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1. Introduction

Let x; and x, be two primitive Dirichlet characters with conductors ¢, and g,
respectively. Recently Banks and Shparlinski [1] considered the sum

Sue@ = D xi@xv).

O<zy<T

For this sum they established an upper bound

1/9 1
SX],Xz(T) & T13/18q%/27q2/ “+o(1)
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for T > qg/ P> qlz/ *. and a bound
3/32 3/16+0(1
SXl,Xz(T) < TS/8(]1/ qZ/ o

for T > q;/4 qf/4.
In this paper we obtain estimates for S,, ,, which are stronger than the ones
given above.

2. Statement of results

THEOREM 1. Let x| and X, be two primitive Dirichlet characters with conductors q,
and q, respectively. If q, < q» and T > 1 then for every € > 0 one has

T (q0)""" i () <T<¢"q",
> x@x) < (1)

3/4 1/12+ 4/3 1/3
O<zy<T T/Q2/ ‘ lf q/ / \T,

T et < 4 1 @ T @e)t < Tt
1 2

2/3 1/8 9/8 3/8
O<zy<T T/ Q2/ e !f q/ q2/ <T.

()

(Constants implied by < depend only on €.)

COROLLARY 1. Suppose within the assumption of Theorem 1 that q; = q, = q. Then

(
T2/3q2/9+e i q2/3 <T< qll/lz’

T1/2q3/8+e lf q11/12 <T< q3/2’

Z x1(z)xa2(y) <

23 1/8 30 9/4
0<ay<T T3¢ if ¢ <T< g

b

T1/2q1/2+6 if q9/4 <T.

\

Remark. It is shown in [1] that for q2/ PLT < q83/ 5 the assumption of Corollary
1 implies the estimate

Z Xl(x)X2(y)<<Tl3/18 5/27+0(]
O<ay<T

Notice that our estimate is more precise for such 7.
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THEOREM 2. Let x| and X, be two primitive Dirichlet characters with prime conduc-
tors q and q,, respectively. Suppose that q; < @, T > 1 and let v > 2 be an integer.
Put

1 if r=2,
Uy =
0 otherwise.
Set
C+0* el b
T,=q " ¢" (logg) "' (logg) )+ +1,
Then

_l 1 1y, . rtl
T " (qig) * log" qilog™ ™ gy if (@)™ <T<T,
Z xi@pe@<y o s ‘
0<zy<T T gy (loggy) ™ if T,<T.

3. Basic notation

Let x; and x, be two primitive Dirichlet characters with conductors ¢, and g,
respectively. Suppose that ¢; < ¢,. Set

Q=q¢.
Let us fix T' > 0 and consider the hyperbola
I ={(z.y) €R} |zy =T}
For each subset  C R? let us define the character sum

S@= > xi@x®).

(z,y)eQnZ?

In our proofs we will use the following result (see [2]).

THEOREM 3 (Burgess). For any primitive Dirichlet character x of conductor q and any
nonnegative integers M, N we have

] S )

M<n<M+N

=Ll e
SelN“rger
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where v € {1,2,3}. If q is a prime number then

‘ > xn)

M<n<{M+N

for every r > 1.

Suppose I; and I, are two intervals. We define a rectangle I; x I, as follows:
I x I = {(z,y) eER*|zel,ye€ L}.

We write |II| for the area of a rectangle II of the above type and §(IT) = length(I,)
for its width.
Consider the rectangles

Up = (0; \/T) x |0; \/T), (3)

U, = (0; i—?) X [2’“_1\/T; 2k\/T),

where kK = 1,2, ... Obviously, one of the vertices of each U}, belongs to I'.
Suppose that the vertex (1, y;) of the rectangle

II = =g, 1) X [y0, Y1)

lies on T, i.e. z;y; = T. Define two new rectangles r(IT) and u(II) as follows:

3ZE1 — Xy 2T
r(IT) = [-’fl, f) X [ym m),

Ty + Ty 2T
o= 252 ) [ 550)

For k=1,2,3,... let us consider the rectangles
VT 3VT . 2k+1
Il = [?; W) X {2 VT, Tﬁ) = r(Uy). (4)

Let F;, be the set of all the rectangles of the form o - - - 0,II;, where n > 0,
o; € {r,u},i=1,...,n.
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IfII € F;, and II = oy - - - o;11}; then we say that II is a rectangle of order I.
We say that 1 € Fp has parameters (6, ) if II = [zg,z) X [yy,y) and
§ =4(Il) = = — =.

