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Abstract: In this paper we study variants of exponential type power series of the form fi(z) =
00
= > cgpa"/n! (k= 1,...,q) with real or complex coefficients ¢, and with a nonzero

n=>0

algebraic number o.. We find all subsets of {fi(c), ..., fq(a)} which are algebraically independent
over Q. We apply our method to series with periodic sequences, i.e., with ¢;, = 1 if n = k
(mod q), ¢t = 0 otherwise and also with ¢, = {(an + k)/q} for coprime integers a and g,
where {z} is the fractional part of a real number x. More applications deal with various series
formed by Fibonacci and Lucas numbers, e.g., ¢k, = Fgnyk. All the algebraic independence

results are finally reduced to the Lindemann—Weierstrass theorem.
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1. Introduction

In this paper we consider the values of exponential type power series

00 o

n=0
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at a nonzero algebraic point z = «. In Section 2 we investigate the numbers

o0 an
a):Zamﬁ (r=0,1,...,9-1),
n=0 '

where (a,, ")n>0 are periodic with period ¢ > 3. In particular, we prove that among ¢
numbers

n
S =010

~—~ nl
n=r (mod q)
any ¢(q) are algebraically independent over Q and not are any ¢(g) + 1, where ¢(q)
is Euler’s totient (Theorem 1). Section 3 is devoted to series with coefficients given
by fractional parts a, = {p(n)} of polynomials p(z) € Q|z]. The transcendence of
the number

Z{p }—

is given in Theorem 3. In the case of linear polynomials, we obtain the following
(Theorem 4): Let ¢ > 3 and a be integers with 0 < a < ¢ and (a,q) = 1. Then
among ¢ numbers

o0

an+bya”
Z{ — (b=01...q= 1)
n=>0 q !

any ¢(q) are algebraically independent over @ and not are any ¢(q) + 1. In the
final section 4 the coefficients a,, are formed by Fibonacci numbers F;, and Lucas
numbers L,. We show that any two numbers in the set

00 a" 00 an
{3 |senfu{> % |sen}
p—r n: 0 n:

are algebraically independent over @ and not are any three (Theorem 5), and the
same holds in each of the sets

{Zﬂwb ‘aeN beNO} {ZLaner

a €N, beNO}
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(Theorem 6). For the proof we express numbers in question as rational functions of
some values of the exponential function that are algebraically independent over Q
due to the Lindemann—Weierstrass theorem. Then we apply a criterion of algebraic
independence (Lemma 1) to a set of such numbers and reduce the problem to the

non-vanishing of a Jacobian corresponding to these expressions.

2. Exponential type power series with periodic coefficients
Let g > 2 be an integer and let £ = e?™/%. We consider the power series

o n

e(z) = egrd) = 3 % r=0,1,...,q-1). (1)

n=>0
n=r (mod q)

Trivially the relation
eo(z) +e(z) +... +epi(z) =€

holds. Using the formula

-1 P
1 qE ghtn=n 1 ifn=r (mod q),
775 0  otherwise ,

we have

v gk:n n
er(2) = Zé DIRES

n=0

= (e rere e L ey

—_
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or
( eo(2) e’
e1(z) e
ex(2) —c| & , (2)
\ eq-1(2) ¢
where
1 1 1 .. 1 \
CL1 €2 ... Cyp, _ _ (g
! 1 et e L g
e e I T SRS I IE)
q Do : q . .
Cq1 Cg2 - Cqyq 1 éﬁ(qfl) 6*2(11*1) 6*(4*1)(‘1*1))
Since £ is a root of the g-th cyclotomic polynomial, 1, &, €2, ..., 5“’(‘1)" are linearly

independent over Q and every £* can be written as a linear combination of these (q)
numbers over Z. If o is a nonzero algebraic number, e®, e, ..., e are alge-
braically independent over Q by the Lindemann—Weierstrass theorem and in view
of (2) each of the numbers eo(), ei(a), ..., eg—i(a) is transcendental (cf. [2]).

