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Abstract: The derivative polynomials introduced by Knuth and Buckholtz in their calculations
of the tangent and secant numbers are extended to a multivariable g-environment. The n-th
q-derivatives of the classical g-tangent and g-secant are each given in two polynomial expressions.
The first polynomial expression is indexed by triples of integers, the second by compositions of
integers. The functional relation between these two classes is given by means of combinatorial
techniques. Moreover, these polynomials are proved to be generating functions for so-called t-per-
mutations by multivariable statistics. By giving special values to these polynomials we recover
classical g-polynomials such as the Carlitz g-Eulerian polynomials and the (¢, g)-tangent and
-secant analogs recently introduced. They also provide g-analogs for the Springer numbers. Fi-
nally, the t-compositions used in this paper furnish a combinatorial interpretation to one of the
Fibonacci triangles.
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1. Introduction

Back in 1967, Knuth and Buckholtz [30] devised a clever method for computing
the tangent and secant numbers 75, and E», for large values of the subscripts 7.
For that purpose they introduced two sequences of polynomials, referred to as
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derivative polynomials. A few years later, Hoffman [25, 26| calculated the exponential
generating functions for those polynomials, and found a combinatorial interpretation
for their coefficients, in terms of so-called snakes. The goal of this paper is to obtain
a multivariable q-analog of all these results. We first recall the contributions made
by those authors, then, introduce the g-environment that makes it possible to derive
a handy algebra for these new g-derivative polynomials.

1.1. The derivative polynomials. Recall that tangent and secant numbers Ty |
and E,, occur as coefficients in the Taylor expansions of tan u and sec u:

Z u2n+1
tanu = Dy =
]
= (2n+1)!
u’ 5 o w0
1+ —2+—16 2724+ —7936+ -, 1.1
1+3,+ +7! +9!9+ (1.1)
1 u2n
= — = —E =
secu COoS U %30(271)! an
u? u4 6 ub 10
:l+2 5+a61+—1385—|— 0'505214—'“. (1.2)

See, e.g., [32, p. 177-178], [10, p.258-259].
Let (A,(z)) (n > 1) be the sequence of polynomials defined by

Ayz) =2, Apy = (1+2%) DA, (z),

with D being the differential operator. When writing

= Za(n, m)z",

m=0

the coefficients (a(n, m)) satisfy the recurrence
a(0,m) =61m, a(n+1,m)=(m-1)a(n,m—-1)+(m+1)a(n,m+1). (1.3)

The a(n, m)’s form a triangle of integral numbers (see Table 1 in Section 11, where
the numbers a(n, m) are reproduced in boldface), now registered as the sequence
A101343 in Sloane’s Encyclopedia of Integer Sequences [33] with an abundant
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bibliography. Knuth and Buckholtz [30] showed that the n-th derivative D" tan u
was equal to the polynomial

D" tanu = Z a(n, m) tan™ u. (1.4)

m2=0

The same two authors also introduced the sequence (b(n, m)) by
bom = Som» b(n+1,m) =mb(n,m—1) + (m+ 1)b(n, m + 1).

Again, Knuth and Buckholtz [30] showed that the n-th derivative of sec u could be
expressed as
D" secu := Z b(n, m) tan™ u sec u. (1.5)
m=0

The triangle of numbers (b(n, m)) also appears in Sloane’s Enclycopedia [33]
with reference A008294. The first values of the numbers b(n, m) are reproduced
in Table 1 in plain type (not bold). From their very definitions the a(n, m)’s and
b(n, m)’s can be imbricated in the same table, as done in Table 1. The meanings of
the entries to the right of the table will be further explained.

The exponential generating functions for the polynomials

An(z) = Z a(n,m)z™ and B,(x):= Z b(n, m)z"™,

m>=0 m=0

called derivative polynomials, have been derived by Hoffman [25] in the form

ZAn(w)%T _ r+tanu (1.6)

1 -2z tanu’

r 1

> B@) = ———— (17)

cosu—xsinu
n=>0

These two exponential generating functions and recurrences for the a(n, m)’s and
b(n, m)’s have also been obtained by other people in different contexts, in particular,
by Carlitz and Scoville [9], Frangon [20].

By plugging z = 1 in (1.6) the right-hand side becomes tan 2u + sec 2u, so

that the sum
Z a(n, m)

m
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is equal to 2"E,, if n is even, and to 2"T), if n is odd. Likewise, (1.7) yields

u" 1
DY (] pp——
- n! cos U — sinu

which is the exponential generating function for the so-called Springer numbers (1, 1,
3, 11, 57, 361, 2763, ...) (see [13, 34]) originally considered by Glaisher [22—-24],
as noted in Sloane’s Encyclopedia, under reference A001586. In Table 1 we have
indicated the values of the row sums

Za(n, m) and Zb(n, m)

m

to the right.

Finally, the combinatorial interpretations of the a(n,m)’s and b(n, m)’s were
obtained by Hoffman in a later paper [26]. An equivalent interpretation is also due
to Josuat-Verges [28]. Both authors use the word snake of length n (a notion made
popular by Arnold [5, 6]) in the study of morsification of singularities, to designate
each word w = xx;, -+ - x,,, whose letters are integers, positive or negative, with
the further property that x| > x,, x, < x3, T3 > x4, ... in an alternating way and
|z1| |z3] -+ |z,| is @ permutation of 12 --- n. Note that Josuat-Verges, Novelli
and Thibon [29] have recently developed an algebraic combinatorics of snakes from
the Hopf algebra point of view. In [26] and [28] Hoffman and Josuat-Vergés show
that A,(x) is the generating polynomial for the set of all snakes of length n by the
number of sign changes; they also prove an analogous result for B,(z).

1.2. Towards a multivariable q-analog. 1In parallel with (1.4) and (1.5) the g-
derivative operator D, (see [21, p.22]), as well as the g-analogs of tangent and
secant (see [3,4, 17, 35], [36, p. 148-149], [37]) are to be introduced. The first
problem is to see whether the n-th g-derivatives of these g-analogs can be expressed
as polynomials in these functions, and they can! But, contrary to formulas (1.4)
and (1.5), those n-th g-derivatives have several polynomial forms. As will be seen,
two such polynomial forms are derived in this paper for each g-analog of tangent and
secant. The second problem is to work out an appropriate algebra for the polynomials
involved that must appear as natural multivariable q-analogs of the entries a(n, m)
and b(n, m).



38 Dominique Foata (Strasbourg), Guo-Niu Han (Strasbourg) [236

Before stating the first results of this paper we recall a few basic notions
on g-Calculus. The t-ascending factorial in a variable t is traditionally defined by

o 1, if n=0;
L) =
" (1-t)(1—tg) - (1—td""), if n>1;

in its finite version and

(t; @)oo = lim(t; @) = T] (1 - tq");
n n>0

in its infinite version. By g-series we mean a series of the form

u?’l

fw) =Y f(n;q)

= (€ On

whose coefficients f(n;q) belong to some ring [2, chap. 10]|. The g-derivative
operator for fixed ¢ used below is defined by

s = 1S
instead of the traditional
f(w) — fqu)
u(l—q)

At this stage we just have to note (see Section 2) that there is only one q-tangent
attached to the classical Jackson definitions [27] of the g-sine and g-cosine, namely,

S ()" /(g q)ont

n>0

> (=)™ /(q; @)an

n=>0

tang(u) =

but, as it has been rarely noticed, there are two q-secants

1
S (=D u/(q; @)

n>0

secy(u) =

1
>0 (=1)"q" Du /(g5 q)2n

n=0

Secq(u) =
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1.3. The numerical and combinatorial background. ~ Following Andrews [1, chap. 4]
a composition of a positive integer n is defined to be a sequence ¢ = (¢, ¢i, - - - , C)
of nonnegative integers such that ¢y + ¢; + -+ + + ¢, = n, with the restriction that
only ¢y and ¢, can be zero; the c¢;’s are the parts of the composition and m + 1 is
the number of parts, denoted by p ¢+ 1. A composition ¢ = (¢, ¢i, ..., ¢y) of n is
said to be a t-composition, if the following two conditions hold:

(1) either m = 0, so that ¢ = (¢y) and ¢y = n is an odd integer, or m > 1 and
both ¢y, ¢, are even;

(2) if m > 2, then all the parts ¢;, ¢, ..., ¢y are odd.
For each n > 1 the set of all t-compositions of n is denoted by ©,,. It is further
assumed that © consists of a unique empty composition denoted by (0, 0).

The first t-compositions are listed below:

©y:  (0,0);

©: (1), (0,1,0);

©: (0,2), (2,0), (0,1,1,0);

©3: (3), (0,1,2), (2,1,0), (0,3,0), (0,1,1,1,0);
@43 (

0,4), (2,2), (4,0), (0,3,1,0), (0,1,3,0), (0,1, 1,2), (2,1, 1,0),
0,1,1,1,1,0).

A t-composition ¢ = (¢, ¢y, ..., Cn1, Cp) from O, such that ¢, = 0 is
called an s-composition. We write ¢~ = (¢, ¢y, ---, Cpn—1). The subset of ©,, of
all s-compositions is denoted by ©,,.

For each composition ¢ = (¢, ¢y, ..., ) of B> 1 let
tany(¢°u) == 1

if m = 0 and for m > 1, whatever n > 1, let

cotc u) . cotci+ - tem- u)

tan, (¢ w) := tany(¢™u) tan,(q - tang(q
Note that the rightmost part ¢, does not occur in the previous expression. Also let

pe:=(cy,...,c1,c) denote the mirror-image of c.

A word w = Y19, - - - Ym, Whose letters are positive integers, is said to be falling
alternating, or simply alternating (resp. rising alternating), if y, > v, ¥ < ys,
Y3 > Y, ... (resp. if y; < yo, ¥» > Y3, Y3 < Y4, ...) in an alternating manner. The
notion goes back to Désiré André [11, 12|, who showed that the number of falling
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(resp. rising) alternating permutations ¢ = o(1)a(2) --- o(n) of 12 ... n is equal
to T,, when n is odd, and to E, when n is even. The length of each word w is
denoted by Aw and the empty word is the word of length 0, denoted by e.

DEfINITION. A t-permutation of order n is defined to be a nonempty sequence w =
= (wo, Wy, - .. , Wy,) of words having the properties:

(i) the juxtaposition product wyw, - - - Wy, is a permutation of 12 ---n;

(if) either m = 0 and wy is rising alternating of odd length, or m > 1 and then w
is rising alternating of even length and wy, is (falling) alternating of even length;

(ifi) if m = 2, then all the components wy, wy, ..., Wy, are (falling) alternating
of odd length.

