5§f) >0, £=0,...,7r
g+k—1\"" _
S k . This ends the proof of Lemma 5. ]

4. The sets Sy(z, K)

Now we consider the sets Hy := {h > 1: s4(hN,) < Ks4(N,)}. Clearly H, = H.
The importance of these sets is coded again in the fact, if h € Hy then (by Lemma 1),
for all m > 1 we have

1
sg(mhN;) = s4(N,) > Esg(th),

that is AN, € Sy(z, K) whenever AN, < z.

LEMMA 6. Let K>2 be an integer and h:u—l—ngH, where O<u<gr+l. If v e
Hy_1 then h € Hy.

PrOOF. Here again we start out from the formula (9). There is nothing to prove for
u = 0. For u > 1 we have

Sg(hNy) = sg(Ny — (u— 1)) + s4(h — 1 = v) = s4(N, — (u— 1)) + s4(u — 1 + vN,).

Next we use the sub—additivity of s, and the fact that N, has maximal digits, that is
N, >u—1

Sg(hN;) < 84(N; — (u — 1)) + s4(u — 1) + s4(vN;) = s4(N;) + s4(vN;).

Thus if v € Hg_1, then for all
0<u<g™, h=u+uvg"" €My,

and we are done. O
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PrOOF OF THEOREM 1. In the previous section, actually in Lemma 4, we proved

that b = ho + kg + ... + heg"™ with 0 < ho, ..., ks < ¢ is in H
whenever hy > 1 and (ho, ... hi) € E,. The same is true if hg =0, hy > 1 and
(h1,...,hr) € E_1,, and so on. All of these h satisfy h < g<k+1)(r+1). Adding also
b= gFIHD e get

k' T
|{h cEH:h gg(k+1)(r+l)}| > &kl + .o+ &0+ 1= (Zi)

Thus we have by Lemma 6

r+1
, (k+2)(r+1) YRS
[{heHr:h<yg H=>g (k+1)

Iterating this observation we obtain

3 ‘I— k 7‘+1
Hh €My h< g(k+K)(r+l)}‘ > g(K 1)(r+1) (Z )
+ 1
Finally we collect all these pieces. If g(k+K+l)(r+]) <x,h€Hgand h < g(k+K)(T+l),
then AN, € Sy(z, K), that is

ey (9 RN
1S, (z, K)| > ¢\ 1)(+1)<k+1) . (15)

For fixed g, K, k and (sufficiently large) = we choose the integer r > 1 by

g(k+K+1)(r+1) (k+K+1)(r+2)

<z<g

that is
log x

r+2> .
(k+K+1)logg

The lower bound in (15) can be modified as

1 ke (9+E\TT 2
18,(2, K)| > ——— [g< (
P () k1 g5 ‘(Zi’f)

with
~ (K—1)logg+log (ii’f)
(k+K+1)logg

as in (1). This completes the proof. O
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PRrOOF OF THEOREM 2. We can suppose K > 2, as for K = 1 this follows by taking
k =0 in Theorem 1. We suppose that h is of the following type

(K-1) K(r+1) QK-2)(r+1)

h=u+vg ™t +. . +vg g BV Lag +...+wg_ig

where
I<u<v <...<vg  <g"", 0<wg 1 <...<w; <wvg -1 (16)

We start from the identity

hN, = (N, = (u=1)) + (N, = (0 —w)) g + ... +
+ (Ny = (vg—1 = vg-2)) g™+ (vgoy = w-1) g UV

+ (’U)1 - 'wz)g(KH)(Hl) + ...+ 'wK_lg(ZK_])(”l).

In the above representation all coefficients are non negative and < gTH, moreover
N,>u—-1,..., N.>vg_| —vg_>, and we conclude
Sg(hN;) = Ksg(Ny) — sg(u— 1) — sg(v) —u) — ... — 84(Vk_1 — Vg_2)+
+ sg(vg—1 — wi—1) + sg(w; —wy) + ... + sg(wg—_1).
Thus h € Hx whenever
Sg(vg—1 —wy — 1) + sg(w) —wy) + ... + sg(wg_1) <

<sgu—1)+sg(vi —u) + ... + s4(vg—1 — Vk-2). (17)