4. Lemmata

LEMMA 1. Consider a rectangle 11. Suppose that |1I| = P and that both height and
width of 11 are greater than 1. Then for every real € > 0 one has
P2/3Q1/9+e

1S(I)| <
pRgYIete,

ProOOF. It suffices to apply Burgess’ theorem with 7 = 3 in the first case and with
r = 2 in the second case. O

LEMMA 2. Consider a rectangle T1 = [xy; x) X [yo; y) € Fy with vertex (z,y) on T,
so that xy = T. Let 6 = §(I1). Then the following statements hold:

1 1
) =T76( — - :
o =751 - —5);

PRrROOF.

a) It can be shown by induction on the order of II that

T
x+4

= 2w =5(5 - -7 5).

Yo =

Therefore

)

b) First of all we notice that for the parameters (&', ') of 7(IT) we have
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Therefore it is sufficient to show that

4T6< 1 1 ><T5<1 1 )
2\z+6/2 =x+6) x x40

1 1/1 1
<zl -+ .
x+0/2 2(1: 3:+5)

or, equivalently,

1
But the latter follows from the convexity of the map x — —.
T

Denote by « the ratio §/x. It is obvious that 0 < a < 1/2. We note that the
parameters (&', 2') of u(IT) satisfy the relations

==, d=z--
2 2
We see that
S( 1 1
| T5(m=3) _ mm-% o1 l+a
11| T5(1 - 45 oL - 202-0
It remains to show that
1+« 1
22-0a) " 4(1-3a)’
or, equivalently,
o?
> 0.

2-30)2-a)

The latter follows from the inequality 0 < oo < 1/2. This concludes the proof. []

LEMMA 3. Let Il = oy - -+ oylly. Then

] < o
A= (1-3(3))

PRrROOFE.

We will show that the ratio d/x is reduced by a factor > 3/2 every time II is

replaced by u(II) or r(II).
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Case 1. Suppose that the parameters of IT and w(IT) are (6, z) and (&', 2'),
respectively. Then & = 6/2 and &' = = — 6/2. Therefore

o 6/2 o 1 26
— = = — <7
¥ x—-6/2 2x]-— % 3z

because §/x < 1/2 for each rectangle in Fj,.
Case 2. Suppose that the parameters of IT and r(II) are (6,z) and (¢, 2),
respectively. Then & = 6/2 and &’ = = + §/2. Therefore
0 6/2 o 1 6 20
<

= = 3 < X ;5
© r+6/2 2x1+ % 2¢ 3z
It remains to apply Lemma 2. ]

LEMMA 4. Given 6,t,T € R such that 1/2 <6 <1and 1 <t< T‘S, denote
E={(z,y) ERL | T -2t <xy < T}

Then #(2,NZ*) < tInT.
ProOF. The number of integer points under the hyperbola can be estimated as
Trr
M [—] =TInT+ (2y— )T +O(T"?).
T

z=1

Therefore
#(ZNZ%) = TIn T+(2y—1)T—(T-2t) In (T(1-2t/T)) — (2y—1)(T-2t)+O(T"?),

which proves the lemma. ]

5. Proof of Theorem 1 for small T

Set @ = {(z,y) € R% |2y < T} and @, = {(z,y) € R% | zy < T,z < VT}.
Without loss of generality we may confine our argument to S(£).

It is obvious that the rectangles from Fj, k = 1,2, ... together with U, k =
=0,1,2,... cover ;.
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Set t = T3/4q;/12 and consider a real n > 0. Set

W, ={(z,y) ER} |2y < T, y<t, < VT}, (5)
Wi ={(z.y) ERL |2y < T, y>t}, (6)
2 ={(z,y) ERL | T -2t <xy < T} (7)

The number of integer points in Z; is < tQ".

Consider a rectangle IT € Fj such that II C W and let (o, yo) be its left lower
vertex. Set § = §(IT).