For each n > 0 the set of all ¢t-permutations of order n will be denoted by 7,,.
The first ¢t-permutations are listed below:

To: (€ ¢€);
Ti: (1); (e, 1,¢);
T (e,21), (12,€);  (€,2,1,¢), (€, 1,2,€);
T:: (132), (231);

(6,3,21), (& 312,¢), (e 213,¢), (12,3,¢), (¢, 1,32), (23, 1,¢),

(13,2,€), (e 2,31);

(,1,2,3,¢), (,1,3,2,¢), (,2,1,3,¢), (¢,2,3,1,¢),

(6,3, 1,2,¢), (6,3,2,1,¢).

1.4. The underlying statistics. 'The number of factors in each t-permutation

w = (wp, wy, ..., wWy,), minus one, is denoted by pw = m. If w is of order n,
the sequence (Awp, Awy, ..., Awy,) is a t-composition of n, denoted by Aw. For

each n > 0 the set of all ¢{-permutations w from 7,, such that pw = m, with
0<m<n+1and m=n+ 1mod 2, will be denoted by 7, .

Recall that the /igne of route of a permutation ¢ = o(1)a(2) --- o(n) of 12--- n,
denoted by Ligne o, is defined to be the set of all ¢ such that 1 <7 < n — 1 and
o(i) > o(i + 1); also, the inverse ligne of route, lligne o, to be the set of all
o(i) such that o(j) = o(i) + 1 for some j < i — 1. In an equivalent manner,
Iligne o = Ligne ol Next, let

ides 0 = # Iligne o;

imajo =Y " o(i) (o(i) € lligne 0);

i
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and let inv o be the number of inversions of o, as being the number of pairs (i, j)
such that 1 < ¢ < j < n and o(i) > a(j).

The inverse ligne of route, lligne w, of a t-permutation w = (wy, Wy, ... , W)
is then defined by

Iligne w := Iligne(wow, - - -+ Wy,);

and the number of inversions, inv w, by
invw := inv(wow - - Wy,).

This makes sense, as the latter juxtaposition product is a permutation, say, ¢ of
12---n if w € 7,. Finally, let min w := a if 1 is a letter in w,.

For n = 11, m = 4 consider for example the t-permutation
w= (45,113,179, 6, 82).
The elements of Iligne w are reproduced in boldface. We have:

idesw=6, imajw=3+10+9-+6-+8-+2=238,

invw=27 and minw= 1.
1.5. The main results. For each triple (k, a, b) let T, .5 denote the set of
all t-permutations w from 7, such that idesw =k, minw =a and a + b = pw.

THEOREM 1.1. (Multivariable g-analog of (1.4)) Let

Ankar(@ = D ™" (1.8)

WETn k.ab

be the generating polynomial for the set Ty, i, qp by the statistic “imaj”. Then

Dj tang(u Z Ankan(q tanq(qk+lu))b ( tanq(qku))a, (1.9)
k.a,b

where 0 <k<n—1and 0<a+b<n+1.

Analogously for each (k, a, b) let 7, ., denote the set of all ¢-permutations
w = (wo, Wy, ..., W, Wppt1) iN Ty gapt1 such that wy, | = €.
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THEOREM 1.2. (Multivariable g-analog of (1.5)) Let

Bn,k,a,b(q) = Z qimaj v (1. 10)

WET, b apt1

be the generating polynomial for the set Ty, o1 by “imaj.” Then

Dy secq(u EBnkab(q) tan,(¢" " ))b secy(q" ' u) (tanq(qku))a; (1.11)

k,a,b

D Secy(w) = > """ VB 1 ppala™) (1.12)
k,a,b
X (tanq(quu))b Secq(qku) (tanq(qku))a,

where
0<k<n—-1 and 0<a+b<n

THEOREM 1.3. (Composition g-analogs of (1.4) and (1.5)) For each n > 1 and
each t-composition ¢ of n let A, (q) be the polynomial

Ane(g) = Z . (1.13)
we T, , Aw=c
Then
Dj tany(u) = Z An(q) tang(q“u); (1.14)
€O,
Dj secy(u) = Z An(q) tang(q" u) sec,y(q"w); (1.15)
CE@n
Dj Secy(u) = Z "4, (g7 tang (¢ u) Secy(u). (1.16)
€O,

Remark. The polynomials A, .5(g) are not uniquely defined by identity (1.9).
On the contrary, both (1.11) and (1.12) uniquely define the polynomials By, x4.5(q)
and A, (q)-

Polynomials indexed by triples (k, a, b) and those by compositions ¢ are related
to each other, as indicated in the next theorem.
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THEOREM 1.4. We have

Z An,k,a,b(‘]) = Z An,c(q); (117)

k>0, a+b=m c€Onm
D> Buras(@ = D Ancl9): (1.18)
k>0, a+b=m CEG)Z,m+1

In terms of generating polynomials,

A, q) =D 3" D Angas(@) =D 3" D Anel9);

m>=0 k=0, a+b=m m=0 cEOnm
Bn(l'a Q) = Z -’Em Z Bn,k,a,b(‘]) = Z xm Z An,c(q)'
m>0 k>0, a+b=m m=0 C€O, iy

THEOREM 1.5. The factorial generating functions for the polynomials A,(x,q) and
B, (z, q) are given by

Z Ay (z, q)u—n = tan,(u) 4 secy(u)(1 — = tany(u)) ™'z Sec,(u);  (1.19)

= (¢ )
n; B (z, q)m = sec,(u)(1 — z tan,(u)) ™. (1.20)

The last two formulas, derived in Section 9, are true g-analogs of Hoffman’s
identities (1.6) and (1.7), as the latter ones can be rewritten as

Z An(m)% = tan(u) + sec(u)(1 — z tan(u)) 'z sec(u),

n=>0
Z Bn(a:)Z—T = sec(u)(1 — z tan(u)) ™" (1.21)
n>0 ’

The four-variable polynomials

At 2,y,9) = D Anpap(@)t's"y’
k,a,b
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and
Bu(t,z,y.9) = > Buras(@)t's"y,

that may be considered as multivariable g-analogs of the entries a(n, m) and b(n, m),
have several interesting specializations studied in Section 10. First, tA,(¢, 0, 0, ¢) and
tB,(t,0,0, g) are shown to be the (t, g)-analogs T,(t,q) and E,(t,q) of tangent
and secant numbers, only defined so far [18] by their factorial generating functions

2n+l

ZTM 9 g o —

q)n+2
and

ZEZntq)tq)

The recurrences of the polynomials A, ka5(q) and By kap(q) provide a handy

2n+1

method for calculating them. We also prove that the polynomial

t z, q ZAnkanJrl a

is a refinement of the Carlitz g-analog [7] A,(t,q) of the Eulerian polynomial, as
A, (t, 1, q) = A,(t, g), with an explicit combinatorial interpretation. Here we would
like to refer to the Tables 2 and 3 of the polynomials A, k45(q) and B kq5(q)
displayed at the end of the paper. It is shown that the sum of the polynomials
occurring in each box along the two top diagonals can be explicitly evaluated.
Moreover, we give two g-analogs for the Springer numbers. Also we give generating
functions and recurrence relations for both t- and s-compositions.

2. A detour to the theory of g-trigonometric functions

By means of the g-binomial theorem ( [21, § 1.3]; [2, § 10.2]) we can express
the first q-exponential eq(u) and the second q-exponential E,(u), either as an infi-
nite g-series, or an infinite product:

eq(u) = Z (@ = : oo; (2.1)
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n(n— un
By = 3¢ P = (Cu (22)
n>0 s Y)n

These two results go back to Euler [15]. As already done by Jackson [27] (also
see [21, p.23]), they both serve to define the g-trigonometric functions g-sine

and g-cosine

. L eq(iu) - eq(—iu) B ~ ﬂ .
sing(u) := % = ;20( 1 P

Ceglin) te(—in) o, . w
cosg(u) := ~ S =

E,(iu) — Eq(—iu)

Ey(iu) + Ey(—iu)

Sing(u) := % and Cosy(u) == 5
We can also define
sing(u)
tan,(u):= —
! cosy(u)
and
Si
Tang(u):= ing(u) ;
Cos,(u)
but, as
sing(u) Cosg(u) — Sing(u) cosy(u) = 0,
we have

_sing(u)  Sing(u)
tany(u) = cos,(u)  Cosy(u) Tang(u),

so that there is only one g-tangent. However, there are two g-secants:

secy(u) = L : 5
q = COSq(U) - go(—l)nfu}n/(q; q)zna
Secy(u) : Lo :

T Cosg(u) X (1) 0w /(g; q)an

n=>0
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THEOREM 2.1. The q-derivatives of the series tang(u), secy(u), Secy(u) can be eval-
uated as follows:

D, tang(u) = 1 + tang(u) tany(qu); (2.3)
Dy secy(u) = secy(qu) tang(u); (2.4)
D, Secy(u) = Secy(u) tany(qu). (2.5)

ProoF. These three identities can be proved, either by working with e, (u) and Ey(u),
when expressed as infinite ¢-series, or by using the infinite products appearing
in (2.1) and (2.2). We choose the former way, because of its closeness to the
traditional trigonometric calculus.

First,
eq(au) — ej(aqu) = ; W = ou ; % = au e (au);
E,(au) — Ey(aqu) = Z (au)"q”z;lq);z(l — 4" =
n>1 >4/
= au ngl (Otuq)’;q;l (;():_ll)(nz)/z = au E (aqu).

