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Divisibility of the resultant
of a polynomial
and a cyclotomic polynomial
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Abstract: We investigate the divisibility of the resultant of a polynomial f € Z[z] and a cyclotomic

polynomial zf — 1. We prove that for £ = s* this resultant is divisible by sFHif s|f(1). Some
related results are also given. As a consequence, we obtain a result of Newman on the divisibility
of det Cy,, where Cj, is an integral circular n x n matrix.
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1. Introduction
Let

d
f@) = a[[@-a)

be a polynomial in Z[z]| with a € N. For each positive integer £, we define

d
fol@) = o [[ (@ - af) € Z[al,
i=1

so that fi(xz) = f(x). The sequence of values of such polynomials f,(z) at z =1,
£=1,2,3,..., for a monic polynomial f has been considered by Pierce [12] and
Lehmer [9]. In particular, Lehmer used f;(1) for some special polynomials f and

found some large (at that time!) prime numbers. For instance, he found the prime

number 3233514251032733 as the value of f,7(1) starting with f(z) = -z —1.

The values f,(1) also appear in knot theory; see, e.g., [13]. It is worth remarking that
the integer sequence fi(1), f2(1), f3(1), ... is a divisibility sequence, i.e. fr(1)|fm(1)
whenever k|m. We shall often use this fact below without further notice.

In this note we prove the following divisibility result:

THEOREM 1. Let 5,7,k € N and f € Z[z]. If s"|f(1) then s*T"|f(1).
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Theorem 1 can be easily verified for linear polynomials f(z) = ax — b. Then
fo(z) = a* z — b, so that f() =a—"band fu(l) = a* —b* . Using binomial
coefficients one can easily check that s"|(a — b) implies sk+r|(a5k - bsk).

Note that f,(1) is =+ the resultant of the polynomials f(z) and z* — 1:

d /—1
1fe()] = la’ T(1 = ad)l = [ 1£(€™)] = IRes(f(z), & = 1)]. (1)

=1

In this context, Theorem 1 is comparable with the following divisibility result of
Hare, McKinnon and Sinclair [6]. Let f € Z[z]| be a monic polynomial. Then, for
any prime number p and any integers m > k > 0,

PV Res(fim (), () (2)

For the pair (m, k) = (1,0), this result was earlier proved by Dobrowolski [3]. A
simple proof of (2) was recently given by the author in [4]. In fact, we will show
that the same conclusion holds for every (not necessarily monic) f € Z|x]:

THEOREM 2. Let p be a prime number, and let m > k > 0 be two integers. Then,
for every f € Z|z| of degree d, p**V? divides the resultant of fom and fy.

Our main tool in [4] was the following congruence. Suppose 3, ..., 3p are
the roots of a monic polynomial with integer coefficients, and suppose p is a prime
number. Then

pt pt _ ptfl ptfl t
By +...+Bp=p +...+B8, (modp) (3)

for every ¢ € N. See, for instance, the papers of Smyth [14], Vinberg [15], Zarelua
[16] (the latter two motivated by Arnold’s problems raised in [2]) for various proofs
of the congruence (3) and [7] for a related result. Using (3) we shall also prove the
following:

THEOREM 3. Let p be a prime number, k € N and f € Z|z|. If p|fa(1) and
p"|n then Pl fnyp(1).

Theorems 1 and 3 yield the following corollary:

COROLLARY 1. Let C,, be an n x n circulant matrix with integral entries, m = det C,,.
Suppose ged(m, n) > 1, and suppose p is a prime number dividing both m and

n. If p||n then p*™!

|m.
Recall that the circulant matrix with the first row (ag, @y, - .. , ap—1) is defined by
ay ap ... Qap—
Ap_1 Ay ... Ap_2
C, = . i ) 4)

a a ... Q
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A different proof of Corollary 1 was given by Newman [11] in connection with a
question of Olga Taussky-Todd: determine all possible values m of det C,,, as C,
runs through all n X n circular integral matrices. Newman’s theorem proved to be an
important tool in Kaiblinger’s paper [8], where he disproved a conjecture of Lind
[10] concerning some kind of Lehmer’s problem for a cyclic group. More precisely,
Lind asked for the smallest number m > 1 which can be attained as | det C},| for
some integer circular n X n matrix C,. According to [8], this problem (which is
only a subproblem to that of Olga Taussky-Todd) is still open for n = 420. It is
known that for n = 420 this smallest m belongs to the set {8,9, 11}.