THEOREM 1. Let q > 3 be an integer. If o is a nonzero algebraic number, then
among q numbers

eo(@), ei(@), ..., eq ()
any ¢(q) are algebraically independent over Q. Moreover, any ¢(q) + 1 of the q
Junctions ey(2), €1(2), ..., eq_i(2) are algebraically dependent over Q.
COROLLARY 1. Let q > 3 be an integer and let o be a nonzero algebraic number.
Then any ¢(q) of the numbers

o0 n

Zm r=0,1,...,q— 1)

n=0

are algebraically independent over Q.
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ExampLE 1. In the case of ¢ = 2, we have
6%,0(2) - e%)l(z) = cosh’(z) — sinh*(z) = 1,

and for ¢ =3
e3(2) + e1(2) + 3(2) — 3eo(2)er(2)ea(z) = 1.

Remark. It is easy to check that the functions e,(z) satisfy very symmetric system
of differential equations with constant coefficients:

e(2) =e1(z), 0<r<aq,

where e_1(z) = eg_1(2).

By the general theory of E-functions created by C.L.Siegel and A.B.Shidlovskii,
see [4], the Theorem 1 can be reduced to the proof of algebraic independence
over C(z) corresponding functions. This problem is simpler but not trivial one.

Let o, ..., a,, be complex numbers. It is well known that algebraic depen-
dence of functions e*'%, ..., e** over the field C(z) implies the linear dependence
of numbers «, ..., a,, over the field of rational numbers Q. And this property im-
plies in turn the algebraic dependence of functions e®'*, ..., e®™* over the field C.
That’s why

tr dege(» C(z, €, e .., e‘sqilz) = tr degcC(€”, e, eéqilz).

Due to (2) we have C(e?, €& ..., e€'%) = C(eg(2), ... , e,1(2)) and conse-

quently
trdege(,)C(z, €(2), - - - , €g-1(2)) = tr degcCleg(2), - - - , €4-1(2))-

This equality and Theorem 8 from Chapter 4 of [4] reduce the proof of Theorem 1
to the following functional statement:
Among q functions

eo(2), e1(2), ..., eq1(2)
any p(q) are algebraically independent over C(z).

But simpler way to prove the Theorem 1 is the direct reduction of it to the
Lindemann—Weierstrass theorem.
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For the proof of Theorem 1 we need the following lemmas.

LEMMA 1 ([1, Theorem 1.2]). Let K be an algebraic number field, let z,, . .. , x, € C
be algebraically independent over Q, and let vy, ...y, € C satisfying the system of
equations
Pi(@i, ... %p, Y1, Y) =0 (j=1,...,n),
where Pi(X,,...,X,,Y1,...,Y,) € K[X,,....X,,,Y,....Y,] (j=1,....n).
Assume that
OP;
det( J(xl,...,x,yl,...,y)) #0.
0X; ! ! 1<i,j<n
Then the numbers vy, ..., Y, are algebraically independent over Q.

LEMMA 2. Let q > 3 be an integer and let £ = €*™/4. Then, for any 2s integers
My, oo, Mg, N, .o, Mg WIth 0 <My < ... <My <Ny <...<ng<q, wehave

SR S PP X S SRS S RETE

As a special case, we obtain:

LEMMA 3. Let q and & be as above. Then for any (q) integers ny, ..., Ny with
0<n <...<nyg <qand (nl,...,ng,(q)) +* (0, L...,0(q — l) we have

L4 E4+E 4. 4D Lo gm0

PROOF OF LEMMA 2. We may assume that s > 2. We put A = (m; + my)/2 and

. me —m m.—m
My o= {0 - BT g < T

Since
mg — m .
e <my A< ——— (j=1,...,9),
we have

gt eM, €M eMy={z€C|l=1}\M,.
It follows from the definition that

Re z; > cos

(Lmsq_ ml)) > Re 2,
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holds for all z; € M, and 2, € M,. Thus we get
_ _ m(ms —m _ -
Re (™ A g™ ’\) > scos ((37])) > Re (& A e A).
q
In particular, we obtain