Hence,

D, e,(au) = aeyau); D, E,(au) = o E,(aqu).
Next, by applying D, to the familiar identities
eq(tu) = cosy(u) + 4 sing(u)

and
Ey(iu) = Cosy(u) + i Sing(u),

we get
D, cosg(u) = —sing(u); Dy sing(u) = cosy(u);

D, Cosy(u) = — Sing(u); D, Sing(u) = Cos,(u).
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Finally, we take advantage of the next formula that yields an expression for
the g-derivative of a ratio f(u)/g(u) of two g-series

f(u) _ g(qu) Dyf(u) — f(qu) Dyg(w)
g(w) 9(w)g(qu)

>

and use it for the ratios sing(u)/ cosq(u), 1/ cosy(u), 1/ Cosy(u) to get

D, tany(u) = o0 Cozj)(suzu; i:qu;(_ sing(v) = 1+ tany(u) tany(qu);

LV C sec,(qu) tan,(u);
Dy seeq(u) = cos,(u) cosy(qu) o(qu) tang(u);

Sin,(qu)
D, S = 1 =S t . O
g Secy(w) Cos,(u) Cos,(qu) ecy(u) tany(qu)

Identities (2.4) and (2.5) above show a certain duality between the g-derivatives
of sec u and Sec u, which is to be explored by using the base q71 instead of q. First,
for each g-series f(u) let

1
Qf(w) = flgw) and Uf(u):= - f(u)
We have the identities
UQ=qQU, Q'U=qUQ "

Next, the g-difference operators D, and D1, the latter being defined by

Dy f(w) = = (7(w) ~ g ).

also can be expressed as

Dy =U(I-Q); Dy =UI-Q7). (2.6)
Hence,

D,= D, Q. (2.7)
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Next, we have the relations

e (u) = QE(-u),  Epi(u) = Qeg(—u), (2.8)
sing1(u) = —Q Sing(u), cosy1(u) = Q Cosy(u), (2.9)
tan,-1(u) = —Q tang(u), sec,-1(u) = Q Secy(u). (2.10)

We finish this Section with three technical lemmas that will be used in Section 5
(resp. Section 6) to show how identity (1.12) (resp. (1.16)) in Theorem 1.2 (resp.
in Theorem 1.3) can be obtained from (1.11) (resp. from (1.15)).

LEMMA 2.2. We have Dy1Q = qQDy1, so that for every n > 1,

(D Q)" = " QDL (2.11)
PROOFE. By (2.6) we have
D, Q=UI-Q NQ=UQ-U=qQU-qQUQ=qQU(I-Q ') =qQD,.

Identity (2.11) is then a simple consequence, as there are (n + 1)n/2 transpositions

QD1 ¢ Dy Q to be made to go from (QDy1)" to Q" Dl O
LEMMA 2.3. For each composition ¢ = (cy, ci, ..., Cp) of an integer n > 1, we have
Q" tang((g )" “u) = tan,(qu). (2.12)

PROOE. A simple verification:
tanq((q_l)pcu) = tanq((q_l)c"‘u) tanq((q_l)c’”“’"*'u) X oee X tanq((q_1)0”+"'+c‘u).
Hence, the left-hand side of (2.12) is equal to

Q" tang((q ')"w) =

= tang(¢" "u) tany(¢" " " 'u) x -+ x tany(¢" " M) =

= tang(¢™ " T ) tang (¢ T TP u) x -+ X tany(¢¥u) = tan,(¢u). O
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LEMMA 2.4. We have
Dj Secy(u) = (—l)nqn("fl)/anleZq secy-1 (u).

PROOE. Just write

Dj Secy(u) = (~D1Q)" Q ' sec,1(u) = [by (2.7) and (2.10)]
= (=1)"(D1Q)" ' Dy1 sec, 1 (u) =
= (—1)"q"("71)/2Q"71D371 secg1 (u). [by (2.11)] O

3. Transformations on t-permutations

Say that a t-permutation w = (wy, wy, ..., Wy,) is of the first (resp. second) kind,
if 1 appears (resp. does not appear) as a one-letter factor among the w;’s. Each set
Tn.m can be partitioned into two subsets 7, ,,, and “7T, ,, the former one consisting
of all permutations from 7, , of the first kind, the latter one of those of the second
kind. Let [m] := {1, 2, ..., m} and for each integer y let

+

Ti=yly oy

y" i=y+1 and w
for each word v = 4y, ... ym, Whose letters are integers.
For each pair (m,n) such that 0 < m < n+1 and m = n+ 1 mod 2, we
construct two bijections

A [m] X Tom = Totimets A m] X Tom = T imer- (3.1)
Let w = (wp, wy, wy, ..., wy) belong to T, and 1 <3 < m. The sequence
(war,...,w:[pwf_l,l,wf,w;ﬁrl,...,w:,;) (3.2)

is obviously from 7, ,,11; denote it by A'(¢, w). Next, the sequence
+ + + - +
(wy s oo wiy, (Wi 1wy, wily g, .o, wyy) (3.3)

is then from *7;z+l,m719 and will be denoted by *A(z', w); its i-th factor appears
Jr

., as indicated in the inner parentheses in (3.3). By the above two

as w;[ 1w
bijections, recurrence (1.3) holds with the interpretation a(n, m) = #7;, .
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The next step is to study the actions of the transformations A and A" on
the statistics «ides», «imaj», «min», «inv» introduced in Subsection 1.4. Tak-
ing again the example used in that Subsection, namely the t-permutation w =
(45,1113, 079, 6, 82), whose underlying statistics are ides w = 6, imaj w = 38,
invw = 27 and minw = 1, we get:

ides imaj min inv

= (45,1113, 079, 6, 82) 6 38 1 27
A(l,w) = (56, 1, 224, 1810, 7, 93) 6 4 1 29
A@,w) = (56, 224, 1,1180,7,93) 7 45 2 32
A(3,w) = (56, 224, 18 W, 1, 7, 93) 7 45 3 35
N4, w) = (56 D24, U8 W, 7, 1, 93) 745 4 36

A(l,bw) = (5611224, 181, 7, 93) 6 4 0 29
AQ,w) = (56, 2411810, 7, 93) 7045 1 3R
AQB,w) = (56, 224, 18D17, 93) 7 45 2 35
A4, w) = (56, 224, 181, 7193) 745 3 36

The proof of the next theorem is a simple verification and will not be repro-
duced here.

THEOREM 3.1. Let w be a t-permutation and let lligne w := {j; < jo < -+ < j,}.
Furthermore, let A*(i,w) and *A(i, w) be defined as in (3.1)—(3.3). Then,

Iligne A (i, w) =
{Gi+ 1D, Ga+ 1)y, Gr+ 1)}, if i < minw;

= Iligne A(i, w) =
(i) {{1,(j1+1),(j2+1),...,(j,+1)}, if minw <.

Hence,

. ¥ g - idesw, if 1< minw;
ides A'(4, w) = ides A(%, w) =
1 +idesw, if minw <.

. . idesw +imajw, if ¢ < minw;
imaj A'(4, w) = imaj ‘A(i, w) =
1 +idesw + imajw, if minw <4
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Furthermore,
inv A (i, w) = inv A3, w) = invw + Mwow - - - wi_y),

min(A'(4, w)) =4, min(AG,w))=i—1, for i>1.
4. Proof of Theorem 1.1

Two steps are needed to achieve the proof: first, the derivation of a recurrence
relation for the polynomials A, j.5(q), presented in the next theorem, then, an
explicit algorithm for calculating them, described in Lemma 4.2.

THEOREM 4.1. (Recurrence for the polynomials A, .5(q)). With m := a+ b and

! ! /
m :=a +b we have

An+1,k’,a’,b’(q) = qk < Z An,k’—l,a,m’—l—a(‘]) + Z An,k’,a,m’—l—a(q) +

0<ad —1<m' =2 1<d <as<m/—1

+ Z An,k’fl,a,m’—l—lfa(q) + Z An,k’,a,m’—l—la(q)) ) (41)

0<a<a ad+1<a<m'+1
Jor n > 0 with the initial condition Ao jq.5(q) = 9%.004.10.0-

PROOF. Let

/ / / /
w = (w(]s Wi, vy wm’) € 7;L+1,k’,ll',b’-

When w' is of the first kind, the inverse A’ _l(w') is obtained by deleting the
unique w,; equal to 1 and subtracting 1 from all the other letters of the components
w} (j=0,....,d —1,d +1,....,m'). When «' is of the second kind, the
inverse A”'(w') is obtained by deleting 1 from the component w), = uy v,
and subtracting 1 from all the letters of the components wf), e w;,_l, u;/, v;:,

'w;ur], ..., Wy . The t-permutations w' from Tn+1k .« fall into four categories:

(1) w' is of the first kind and 2 is fo the left of 1 in the product wyw) ... Why;
then 1 < a <m — 1, because, when n + 1 > 2, the components w; and w/, are,
either empty, or their lengths are at greater or equal to 2. Hence, A’ - (w') = (a, w)
with

wE ﬁz,k'fl,a,m'flfa and 0<a< a—1 < m — 2,
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as idesw = idesw’ — 1. Also, imajw = 1 + ides w + imajw = k' + imaj w. [By
Theorem 3.1.];

(2) w' is of the first kind and 2 is to the right of 1 in wyw) ...w,,; for an
analogous reason as in case (1) we have:

A’“l(w') =(a,w) with w€ Tppam-1-a and a <a<m' -1

In this case imaj w' = ides w + imajw = k' + imaj w;
(3) w' is of the second kind and 2 is to the left of 1 in wow| ... w),, so that 2
can still belong to wl,, or to any one of the components wj, ..., w,_;. Hence,

A*_l(w') =(a,w) with w€ Tpp_1amsi-a and 0<a<d,

for the number of components has increased by 1. Again, imaj w' = k' + imaj w;

(4) w' is of the second kind and 2 is to the right of 1 in wyw| ... wl,, so that 2
can still belong to wjy, or to any one of the components Wy |, ..., w;, . Hence,

A W) =(a,w) with W€ Tppamil—e and d +1<a<m +1.

Also, imajw’ = k' + imaj w.
Thus, identity (4.1) holds. O

A consequence of the combinatorial interpretation is the symmetry property

qn(n_l)/zAn,n—l—k,b,a(q_l) = Amk,a,b(q)a
whose proof is easy and will be omitted.

LEMMA 4.2. Let |k, a,b] == (tanq(qk+lu))b (tanq(qku))a. Then

Dylk,a. bl =q" > [kia+b-1-d+¢"" D [k+1La+ib—1-i]+

0<i<a—1 0<i<b—1
+d" ) Ik dat+b+1—il+ ¢ [k+ Latib+1—i].