Let 20 = T/yo — zo < 2. Then II C Z;. Indeed, T — zoyo < 2y < 2t, whence
T -2t < zpyo.

Let us now estimate S(W;).

For the rectangles IT € Fj, such that IT C W; and §(IT) > 1 we apply Lemma
1. All the other rectangles are contained in =;.

The sum S(Z;) is trivially bounded by the number of integer points in Z;.

The number of rectangles II of order [ is equal to 2! If 11 is such a rectangle
then |II| < |TIj|/4".

Thus we get the following estimate for the character sum over all IT of order [
with §(IT) > 1:

S(Hl) < T2/3Q1/9+n4721/321'

Since
[0 0]
Z 4= 2/351
=0

converges, the character sum over all IT with §(IT) > 1 is < T3Q"*.

Therefore
S(Wy) < max(T7Q"°*" tQ"). (8)
In order to estimate S(W;) we use Burgess’ Lemma with 7= 3 :

T/t

3 T\ 1oy (TN ot

!

S(Wt) < (E) q2 K < T/ (?) ‘b 77’
=1

whence
S(W)) < Tt~ Pgy*+". (9)
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So,
S(Q) < max(T2QYO 1Q", Tt~ ¢+,

Using the definition of ¢ we obtain the following result. If
T< q;‘/3q2l/3 then S(Q) < T2/3Q1/9+n‘

IfT > q?/3q;/3 then S(2) < Q" = T3/4qé/12+’7_

6. Proof of Theorem 1 for large T
Set
t="1"¢". (10)

As before, we use the sets W;, W, and Z; defined by (5), (6) and (7).
The only difference between this case and the previous one is the conver-

gence argument. The sum over all the rectangles of order I can be estimated by
T'2Q*1%*"2  Therefore, the sum

0
Z T1/2Q3/16+n/2

=0

does not converge. But it is easy to see that if [ > log T' then each rectangle II of
order [ is contained in the set =;. So we have

S(Wy) < max(T"2Q*"5+ +Q"). (11)

Applying Burgess’ Lemma with r = 2 we obtain

T/ oy 12 T\ 12
SWY) < <;) ¢/ < TV (;) g/,
r=1

whence

S(W)) < Tt g/ "o, (12)

Substituting (10) into (11) and (12) we get the estimates
S(Q) < T2QY'*™ for T < q?/8q§/8

and S(Q) < th — T2/3q21/8+77 for T > q‘l)/Sq;/S.
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7. Prime moduli
Fix r > 2 and set
r i -
t=Tr+¢q) logT]Tl -

Let us use the sets defined by (5), (6) and (7), again.

Let us perform a similar argument to estimate S(W;). For each [ > 1 there
exist 2! rectangles of order I. It follows from Lemma 3 that for the character sum
over all the rectangles of order [ we have the following estimate:

ST < TF Q% (log ¢1)* (log o) F 4™~ P12L,

Let us consider two cases.

Case 1 (r > 3). The sum
i 4-(1=Diyt
=0

converges, SO

X

_ 1 r+l 1 1
N sy < T Q' (log q1)" (log qa) -
=0

Case 2 (r = 2). The sum

o0

Z 4—(1—¢)121

=0

diverges. In this case it suffices to take the first
< log(T) < log(gn)

values of [.
There are < log T < log ¢, rectangles in Fy, lying below the line y = t. Hence

S(W;) < max (Tl_%QTMizl log"" gy logH”TH @, tlog g).

By Burgess’” Lemma we have

T/t 4
.

1
T 17; r+1 1 1 r+1
SW) <Y <;> ¢, (log )" K Tt 7g," (log qo)".
=1

S 1=
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8. Proof of Corollary 1

The first three inequalities immediately follow from Theorem 1.
Let us derive the fourth inequality from Burgess’ Lemma with r = 1. We begin
with splitting the sum over the points under the hyperbola into three parts:

Q ={(z,y) ER’ |2y < T,z < VT},

O ={(z,y) eRL |2y < T,y < VT},
and U, defined by (3).
Applying Burgess’ Lemma with » = 1 we get
S(Q) € VTq"**
and
S(U()) < q1+6.

We are interested in the case T' > q3/ 2. So,
\/qu/Z-‘,—e > ql—f—e’

which implies the desired statement.
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