2. Proof of Theorem 1

The statement of the theorem is trivial for s = 1 and for f(1) = 0, because then
f¢(1) = 0 for each positive integer £. Assume that s > 2 and f(1) # 0.
For each integer s > 2, set

ug(z) =5 —1+(s—2)x+...+2°7%

Then
1 —a? s—1
] =l+z+...+27 =s—(1—-2x)us(x)
-z
for each complex number z # 1. It follows that
d d
fs(l) s—1 l_af s—1
=a — =a s — (1 —ay)us(ay)). 5
e g = et
Putting

d
Ry :=a’"’ H us ()
i1

for the resultant of f and u, and
d
g(z) :=a*"! H(:L' — (1 — aj)us(ay)) € Z|z],
i=1

we obtain ;

(~1)*f()Rsp = a’ ' (~1)* H(l — a;)ug(a;) = g(0) = g(s) (mod s).

i=1

Note that g(s) is the right hand side of (5), so

fs(l) d
= (-1 )R d s). 6
f(l) ( ) f( ) $,0 (mo S) ( )
By the same argument, for every ¢ € N, replacing = by :I;St, we obtain
gt+1 1
L) iyt ()Ryy (mod 5) )

fst(l)
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with
d
Ry i=a® H us(af) € Z

provided that fq (1) # 0.
Now, from f(1) # 0, s"|f(1) and (6) we deduce that the integer f(1)/f(1)

is divisible by s. Hence s"'|f,(1). Assume that fyu(1) # 0 for each [ € N.
Then, employing (7), by induction on ¢ = k — 1, we see that sk_l+r| fs-1(1) and
s|fe(1)/fer(1). Thus s*7"|f,(1) for every k € N, as claimed.

If fa(l) = 0 for some ! € N and [ is the smallest positive integer with

this property then, by the above argument, sk+r| fs:(1) for k < 1. Furthermore,
f(1) = 0 for each k > 1. Thus s**"|f,:(1) for every k € N in this case too.

3. Proofs of Theorems 2, 3 and Corollary 1

LEMMA 1. Suppose that f € Z|x|, p is a prime number and m > k > 0 are integers.
Then all the coefficients of the polynomial fym(z)— [ «(x) are divisible by karl

PrROOF. Write

for(@) — fpi(x) = o H — H(:I; -

i=1 i=1

Multiplying and collecting terms for gt ,j=0,1,...,d, we deduce that

d
for (@) =S (=12 (@ i) - a oi(a?)), (8)

§=0
where
oi(@’):=(ar...a;)" + ...+ (@—jt1--- )"
for v € N is the jth elementary symmetric polynomial in af, ..., aj containing
(d> terms.
! Fix an integer j satisfying 0 < j < d. The numbers 8 = aa; ... a5, ..., 0p =
= a0q j41...aq, Where D= (j) , are the roots of a monic integer polynomial,

since aq;, e is an algebraic integer for every set of indices i, ..., ¢; satis-
fying 0 < 4; < ... < i; < d and every automorphism ¢ of the Galois group

d
Gal(Q(ay, - .. , ag)/Q) maps the collection of ( ) (not necessarily distinct) numbers
J

{acy, ... ;|0 <iy <...<i; <d}

into itself. Applying (3) to ¢ = k+ 1, ..., m and adding all such congruences we
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derive that
m m 3 k
B .. 480 =g +...+4Y (mod p*th. 9)

Here, the left hand side of (9) equals a” "’ oj(a? m), whereas the right hand side of

(9) equals a” ' oj(a? k). Thus the difference o ;(a?") — apkaj(apk) is divisible by

p"!. This proves the lemma, by (8). O

PROOF OF THEOREM 2. Evidently, Res(g, h) = Res(g, h — g) for any polynomials
g and h satisfying either deg(h — g) = degh or g monic. Applying this formula
to g := fy» and h := fy (so that deg(h — g) = degh for @ > 1 and g is monic
for @ = 1), we obtain Res(fym, fx) = Res(fym, fr — fpm). Expressing the latter
resultant as the determinant of the Sylvester matrix (see, e.g., [1]), we see that, by
Lemma 1, each entry of its last d rows is divisible by pkﬂ. Hence this determinant

and so Res(f,=, f,+)) is divisible by , as claimed.
(and so Res(fym, f,¢)) is divisible by p*™  as claimed O

ProOF OF THEOREM 3. Fix two positive integers r, £. Now, we shall apply the lemma
to f, (instead of f), m :=t and k := ¢t — 1. Then the coefficients of the polynomial

for(®) — fp1,(z) are all divisible by p'. In particular,
ptl(fp’r(l)_fp‘*‘r(l)) (10)

for all integers £, 7 > 1.
Selecting 7 := n/pk and applying (10) tot =k, k— 1, ..., 1, we find that

Jope(1) = frjperi(1)  (mod p)

for wu = 0,1,...,k — 1. Adding these k congruences, we derive that f,(1)
fayp(1) (mod p). But p|fy(1), so p|f,,x(1), as claimed.

PRrROOF OF COROLLARY 1. It is well known that the determinant of the matrix given
in (4) can be written as

O

n—1
det C, = [ £

t=0
with the polynomial f(z) = ag+ a1z + ...+ a,— 12" ". (See, e.g., pp. 1111-1112
in [5].) Hence |m| = | det Cy,| = |f,(1)], by (1).

Suppose p is a prime number such that p|m and p*||n. Since p|fn(1) and
pk|n, Theorem 3 implies p| fn/pk(l). Now, applying Theorem 1 to the polynomial
fujpr(2) (instead of f(z)), s :== p and 7 := 1, we deduce that P divides
Fortspy(1) = fa(1). This yields p**'|m, since m = ££,(1). O
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first draft of the paper.
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