1<i<a 1<i<h

PrOOF. To calculate the g-derivative of a product fi(u)f>(u)--- fn(u) of g-series
we use the formula
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D, H filu Z fi(u) -+ fiy )(quz(u)) firi(qu) -+ falqu). (4.2)

1<i<n 1<i<n

In particular,

Dq(tanq(quU))b (tanq(qku))“ =
— (tanq(qk+1u))b (tanq(qku))i(Dq tanq(qku))(tanq(qk“u))“‘l‘i N

+ (tang(¢"""u))’ (D tany(¢"* ) (tang (¢ *u))" ™"~ (tany (¢" )" +
0<j<b-1

=q (tang(¢""1u)) "7 (tany (¢"u))’ +
+q" (tang(¢" )™ (tang(q"u) ™" +

+ qk:+l (tanq(qk+2u))b—l—j(tanq(qk+lu))a+j +

k+2 \\b—
+u))J

(tang(¢"w)) T, O

(tan,(q
0<j<h—1

With the notation [k, a, b] we have [0, 1, 0] = tan,(u), and identity (1.9) can
be rewritten as

Dj tang(u) = ZAnkab q) [k, a, b],
k,a,b

so that Lemma 4.2 can be used to calculate the polynomials A, x ,5(g) by iteration:

D,[0,1,0] (=Dgtang(u))=1[0,0,0]4[0,1,1], so that A 00(q)=A41011(q)=1;
D;[0,1,0] (= D, tany(u)) = D,[0,1,1]=0,0,1]+q[1,1,0]+[0,1,2] +¢[1,2,1],
so that A 00,1(9) =1, A21.10(9) =¢, A2012(9) =1, Ar121(9)=¢;
D}[0,1,0] (=D} tan,(u)) = (g+¢*)[1,0,0] +
+10,0,2]+¢*[1,0,2]+ (2g+2¢*)[1,1,1] +¢[1,2,0] +¢’[2,2,0] +
+10,1,3]+¢*[1,1,3] + (g+¢")[1,2,2] +¢[1,3,1] +¢[2,3,1],
so that Az 1 0.0(q) =g+, Az002(9) =1, etc.
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The polynomials Ay, ,5(¢) in Table 2 (Section 11) were obtained using the previous

calculation.

PROOF OF THEOREM 1.1. We proceed by induction. Assume that (1.9) is true for n.
Then

Dy*'0,1,0] = D,D}[0,1,0] =

—DqZAnkab [kab] ZAnkab D[kab]

k,a,b k,a,b
k . .
=5 dusasl) (¢ 3 [isato-1- i+
k,a,b 0<i<a—1

+d" > [k+Latib—1-i]+
0<i<h—1

+q" D ki a+b+1—i] + 4" Z[k+1,a+i,b—|—l—i]).

1<i<a 1<i<b

We calculate the contribution of each sum to the triple [k, a’, b']. For the first sum

we have

[k,i,a+b—1—i]=[K,d,b] (0<i<a-1)

ifandonlyif k=4k',i=d,a+b—-1=d +V,d +1<a<d +b+1,so that
the contribution is

kl
q E , An,k’,a,a’—i-b’—&-lfa(Q)-
d+1<a<ad +b0+1

For the second sum we have
[k+1,a+i,b—1—i]=[K,d, V] (0<i<b-1)

ifandonlyif k=K —1,a+i=d,b-1-i=1b,0<d —a<b-1, that is,
k=K -1,i=d —a,a+b=d +b +1, 0<a<d, so that the contribution is

Z An,k’—l,a,a’+b’+l—a(q):

0<ad
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with the convention that A, _i 44 +v+1-4(¢) = 0. For the third sum we have
[k,i,a+b+1—i] = [K,d,] (1 <i<a)ifandonlyif k =Fk, i =d,
a+b+1=d+V,1<d <a<a+b=d +b — 1, so that the contribution is

qk Z An,k’,a,a’—l—b’flfa(Q)-

I<d<ad +b -1

For the fourth sum we have
[k+1,a+i,b+1—i]=[K,d,b] (1<i<Db)

ifandonlyif k=% —1,a+i=d,b+1—-i=0b,1<i<b, thatis, k=k — 1,
i=d—-a,a+b+1=d+V,0<a<d-1=a+i—-1<a+b—1<d+b-2.
The contribution is then

qk Z An,k’—l,a,a’er’—l—a(Q)-

0<a<d —1<d +b -2

By Theorem 4.1 we have

Dy0,1,01 = > Anpipawlk,d V. 0
K.V

5. Proof of Theorem 1.2

As for Theorem 1.1, two steps are used to complete the proof of Theorem 1.2:
first, the derivation of a recurrence relation, then, the construction of an explicit
algorithm.

THEOREM 5.1. (Recurrence relation for the polynomials By,  ,.5(q) ). With m := a+b
and m' :==a + b for n >0 we have

Bn+1,k’,a’,b’(q) = qk, ( Z-Bn,k’fl,a,m’flfa(q) + Z Bn,k’,a,m’flfa(q) +

0<a<ad —1 I<d<as<m/—1

+ Z Bn,k’—l,a,m’+l—a(Q)+ Z Bn,k’,a,m’—i—l—a(Q)), (5-1)

0<a<a ad+1<as<m/+1

with the initial condition By q.5(q) = 0k.—104,00.0-
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PROOE. Let

/ ! ! ! 4
w = (’U)O, Wiy ooy Wy, 6) € 7;L+1,k’,a’,b’+l'

What has been said for recurrence (4.1) can be reproduced, except for the first sum,
when w' is of the first kind and 2 is fo the left of 1 in the product wyw] - - - Wi,y ; NOW,
1 <a <m and not m' — 1. Hence, A*_l(w') = (a,w) with w € T k—1.0m-a
and 0 < a <a —1<m' — 1. Thus, identity (5.1) holds. O

LEMMA 5.2. Let

(k,a,b) = ( tanq(qk+lu)) ’ secq(qk+1u) ( tanq(qku)) ‘.
Then

Dq(k,a,b)::qk Z (k,z’,a—i—b—l—i)—l—qk Z (k,i,a+b+1—1)+

0<i<a—1 1<i<a

g Y0 ket Latib-1-i)+g™ D0 (ktLatibtl-d). (52)

0<i<h—1 1<i<b+1

PROOF. By using (4.2) we derive

Dy( tanq(qu u)) ' Secq(qu u) ( tanq(qku)) =

= Z (tany(¢"'u)) bt secy(¢" ) ( tanq(qku))i (D, tany(¢*u)) +

0<i<a—1

+ 3 (tang(@"'w) (D, tang(¢" w)) (tang(d )" sec (¢ u)+
0<j<h-1

+ (tanq(qk+lu))b D, ( secq(qk+1u)) (tanq(qku))a =

b .
=4 Z (tanq(q’“Jrlu))aJr - secq(qk+lu)(tanq(qku))l+
0<i<a—1

+d T (ang(@™w) ™ secy(¢ ) (tang (@) T +

0<i<a—1

+ qu Z ( tanq(qk+2u)) . S€Cq (qk+2u) ( tanq(qk+lu)) “ +
0<j<h-1
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k k b—j k k +j+1
+q + Z (tanq(q +2u)) J secq(q +2u)(tanq(q Hu))a R
0<j<h—1

k+1u))a+b+1 S

+ qu ( tany(q ecq(qk“u). O

Lemma 5.2 provides a way to calculate the polynomials By, . ..5(¢). As (—1,0,0) =
=secy(u), we get

D,(—1,0,0) = (0, 1,0), and so By ,10(q) = 1;
( 1,0,0) = Dy(0, 1,0) =(0,0,0) + (0, 1, 1) + ¢(1, 2,0), and so
Bzooo(Q) By, 1((1) =1, lezo(Q) =4q,
D;(~1,0,0) = D, ({0,0,0) + (0,1, 1) +¢(1,2,0)) =
= q(1,1,0) +
+((0,0, 1) (0, 1,2) +q(1, 1,0) +¢(1,2,1) +¢(1,3,0)) +
+ (1,0, 1) +¢*(1, 1,00+ ¢°(1,1,2) + ¢*(1,2, 1) + ¢°(2,3,0)) =
=(0,0,1)+¢*(1,0, 1) + (2¢+ ¢*)(1,1,0) +
+(0,1,2) +¢*(1,1,2) + (g+¢"){1,2, 1) +¢{1,3,0) + ¢'(2,3,0),

and so B3 0.1(q9) = 1, Bs10.1(q) = qz, B;110(q) = 2q+ q2, Bsoi12(9) =1,
Bs112(q) = ¢, Bs3i21(9) =q+ 7, B3130(9) = ¢, B3a30(q) = 7.

The polynomials B, 45(g) in Table 2 have been calculated by means of the
previous algorithm.

PrOOF OF (1.11). By induction. Assume that (1.11) is true for n. Then,
DjT(~1,0,0) = D,D}(~1,0,0) =

—DqZBnkab kab ZBnkab kab>

k,a,b k,a,b
k . .
= Z Bn,k,a,b(q) (q Z (k‘, th,a+b—1-— 2> +
k,a,b 0<i<a—1

+d T (k+La+ib-1-4)+
0<i<b—1

+q" D (kdatb+1-d)+4 D (k+1,a+i,b—|—l—i>>.

1<i<a 1<i<b+1
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We calculate the contribution of each sum to the triple (k', a, b'). For the first three
sums we can simply reproduce the arguments developed in the proof of Theorem I1.1.

Only the fourth sum is to be checked. This time, the double inequality 1 <7 < b+1
prevails, instead of 1 < ¢ < b. This leads to the sequence 0 < a < a — 1 =
=a+i—-1<a+(b+1)- 1 a+b<a +b — 1. Hence, the contribution is

qk Z Bn,k’fl,a,a’—s—b’flfa(q)-

0<a<Lad —1<d' +b -1

By Theorem 5.1 we have

Dy (=1,0,0)= > Buiiwaw(@)(K,d, V). O
K.