There is a one—to—one correspondence between systems of integers satisfying (16)
and systems of integers satisfying

0<Xy,..., Xg, Y1,...,Yg, Xi+...4Xg=Y+...4+4Yx <N,.. (18)
The correspondence is given by
’U,:1+Yl w1:X2+...+XK
n=14+4Y1+Y,

wg-y = Xxg1 + Xk
v =1+Y1+...+Yg, wg_ =Xk
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and the condition (17) is equivalent to
Sg(X1) 4+ ...+ 84(Xk) < 50(Y1) + ... + 54(Yi). (19)

It is an easy classical problem to compute M, the number of solutions to (18).
If a solution of (18) does not satisfy (19), then changing the role of (X1, ..., Xk)
and (Y},...,Yx) we get one that satisfies (19). In other words, at least half
of the solutions of (18) satisfy (19) as well. To compute M we write

K-1
”'(n):‘{n:Xl'f—-..—l-XK, 0<Xj}|:(n+ )

K-1
Finally we have (with some numerical work)

gRE=Dr+1)

Mzié (T("))2=JZZ_O1 ("2511)22 3(

2K - 1)((K - 1)1)°
We constructed at least M/2 elements h of Hg, satisfying h < g(zK_l)(rH).
With these h we have hN, € Sy(x, K) whenever hN, < z which is the case if
g2K(r+1) <z < gZK(TH). Collecting all pieces we arrive at

g(2K—l)(r+l) 1 L hK
5 = s— T 72K O
6K - 1)((K—1)1)" 62K -1)((K—1)!) ¢?K

|Sg(x, K)| =

OUTLINE OF THE PROOF OF (3). We will only present the main idea, since the
improvement is not significant. A natural way to combine the two previous proofs

1 GRK=3)(r+D) QE-3)(r+1)

is to consider integers h of type h = h' + h , where A’ < g

plays the role of h in the proof of Theorem 2 (with K — 1 in place of K), and
B < g(k+1)(r+1)

of s4(n) we have

sy(hN,) < so(W' Ny) + s, (h"g*TVOIN) < K,y (N,).

plays the role of A in the proof of Theorem 1. By the subadditivity

_ AN
The previous calculations show that there are >> g(2K Yr+D) <Z n 1) such h,

all of them satisfy AN, < g(kHK_])(TH). This proves (3). O
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5. Some computations on the 6

In this last section we justify the choice of k in the cases mentioned in the intro-
duction. For fixed g and K we denote 0 = 6,k i, see (1). We will be brief with
some details of computations. Since

ket 1
011 log g — log g:;;

(k+K+1)logg

Ok — Ok 1 =

b

we have for all £k > 0 that

g+k+1

k+2 (20

0y > 0y, if and only if 6y logg > log

In other words, if the lower bound for 6y in (20) is satisfied for all k > k
then 0y, is decreasing for k > ky. The maximal 6, k ;, in Theorem 1 must be attained
with k < ky. Indeed, we prove

LEMMA 7. If K > log g then 0y > 0 forall k > 0. For all K > 1 we have
Or > O0prr if k>logg.

ProoOF. Since (g+t)/(t+1) is a decreasing function of the variable ¢ on the positive
real numbers, we have

k1 )
+
(k+K+2)9k+1logg:(K—l)logg+Zlog§+i2
Jj=0

b 1 k+1 ;

g+k+ g+
> Kl log 27T log 27 dt.

og g+ log P +/0gt+1

1
Computing the integral we get from (20) that 0y > 0. follows if

g+k+1

+k+1
(K-1) (log(k+2)—log )+(g—l)loggT+210g2>
9

> 2log(g+ 1) —log g,

and this follows if
4 +k+1
(K~ 1)log 5 + (g 1) log 2

=1 1), 21
> loe(g + 1) @1
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by the inequalities

+E+1 4
log(k+2)—log97>log§ forall ¢>2, k>0,
g

and
2log(g+1) —logg—2log2 < log(g+1) forall g=>2.

Finally one can see that for K > log g the first term, for k£ > log g the second term
in the left hand side of (21) majorize the right hand side. This proves the lemma. [J

The same calculation is valid for «9;, k. as well. One has to write 2K —2 in place
of K, as is seen from comparing (1) and (3).
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