PROOF OF (1.12). Rewrite identity (1.11) taking (2.10) into account:

Dy secg1(u) =

= Z B k.ab(q tan -i(q” k_lu))b SeCy-1 (q_k_lu) ( tan, (q_ku))a =
k,a,b

=" Bukas(g )(=1)" (tan,(q *u))" Secy(q Fu)(~1)* (tany(g **'w)".
k,a,b

Hence,as 0 <k<n—1,
Q"' Dy secyi (u) =

=" Bukasla™ )= 1) (tany(¢"™' )" Secy(¢" ) (tany(¢" Fu))* =
k,a,b

— b
= Z Bt kas(g” ) (=) ( tanq(qku)) Secq(qku) ( tanq(qk+1u)) g
k,a,b

Finally, as n and a + b are of the same parity, we have by Lemma 2.4
Dy Secy(u) = (—1)"q"("_1)/2Q"_1DZ_1 secy-1(u),

_ _ b
= > " Brihan(a ) (tang(q"w)” Secy(¢"u) (tang(q" )",
k,a,b

This establishes identity (1.12). O
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6. Proof of Theorem 1.3

/

Let ¢ = (ch, ¢y ..oy Cy) €Oprand 0 < i< m'. If ¢y =2, and if 1 < 2j+1 < ¢,
let

c[0,254+ 1] := (24, cp — (25 4+ 1), €15 .., Co). (6.1)
If1<i<m and 2 <2j<c, let
(4, 25] = (chp -+ » Ci15 2 = 1,65 = 25, Cip1s e en s Crr)- (6.2)
Finally, if 1 <i<m' — 1 and ¢, = 1, let
i, 1] := (Chr e s Gty Cigts e nv s Cot)- (6.3)

THEOREM 6.1. (Recurrence relation for the polynomial A, (q)). With

cl = (C{),Cll,...,cinl)

we have
Anpie(q) = Z 07 Apeojin(a) +

0<2j+1<d}

+ Z qu+~~~+0¢*‘ Z qzj_lAn,C’[Uj](q)Jr

1<i<m! 2<2j<¢!
+ > X =1Dg" T Ay e (9), (6.4)
1<i<mi—1

where x(c; = 1) is equal to 1 if ¢; = 1 holds and 0 otherwise.

PROOF. Let w' = (w(), wh, ..., w;n,) be a t-permutation from 7, such that

Two cases are to consider: (i) 1 belongs to the component w; (0 < i < m)
having at least two letters: write w € T4 2; (ii) the component w; is equal to
the one-letter 1: write w € 7,4, ¢,1. For each word v, whose letters are integers,
let v~ denote the word obtained from v by subtracting 1 from each of its letters. By
convention, € = €.
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Case (i): we may write: w; = u;lv;, where at least one of the factors u;, v; is
nonempty. To w' there corresponds a unique triple (w, i, A(u;1)) where

wi= (W ..., Wi,y v, Wi, why).
As w6 is rising alternating (when nonempty) and the other components falling
alternating, the length A(u;1) of the word u;1 is odd, say, 25 + 1, when 4 = 0 and
even, say, 27, when ¢ > 1.

Thus, the mapping w — (w, 4, A(u;1)) is a bijection of 7, ¢, to the set of
triples (w, i, ), where 0 <i < m'; w € T,,, Aw is equal to ¢'[0, 25+ 1] when i = 0
and to ¢'[4,2j] when 1 <i<m'; 0<2j+1< ¢, wheni=0and2<2j<c
when 1 < i < m’. Moreover,

, 27 + inv w, when 1= 0;
invw = , , . . '
co+-+c_1+2j—1+invw, when 1<i<m.

Case (ii): the mapping w' — (w, %) is a bijection of 7, ¢ to the set of the
pairs (w, i), where w = (wj , ... ,w'iil,w'ijrl,wlm_,) and 1 < i < m — 1. Thus,
Aw = ¢'[4, 1]. Moreover, invw' = ¢y ++++ + ¢,_; + invw.

So (6.4) holds. O

Let ¢ = (¢, ¢y, -..,Cpn) be a composition of a nonnegative integer n. If

I <1< m, let

B¢ .= (CosvvvsCimasCimi + 114Gy Cigry -5 Cm); (6.5)

¢ = (CosvvvsCimty L Ciyeevy ). (6.6)

With the notation of (6.1)—(6.3) and (6.5)—(6.6) we then have

W(c'0,2j+1]) =¢, (6.7)
('3, 25]) = ¢, (6.8)
@i, 1) =¢'. (6.9)

LEMMA 6.2. Let ¢ = (cy, €1y -, Cp) € O, Then

cedes (@ i)
D, tany(¢“u) = Z g“ " e (tany(q )cu) + tanq(qc( u)).

I<i<m
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PROOE.

D,tan,(¢"u) =D, ] tany(¢®" "+ 'u) =

1<i<m

- Z tan,(¢™u) - - - tang (¢ T ) x
1<i<m

> ch+"'+Ci—l (1 +tanq(qco+"'+ci71u) tanq(qcoﬁ‘""'rcifl-i-lu)) %

co+---teimi+1+¢
X tany(q ' u)--

e @ 0
= Z gt (tanq(q “u) + tany(g° u))
1<i<m

-tany(q

In the next example, let ¢ := tanq(qcu) for convenience, so that

Dy = Z gt e ((i)c+c(i)).

1<i<m

D4((0,0)) = (1) + (0, 1,0)
D;((0,0)) =D ((1) +(0.1,0));
=0+ ((2,0) +¢(0,2) + (0,1, 1,0) + ¢(0, 1, 1,0)) =
( 0) +4(0,2) + (1 +¢)(0, 1, 1, 0);
D;((0,0)) = D,((2,0) +¢(0,2) + (14 ¢)(0,1,1,0)) =
= (¢°3) +¢*(2, 1,0)) + q((3) + (0, 1,2)) +
+(1+)((2,1,0) +¢(0,3,0) + (0, 1,2) +
+(0,1,1,1,0) 4+ ¢(0,1,1,1,1,0) +¢*(0, 1,1, 1,0)) =

=@+ A +(1+q+D2,1,0)+(q+ @ +)0,1,2) +

+(q+a)(0,3,0) + (1+q)(1 + g+ ¢)0, 1,1, 1,0).

We can then calculate the polynomials (see also Table 3):

Ay@) =A010@ =1 Apop@=1 A py@=a¢ Aol =1

Aoin@=a¢ Aple=q+ q2, Az 010(0) =1+q+ qz’

A 012(@) = ¢+T+T,  As030(@) =g+, Aso110(0) = (1+g)(1+g+4).

cot e+ 1+ci+ - Femo u) _
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PROOF OF (1.14). Let ¢ = (ch, c),...,chy). By (6.1) and (6.7) we have Ve = ¢
when ¢, > 2, if and only if ¢ = ¢'[0, 2j+ 1] for some j such that 1 <25+ 1 < c}.
By (6.2) and (6 8) the relation ¢ = ¢’ holds for i such that 1 < i < m’ and cl >2,
if and only if ¢ = ¢ [z 24] for some j such that 2 < 2§ < ¢. Fmally, ¢ = ¢’ holds
for 4 such that 1 <i < m' -1 and ¢, = 1, if and only if ¢ = ¢[1, i].
Finally, (1.14) is proved by induction. Assume it is true for n. Then
Dy tany(u) = D, Dy tan,(u ( Z Ay c(q) tang(q u)) =
c€O,
= Z Ay c(q) Dy tang(qu) =
c€O,
. 0 0
— Z Anc(q) Z gt T (tang(q “u) + tany(¢° w)) =
c€o, 1<i<m
> ( D Az +
€O, 0<2j+1<¢
+ Z qCO+~.~+Ci71 Z q2j_1An,c’[i,2j](Q) +
1<i<m/ 2<25<¢
+ Z x(ci = 1) CO+...+ci_1An,c/[i’1](q)> tany(¢° u) =
1<i<m’—1
- <An+l,c’ (q)) tanq(qclu). [By Theorem 6.1.] O
C'E@n_H
For each ¢ = (cg, i, -+, Cm, 0) € Oy, let ®(c) := tan,(¢° u) sec,(¢"u).
LEMMA 6.3. Let ¢ = (¢, €1y -, €, 0) € ©,,. Then,

D,®(c) = Z (qCO+-..+Ci—l(¢((i)c)_i_@(c(i))) +qn<I)c(m+1).
1<i<m

PROOE

D(c) = Dy tang(d u) seey(q"u) = D tang(qu) -+ tang(g™ ) x
1<i<m

X q00+"'+ci—l (1 + tanq(qc(’Jr"'“i"u) tanq(qcoJr"'JrCi—]Jrlu)) %
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cot e+ 14 cot - Acimi+14ci4 - Aeme
X tang(q ' ‘u) - - - tang(q ' ™) X

") + ¢" tang(¢° ) tang(q"u) secy(¢" ' u) =

-3 (q%*“*%(@((“c) + @(c(i))) +q" o™ O

1<i<m

X secy(q

PrOOF OF (1.15). Again (1.15) is proved by induction. Assume that (1.15) holds
for n. Then

DZJrlsqu( )= D, Dy Secq (ZAnc ) _
€O,
- Z Anc(g) Dy®(c) =
c€O,
= Anel@) D (@7 @)+ () + g o™ =
ceo; 1<i<m

— Z ( Z 07 Apepoai)(a) +

€0, 0L2+1<q

D SR D AR

1<i<m’ 2<25<¢,
EO =0 (@) 86
1<i<m/—1
= Z Ani10(q)®(c'). [By Theorem 6.1.] O
SIS

PrOOF OF (1.16). In our proof of (1.16) below we again make a full use of
the duality derived in Section 2 between the g-series Secy(u), tang(u) and their
analogs sec, 1(u), tan,-1 (u). Since tan,1((g )¢ u) = (=1)" tany((¢ )" qu), iden-
tity (1.15) can be rewritten

Diy secg i ( Z Ane(g ") tangt (1) w) sect (g 1)'w) =
c€O,

= (=1)" > Anelg™") tang ((¢7)¢ qu) Secy ((¢7')"qu).

€O,
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By Lemma 2.3,

Q"_]D;Z secg-1(u) = (—1)* Z Apne(q") tany(¢” u) Secy(w).

€O,

By Lemma 2.4, and since n and uc are of the same parity, we get

Dj Secg(u) = (- 1)rgrnD2gQn- ID" 1 secg-1(u) =

= Z "4, (¢ tany(¢” wu) Secy(u).
c€O,

This proves identity (1.16). O

7. More on g-trigonometric functions

Some parts of this section are of semi-expository nature, although, to our knowledge,
the combinatorial properties of the function Sec, (u) have not been explicitly written

down. Let
2n+l
tan,( Arii(q (7.1)
’1 ; " qs Q)2n+1
2n

secy(u Z Asn(q p ) (7.2)
TL>0 s 21’L

Secy(u) = > A5(q) (7.3)
n=0 n

be the g-expansions of the three series tang(u), secy(u), Secy(u), respectively.
Let

N| (¢: 9w
[M] q C (G )u (G Ov-m 0<M<N)

be the Gaussian polynomial. Identities (2.3)—(2.5) yield

2n
Api(q) = Z [2k+ 1] ¢ Agr1(9) Aon-ar1(9), (7.4)
0<k<n—1
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-2n — 1-
An(q) = 2% QZkAzk(Q) Aon—2k-1(9), (7.5)
0<k<n—1 L 1y
Sec -2n - 1- Sec n—2k—1
= > |, | @ Aaai(@). (76)
0<k<n—1 L 1q

for n > 1 with the initial conditions A;(q) = 1, A¢(q) = 1 and A;*(g) = 1. Hence,
Sec

the coefficients A,(q), Ay, (¢) (n > 0) occurring in the g-expansions of tan,(u),
secq(u), Secy(u) in (7.1)—(7.2) are polynomials with positive integral coefficients.

Sec

The first values of the polynomials A, (q) and A5, (q) (n > 0) can be calculated
by means of (7.4)—(7.6):

Al(g) =1 A5(@) = a+ ¢%5 As(@) = & + 24" +3¢" +44" +3¢" +24' +¢;

A =A@ =1 A =q+2¢" +¢ +"

As(q) = ¢ + 3¢ +5¢" + 8¢° +10¢° + 10¢" +9¢" +7¢" + 5¢" + 24" + ¢'*;

@) =A% = A(=¢+d+2"+7;

Sec( N _ 3 4 5 6 7 8 9 10 1 2, 13

AN =q +2¢"+5¢ +7¢° +9¢" +10¢° + 10 +8¢ " +5¢ +3¢° +q".

We note that the two identities (7.5) and (7.6) can be combined into the
following single formula, valid for n > 1 with Ay(q) = 1:

n—1

n—2k—2
A Ao .
2t 1 q 2k+1(Q) 2k 2((1)

q

A= D

0<k< [n/2) -1

The polynomials Ay, (q) (resp. Ay,(g)) defined by (7.1) and (7.2) are usually called
the gq-tangent numbers and q-secant numbers, respectively. No traditional name
exists for the polynomials Agff(q), as they are intimately related to the A,,.(q)’s
by identity (7.12).

For each m > 0 the set of all rising (resp. falling) alternating permutations
o = o(1)a(2)---o(n) of 12 ... n is denoted by R.A, (resp. FA,). As already
mentioned in Section 7, the old result by Désiré André [12] asserts that both
#R Aypy1 and #F Ay, 1 (resp. #R Ay, and #FA,,) are equal to the tangent number
Tyni1 (resp. secant number Ej,) occurring in (1.1) and (1.2).

For the g-analog of this result we keep the same combinatorial set-up, name-
ly, RA, and FA, (n > 0), but, as there are two different g-secants, sec,(u)
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and Secy(u), the coefficients in their g-expansions will have different combinato-
rial interpretations. For each permutation o = o(1)o(2)--- o(n) of 12---n (not
necessarily an alternating permutation), let inv o denote the traditional number of
inversions of o.

THEOREM 7.1. Let Asni1(q) (resp. Asn(q), resp. A>(q)) be the coefficients in
the q-expansion of tang(u) (resp. of secy(u), resp. of Secy(u)), as defined in (7.1)—
(7.2). Then,

A2n+l (q) _ Z qinva _ Z qinv 0'; (77)

0ER A1 0€EF A1
Apl() = D ¢ (7.8)
cER Ay
Sec Z invo
q (7.9)
oc€F Ay,

The proofs of (7.7)—(7.9) are not reproduced here. It suffices to g-mimick
Desiré André’s [12] classical proof.

The statistics «Ligne» and «imaj» have been defined in Section 8. By means
of the so-called «second fundamental transformation» (see, e.g., [31, §10.6], [16],
[19]) we can construct a bijection ® of the group of all permutations onto itself with
the property that

Ligne o = Ligne ®(¢) and invo = imaj ®(0). (7.10)

Saying that a permutation o is falling (resp. rising) alternating is equivalent to saying
that Ligne o = {1, 3,5,... } (resp. ={2,4,6,...}). Accordingly, we also have

Al = > ™= Y ™7

O'ER.Azn+| O'E]:.AzyH_[
imaj o, Sec imaj o
An(g) = D ™7 => q
0ER Ay, o€ FAum,

For each permutation o = o(1)o(2) --- a(n) let p (the mirror-image) and ~y
(the complement) be defined by

vyo(i) :=n+1—-0(); po(i):=cn+1-14) (1<i<n).
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The transformation p7 is a bijection of R.Ay,1 1 onto FAy, 1 preserving the number
of inversions. This makes up a combinatorial proof of the second identity in (7.7).

PROPOSITION 7.2. We have
q(2"+1)(2")/2z42n+1(q71) = Arnt1(9); (7.11)

q(2n)(2n71)/2A2n( ) ASeC( ) (712)

PrOOE. The transformation p is a bijection of RA,,; onto RA,,y; with the
property that invo + inv p o = (2n)(2n + 1)/2. By (7.7) we have

M@= > ¢@"7= > "=

0E€EFApn+1 0€FAon 1
_ 2n(2n+1)/2 —invo _  2n(2n+1)/2 -1
=" N g =" Ay (g7,
JEfA2n+]

In the same manner, the transformation p is a bijection of RA,, onto FA,, with
the property that: inv o + inv po = (2n)(2n — 1)/2. Hence,

Sec invo invpo
=2 a7 =2 4" =

ocEFA, cE€RA,
_ q2n(2n—l)/2 Z q— invo _ q2n(2n—1)/2A2n(q—l). ]
JEMZH

8. Proof of Theorem 1.4

By means of the second fundamental transformation @, already mentioned in (7.10),
and the bijection i that maps each permutation ¢ from the symmetric group &,
onto its inverse 0_1, we can form v := i ®i. The latter bijection has the following
properties:

Ligne ¢(0) = Ligne o; inv ¢(o) = imaj 0.

If ¢ = (c, ¢y, .-, Cp) is a composition of n and o = (1)o(2) - - - o(n) a permuta-
tion from &, let

(Ligne\c)a = Ligneo\{CO,Co +C1, 5 C +C] + - +c’m*1}s
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so that for every composition ¢ of n

(Ligne \¢)®(0) = (Ligne \¢)o; inv ¢(o) = imaj o. (8.1)

Now, consider a t-permutation w = (wy, wy, ..., wy,) of order n such that

Aw = ¢ = (¢cg, ¢, ..., Cp). The transformation ¢ maps the permutation o =
Wow ... W, to another permutation 1(c). Let (w), w}, ..., w,) be the factorization

of (o), written as a word of n letters, defined by: )\wf) = ¢, )\w'l =cCf, ..,
\w,, = ¢,,. Property (8.1) implies that the mapping

Y:w= (wy, wy, ..., wy) = w = (wy,w), ..., w,)
is a bijection of 7,, onto itself having the properties:
Aw' =Aw=¢, invw = imajw. (8.2)

For instance, (see [19, p. 147] where the same numerical example is here
reproduced) we have: ®(749261583) =472619583. Hence,

W=649275183—+749261583 4472619583 —+539174286=1.

The t-permutation w = (e, 6, 4,927, 5183) is then mapped under 1 onto w =
= (e, 5,3,917,4286). Moreover, imajw =1+3+5+8=17=1+34+1+3+
+54+1+3=invw.

From Theorem 1.3 and (8.2) it then follows that

An,c(Q) _ Z qinvw _ Z qimaj w'

wWET,, Aw=c WET,, Aw=c

Now, sum the previous identity over all t-compositions of n. We get

Z An,c(Q) _ Z Z qinvw _ Z Z qimajw _

pe=m pe=m we7T,, A\w=c pe=m weT,, Aw=c
o imajw __
= E : q = E : Ank.ap(q)-
k>0, a+b=m k>0
WETn kab a+b=m

This proves (1.17).
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For instance, from the tables 2 and 3 we can verify that (1.17) holds for n = 3
and for m = 2:

A3002(9) + As1.02(9) + A3.1.1.1(9) + As120(9) + A3220(9) =
=1+¢+Q2q+20)+q+7 =@+ +(1+q+@)+(g+¢ +¢) =
= A3 3)(q) + A3,02,1,0/(0) + 43,0,1,2)(9)-

The same technique of proof can be used for the s-permutations. We get

Z An,c(Q) _ Z Z qinvw _ Z Z qimajw _

c€O, 1y c€O, 1 wETy , Aw=c c€O, 1 WET, , Aw=c
o imajw __
= E : q = E : B kab(9)-
k>0, a+b=m k>0
S atb=m

This proves (1.18).

9. Proof of Theorem 1.5

If 7 = (Jo,Jis--» Jm—1,Jm) is a sequence of disjoint subsets of the interval
[n] :={1,2,...,n} of union [n] with m > 1, then (#Jy, #J\, ..., #Jp) is
a composition ¢ = (¢, ¢y, .. , ¢y) of n. We then write # 7 := ¢. Also, let inv J

denote the number of ordered pairs (z, y) where x € Ji, y € J;, k<l and z > y.
A classical result that goes back to MacMahon (see, e. g. [1, § 3.4]) makes it possible
to write for each composition ¢ of n

Z qian:[ c ’ ] ’
J #J=c €, Clyvvt s Cy q

where the right-hand side is the q-multinomial coefficient equal to

(¢ q)n
(% Dey (G Dey (€59,

THEOREM 9.1. For each t-composition ¢ = (cy, €1, ..., Cn-1,Cn) of n (n = 1) we
have

Ane(@ = [ oo e e) Ac(@Ac (@) -+ Ac, (9) 42 (g)-

- 5Cm—1,Cm

q
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ProoFk. Each t-permutation w from 7, such that Aw = ¢ and uyc =m > 1 is
completely characterized by a sequence

( (Zo, 00), (I1, 01)5 « - s (I, o) ),

having the following properties:

(i) the sequence Z(w) := (Ip, Ij, ..., I,) consists of disjoint subsets of the
interval [n ]| :={1,2,...,n} of union | n |; moreover, #Z(w) :=c ;

(i) 00 € RA,, 01 € FA¢, .., O € FA.,,.

If Z(w) = J, then invw = invJ + invoy + invey + «-- + inv o, + invo,.

Hence,
An,c(q) _ Z qinvw _ Z qinvw _ Z Z qinvw _
wET,, Aw=c wET,, #I(w)=c T H#T=¢c w,I(w)=J
_ Z qinv]Z qinvao Z qinval N XZ qinvam _
J, #J=c O'QERACO 0’]6.7:./451 omEFAcm
S
= [co,cl,r.l..,cm] qACO (q)AC] (q) e Aczc(q) U

The factorial generating functions for the polynomials

An(@,q) =Y a"Ane(q).  Balz.q) =Y 2" 'Buc(g),

c€O,, c€O,
can be derived from Theorem 9.1.

PrOOF OoF THEOREM 1.5. For m > 1 we have:

S A=Y o S ] A4 (@) A% ) =

n>0 (q’ (I)n weO,, n> (q’ q)” cotei+---
pe=m +en=n

. (@90 (e (@EDe, 1 (e,

Cm=n

e Y A0 4@ A0 AT

n=0 ¢+
+

When m > 1, the integers ¢, and ¢, are even; if, furthermore, m > 2, then
ci,...,Cn1 are odd. Hence, the previous identity may be rewritten as
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Z Ane(q) =

n

2 (¢ 9)n

n=0 wEB,,
we=m
uzj() u2j+] m—1 uzjm
“S s (T ) A -
joz;; (g5 924, ; TG 9)0 M%:O (4 9)2,
= sec,(u) (tamq(u))m_1 Secy(u).

When m = 0, then n is odd. Hence, A, (q) = A,(q) (n odd) and

IFATEDS

. An,c (q) tanq(u’)
n>0 (¢ 9)n €o
pe=0
Thus
'fl/
ZA .’B q) ) = ( Z Anc Q)
n>0 >0 L Un 55 ee,
pe=
un
Y S A Y e S
n>0 %4 nwEG)n m>1 n>=0 8 wEB,,
pe=0 pe=m

m>1

= tan, (u) + secy(u)(1 — z tany(u)) ™'z Sec,(u),

which proves (1.19).
The proof of (1.20) is quite similar. The only difference is the fact that ¢ =
= (¢cg, €15 --- » Cm, 0) is now an s-composition, so that, ¢, is even and if m > 1 all

the other ¢;’s are odd. We then get

2]—1—1 m
T D S O e
n>0 %’ weo;, jo>0 2]0 >0 2j+1
pe= m+1

= secy(u) (tang(u))™
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Then

u” u”
ZBn(w,q)(_ ) :mez(' ) > Anclg) =
TL}O 5 n mZO HZO QJ q n wE@;

pe=m+1

= Z secy(u) (z tanq(u))m = secy(u)(1 — z tang(u)) ™',

m=0

which proves (1.20). O

10. Specializations

Our three families of polynomials (A 45(q)), (Bnkas(q)), and (A,c(g)) involve
specializations that relate to other classes of generating polynomials or classical
numbers that have been studied in previous works. These polynomials are displayed
in Tables 2—4 at the end of the paper. Each table appears as a matrix, whose
(n, m)-cell contains several polynomials. In the (n, m)-cell of Table 2 (resp. Table 3)
are reproduced all the polynomials A, 45(q) (or By a5(¢)) such that a +b=m
(resp. Anc(q) (or Byc(g)) and such that p ¢ = m. The specializations we deal with
refer to rows, columns or diagonals of those tables. Others are obtained by summing
the above polynomials with respect to certain subscripts.
To this end we use the following notation

An,k,a—l—b:m(Q) = Z An,k,a,b(q); (101)
a+b=m

An,aer:m(q) = Z An,k,a,b(q)- (102)
£>0
a+b=m

By Theorem 1.4 we also have

An,a—l—b:m(Q) — Z An,C(q)'

pwe=m

Analogous definitions are made for the polynomials By, i 4.5()-

10.1. The first column of (An k.ap(q))s (Bnkab(q)). The (t, g)-analogs of tan-
gent and secant have been introduced in our previous paper [18]. For each r > 0
we consider the g-series:
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Sil’l(({)(u) — Z(_l)nwu2n+l, COS‘(IT)(’U/> — Z(_1>n (q ’q)2nu2n’

i (¢ @)ont = (¢ @)on
(r)
1
an ) = 0y i
cosg’ (u) cosg (u)

The (t, q)-analogs of the tangent and secant numbers were defined as the coefficients
Tynr1(t, @) and E,, (¢, q), respectively, in the following two series:

2n+1
ra () ) u .
D ttan (u) = > D (t, 9); (10.3)
>0 >0 (t; @) 2nt2
. ") u2n
Zt sec,’ (u) = Z @ E>(t, q). (10.4)
>0 n>0 ) Q)Zn-i-l

It was then proved that Ty, (t, q) and E,,(t, q) have the following combinatorial
interpretations:

1+ides o _imaj o, 1+ides o 1majcr
Tonyi(t. q) = E 3 g% Exn(t,q) E t
UERAZHJH UERAZn

Now, the set Toni1k00 is the set of all ¢t-permutations w = (wp) of order
(2n + 1), where wy is simply an element of R.Ay,., that is, a rising alternating
permutation of order (2n + 1). Hence,

Dont1(t, q) Zt ' Aon1.£00(9)-

k>1

Accordingly, Theorem 4.1 provides a method for calculating the polynomials
Tyn11(t, q), only defined so far by their generating function (10.3). In an equivalent
manner, we can also say that the factorial generating function for the first column
of the matrix (A, x.q5(q)) is given by

Z t" tan,(f) (u) = Z (

>0 n>0 ta Q)2n+2

2n+1
U k+1
£ Aont1,k0,0(9)-
k>l

In the same way, we get

En(t, q) = Zt ankoo)
k=1
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which also provides, either a way of calculating the (¢, ¢)-analogs E»,(t, q) of the
secant numbers, or writing the factorial generating function for the first column of
the matrix (B, .q.5(q))-

10.2. The super-diagonal (n,n + 1) of the matrix (Ankap(q)). As will be
shown, the polynomials A, x.5(q) (¢ + b= n+ 1) of that super-diagonal provide
a refinement of the Carlitz q-analogs of the Eulerian polynomials |7]. Twenty-one
years later [8] Carlitz also showed that they were generating polynomials for the
symmetric groups by the pair «des» (number of descents) and «maj» (major index).
Let (A,(t, g)) be the sequence of those polynomials, written as

J=20

The recurrence

Anj(@ = (1+ g+ + @) Ancij@) + (¢4 ¢+ +0"7") Ausrjoi(a),

with the initial conditions Ay j(q) = A j(g) = do j, provides a method for calculat-
ing them.
Their first values are reproduced in the following table:

Ao(t,q) = Ai(t,q) =1, Ayt,q) =1+1tq; As(t,q) =1+2tq(q+ 1)+ t2q3;
Ayt q) = 1 +tq(3¢° + 5¢+3) + ° ¢ (3¢* + 5¢+ 3) + t°¢";
As(t,q) =1+ tq(4q3 + 9q2 +9¢+4) + tzq3(6q4 + 16q3 + 22q2 + 16q + 6) +

Now, go back to the recurrence for the polynmials A, jq5(¢) shown in (4.1)
and rewrite it when a’ +b = m' = n + 2. The coefficients Ay _1.qm+1-a(q) =

- An,k’fl,a,n+3fa(Q) and An,k’,a,m’—i—lfa(q) = An,k’,a,n—l—Sfa(q) Val’liSh, because
A kab(g) =0 when a+b > n+ 2. Hence,

An+l,k’,a’,n+2fa’ (Q) = qk ( Z An,k’fl,a,n—l-lfa(Q) + Z An,k’,a,n—l—la(q)) )

0<a<d —1<n I<d' <an+1

valid for n > 0 with the initial condition Ay 44(¢) = 0k.004.1050. For n > 0 let
Anka(q) == Ankan+i1-a(q), so that the previous recurrence can be written in the
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form

An+1,k’,a’(Q) = qk < Z An,k’—l,a(q) + Z An,k’,a(q)) )

0<a<d —1<n 1<d <an+1

with 0 < @’ < n + 2. This makes possible to calculate these polynomials:
Aol =1, Ayoalg =1, Ayix(g)=g¢;
A3,0,1(q) =1, A3,1,1(q) = qz, A3,1,2(q) =q+ q2, A3,1,3(q) =4q, A3,2,3(q) = q3;
Apon(Q) =1, Ag11(q) =202, A4ia(q) = ¢+2¢°+¢,  As13(q) = ¢+,
A4,1,4(Q) =q, A4,2,1(Q) = qs, A4,2,2(q) = q4 + qs, A4,2,3(q) = q3 + 2q4 + qs,
Asr4(g) =26 +2q", Asz4(g) = Q.

THEOREM 10.1. For each n > 0 and each j > 0 the coefficient A, j(q) of t in the
Carlitz q-Eulerian polynomial A,(t, q) admits the following refinement:

Ani(@) = Anjal). (10.5)

a=0

For example, Ay (q) = 3¢+5¢+3¢" = (24 +2¢)+(q+24+¢)) +(g+¢") +q =
= A41.1(9) + A412(9) + As13(9) + As14(g).

ProoF. Each polynomial A,(t, q) is the generating polynomial for &,, by the pair
(«number of descents», «major index»), as established by Carlitz [8], or, in an
equivalent manner, by the pair (ides, imaj). This can also be expressed by

Al = D ™ (10.6)

€S, ides 0=}

By Theorem 9.1 A, j 4(9) = An jan+t1-4(q) is the generating polynomial for the
set of all £-permutations w of order n such that pw =mn+ 1, idesw = j and minw =a
by «imaj». Such t-permutations are of the form w = (wp, wy, wy, ..., Wyt1), SO
that necessarily, wy = wy,+; = €, and the other components w; are one-letter words.
Accordingly, A, ;.(q) is the generating polynomial for all (ordinary) permutations
o =ww, -+ wy, of 12+ n such that ides ¢ = j and w, = 1, that is,

Anjalg) = D ™ (10.7)

0€G,,ides 0=},
min o=a

Thus (10.5) is a consequence of (10.6) and (10.7). O
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n—1

For each integer n > 1 let [n|, == (g @)n/(1 — )" = 1 +qg+---+¢
By summing the A, ;,’s over the pair (j, a) we get the polynomial Ay 41 p—n+1(q)
defined in (10.2), which is the generating polynomial for &,, by «inv», well-known
to be equal to

An,a+b:n+l(q) = [l]q [2]q [n]q’ (10-8)

also equal (using the same combinatorial interpretation) to

Bn,aer:n(Q) = Z Bn,k,a,b(q)'

k>0,a+b=n

10.3. The subdiagonal (n,n — 1) of the matrix (A, qp(q)). Our purpose is
to evaluate the polynomial A, ,p—pn 1(¢) for each n > 1, which is the generat-
ing function for all ¢-permutations of order n such that pw = n — 1 by «inv».
Such t-permutations w have one of the three forms:

(1) w= (2122, 3, Ta . . . , Tpy, €) With T} < T3

(2) w= (e x1, T2, ..., Tn-2, Tn1Zp) With Ty > Ty

(3) (6, Tiyeen s Ticly TiTip1Ti4-25 Tit3s - » Ty 6) withl <i1<n-2,xz; > Tit1,
Tit1 < Tit2.

The g.f. of the t-permutations of form (1) or (2) by «inv» is equal to

(1+0 [2 f’] = 21, [31, 41, -+ [l

q

The g.f. of the t-permutations of form (3) by «inv» is equal to

> [1%‘-1,371”—2‘—2} x q(qg+1) :("—2)Q(Q+1){3’ lnn_3] =

1<i<n—2 q
= (n—2)q[2];[4]g -+ [nlg
so that the total g.f. is equal to
[2]q [4]q T [n]q([3]q + (n - 2)Q) =

=21 [4]; -+ [nly(1+ g+ ¢+ (n—2)g) =
= [1], [z]q(l +(n—1)g+ qz) [4]; - [n],
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Thus,
Anayv=n-1(q) = [1]q [z]q(l +(n—1)g+ qz) [4]q [n]q.

10.4. The subdiagonal (n,n — 2) of the matrix (B jq5(q)). Using the same
combinatorial technique as in 10.3, but now operating with the s-permutations, we
get the following equality for each n > 2:

Bratimn—2(@) = (1+ (n = g+ (n=1)¢’) [4], -~ [n],.

10.5. Two q-analogs of the Springer numbers. It was recalled in the Introduc-
tion ((1.7) and (1.20)) that sec(u)(1 — ztan(u))~"' for = 1 was the exponential
generating function for the Springer numbers. Referring to (1.21) we then see that
secy(u)(1 — tan,(u)) ™" is the factorial generating function for the g-analogs of the
Springer numbers, which are simply the generating polynomials for the s-permuta-
tions by «imaj» or «inv».

Note that Sec,(u)(1—tan,(u)) " is also the factorial generating for such g-ana-
logs, but now for the S-permutations by «imaj» or «inv».

10.6.  t-compositions and Fibonacci triangle. Let a(n,m) := #O,, (resp.
B(n,m) := #©,,,.,) be the number of t-compositions (resp. s-compositons).
From the previous lists of the ©;’s made in Section 1 we have the next table, where
the a(mn, m)’s (resp. 3(n, m)’s) have been reproduced in bold face (resp. plain type).
To the right are displayed the row sums of those entries, which will be proven to be
the classical Fibonacci numbers.

The coefficients a(n, m) and B(n, m)

m = 01 2 3 4 5 6 7

n=0 /11 11
111 1 1 21
211 2 1 1 3 2
311 2 3 1 1 53
411 3 3 4 1 1 8 5
511 3 6 4 5 1 1 13 8
6\1 4 6 10 5 6 1 1/2113
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The mapping (co, ¢i, .., €m, 0) = (co, €1, ..., € — 1) is a bijection of ©,, .+
onto ©,_,, because ¢, is odd. Hence f(n,m) = a(n—1,m) (n > 1). We now
only study the numbers a(n, m).

PROPOSITION 10.2. With the initial values (0, m) = &y, (1, m) = So.m + 62:m.,
the entries a(n, m) are inductively given by

a(n,m)=an-1,m—-1)+a(n-2,m) (n=2).

PROOF. Let ¢ = (¢, ClyevsCmet1rCm) € Opm. If ¢y = 0 we define ¢(c) =
= (co,ClyevesCm1 — 1) € Op_y 1. If ¢y = 1, then ¢, > 2 because ¢, is
even. We define ¢(c) = (cp, C1y--vs Cmts Cm — 2) € Op_ym. We verify that ¢ is
a bijection between ©,,,, and ©,_; y—1 + Op_2pm. O

For each n > 0 let

An(z) = Z a(n, m)z™

m=0

be the generating polynomials of the coefficients a(n, m). From Proposition 10.23
it follows that Ag(z) = , A;(z) = 1+ z° and we have the recurrence formula

Apyi(z) = zAp(z) + Apmi(z) (R >1).

Let

= Z Ap(z)u”

n=0
Then, A(z;u) — z — u(l + 2°) = zu(A(z;u) — z) + v’A(z;u), so that
A(z; u)(1 — 2u — u’) = £+ v and
T+ u
A(z; u) = ZA z)u" —Zm”c ol =~ =
n>0 c€0 -z +u)

In the case x = 1 we obtain the generating function for the row sums
A1) =D a(n,m) (m=>0),

which is equal to (14-u)/(1 —u—u”). Thus, the row sums are the classical Fibonacci
numbers.
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The polynomials A,(z) are related to the polynomials F,(z) already in-
troduced in Sloane’s Integer Encyclopedia [33] under reference A102426, by
Ay(z) = m"+1Fn+1(x_2) for n > 0. Accordingly, the ¢-compositions provide a nat-
ural combinatorial interpretation for their coefficients.

10.7. Further comment. Dominique Dumont [14] has drawn our attention to
the two papers by Carlitz-Scoville [9] and Frangon [20]. Instead of ¢-permutations
or snakes, Carlitz and Scoville have dealt with «up-down sequences of length n+m
with m infinite elements». Such a sequence is a rising alternating permutation
T1T) - -+ Tpem containing all the integers 1, 2,...,n and m letters equal to —oo.
Note that replacing all the commas in each t-permutation w = (wp, wy, ..., Wy,)
by —oo makes up a bijection of the set of all t-permutations onto the set of
all Carlitz-Scoville sequences. In Frangon’s paper [20] one can find an unexpected
combinatorial interpretation of the entries b(n, m) in terms of computer file histories.

11. Tables

Four tables are being displayed, the first one containing the values of a(n, m) and
b(n, m) for 0 < n < 6, the second one containing the values of the polynomials
Apkan(q) and By kap(q) for 0 < n < 4, the third one for the polynomials A, .(q)
for 0 < n < 4. The last one contains the values of the polynomials A, 4 5—n(g) and
Bi,.at+5=n(q), whose definitions are given in (10.1)—(10.2).

Table 1
The coefficients a(n, m) and b(n, m)
m = 0 1 2 3 4 5 6 7
n=0 (1 1 12° 1
1| 1 1 1 1.2!
211 2 2 2 122 3
312 5 8 6 6 228 11
415 16 28 40 24 24 520 57
5116 61 136 180 240 120 120 16.2° 361
6 \61 272 662 1232 1320 1680 720 720 / 61.2°2763
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ou = 1Yy ov = 0¥erg o@ = 0ty
vmm + mmm = I'VThy %m + M@N = 0¥ Trg %N + mvm = 0ETry
mv + vvm + mv =TTy mv + qwm + mv = I'etrg mvm + wam + mwm = 1'TTry
m@ + wu = €TTry % + vv = Tllrg %N + %N =TIty ma + vwv + m@m = 0TTrg
% — w,_,N.Jx mw — m._.N,wm m@ — m.c.N,Jx % + %m = _._,Ném
b= 171y b= 0virg b= 0¢Try m@ = T0Trg
Na +b =TTy Nv +b=1¢Trg Nwm + by = 1Ty Nw + by = 0TIvg m@ + %m + %N = 0TTry
mw + Num +b= m,N,_.Jx mw + N@N +b= N,N._.wm mvm + Nwm + by = N,_._.Jx mwm + va + by = _._._ém % + vw — _Ao,N,J\
m@m + N@N =Ty mvm + N@N =€Tl'vg mvm + N@N = 0Ty mvm + N@m =Tolvg N@ +b=01Thy vv = 00Trg
[ =Yy [ = €rovg | = €00y [ = Coorg mwm + N@m +b= 101"y ma + N@m + b =00Trg b
mv = I'etey m@ = 0eleg m@ = 0TTey
b = _,w._,ﬁx b= o,m._.mm b = opN,_,MT
Nv._.vH N,Nh_,m«\ ~w+wH _,N,_,mm Nvm+@NH Z,Zv. Nv+@NHo»_,_,mm
Nv = €ITey N@ =Tl'leg b= Torey b= roreg
| = m._dﬁ\ = N,_.e.mm = Npo,c,mvx = _po,c,mm mm +b= e.c._,ﬁ\ ¢
b= 1Tty b= 0Tltg b =0Ty
[ =0y | = lrotg [ = 00y, [ = 000tg 4
[ =110y [ =010lg [ = 000y I
[ =000y [ =00F0g | g=1u
S ¥ € [4 I 0| =w

z a1qeL

((B)Iug =: TG pue (B)IVH Uy =: 1V
S us oy (b)17 g pue (b)77¥ %y sielwouA|od




Multivariable Tangent and Secant g-derivative Polynomials 81

279]

A%+N@+m+:x
x(p+b+1)(b+1) =

Amv + N@ + b+ :AN@ +b+1)= S:NVJ\
A% + Nw +b+ _Xmu +b) = 3_85\
Amm + Nv + b+ _XN@ +b) = (0g10)4y,

w@ + mu + Nom +b = vy
ANm +b+ _me +b) = ASJ\

Hs::ej\ Av@+mm+%+vx~m+m+ )= AN__eJ\ %.T%N.T%.T%H @eﬁx P
Nw + b = (00,
mv + Nv +bh= 595\
(p+b+D0+1)=
= 3:55\ Nu +b+1= 85@ m@ +b= :5\ ¢
b = (@)
b+ 1 = (107 | = (00 z
| = 1)1y =Wy 1
| = (0o 0=1u
S 14 € 4 I 0] =w

€ d|qeL
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% + mvm + v@mgﬁ

% + m@m + wwm‘T

% + mmm + wvmgﬁ

be + po+

b+ b+

Ho+ ps+be+1 | DP9+ bo+be+1 | Dbo1+ Pe+bs+1 | b+ bL+by+1 | Dby+ by+br | b+ D+ br+b v
P+ pr+br+1 P+ pr+br+1 P+ pe+be+1 DPr+br+1 L+D €

b4 b+ b+ 1 I 4

I I I I

I I | 0=u

S 4 € 4 I 0 =w
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