€m]*)\ +§m;7)\ + . + é-ms—/\ # é-mf)\ +€nz*A + . _'_gns*)\ ,

and the desired inequality follows. J

PROOF OF THEOREM 1. We put d = ¢(qg) for brevity. Each &%~! can be written as
k-1 2 d-1
13 =n 5+ i€+ 13 +. .+ ngié (kI l,...,q) (4)

with n;; € Z, where (g, ...,ngx) = (0,...,0,1,0...,0) with 1 at the k-th
position if k < d. Let an algebraic number « # 0 be given. We put

k—1
z=e¢ * (k=1,...,q). (5)
Then x,, z, ..., x4 are algebraically independent over Q and the identities
xk:x?l,kzgz,k_._m;ld,k (k: 1’.“’(1) (6)

hold in view of (4), where for k < d, n;; = 1 if j = k, and n;; = 0 otherwise.

Putting
yr=er1(a) (k=1,...,q),

we have by (2)

Ui T

Y T

=C| . (7)

Yq Zq

We set
mj = max {|n;il |njx <0} (i=1,....d),

d<k<q
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sothat my+n;, >0 (j=1,...,d,k=1,...,q), and define
wy, = wi(Ty, ..., zq) = 2" -2 Ty (8)
=" g (k=1 ) )
by (6). Then we get
Yi w)
oyt el v =C o (10)
Yq Wy

Now we introduce the polynomials

Po=Pu(Xy,.... X0, Y3) (k=1,....9

defined by
Py Y wi (X, ..., Xy)
}?2 _ XX X )? o | :"’Xd) :
P, Y, we(Xy, ..., Xq)

so that

Pi(zy,...,zq,y,) =0 (k=1,...,9).

Letting for brevity wy = wy(zy, ..., z4) and

OP; 0
J = I:_PJ(X|7aXdayJ)i| s
Ox; 0X; (X1, X)) =(21,. . 20)
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we have the ¢ X d matrix

oP, 0P oP,
Tl— Ty— ... Tg—
or, 0z 0xy
oP, 0P, opP,
Tl— Xy ... T —
or, ~0x ozrg | =
0P, 0P, 0P,
Cy— Ty .. Xg—
8£E] (9£E2 833,1
Yi Y1 Y1
Y Y2 Y
="zl | my m, cee My -
Yq Yq Yq
(my +ny)wy (my+ny)w; ... (Mg + ngp)w,
(my +nio)wy (My + nyp)ws ... (Mg + nga)w;

— C =
(Mg 4+ nyg)wg (My + Ny 0wy - .. (Mg + ngg)w,
nuwl nywy ... nd,lwl
N2Wy MWy ... Mg W),

=-C =
N qWq M2,qWq - - - Nd,qWq
Ci,1 Clp.--Cigq N 1wy Ny Wy - .. Ng1W1
1 €1 Cn ... Cy Ny 2Wy MW ... NG W)
q

Cg1 Cq2 -+ Cqyq Ny qWq N2 qWq - .. Ng Wy
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1
= - ('UI’UQ...'Ud) (11)
q
with
Ci1 Ci2 Clgq
. 1 €22 Crq .
¥ =nj w . +njow, _ + . Ny W, . G=1,...,4d),
Cq.1 Cq2 Cqq

using (9), (10), and (3).

We prove first the algebraic independence over Q of the numbers y;, ¥, - - . , Yq.
In this case we may regard P, ..., P; as polynomials of X,,..., X4 Y},...,Yy
over K = Q(€). (The proof for arbitrarily chosen numbers y;,, y1,, - - - , ¥, is similar

and will be discussed later.) By Lemma 1 it is enough to show that

or on o
0r, O0r,  Ozy
oP, 0P, %

A:=|0m 9z T dma | £ 0.

o, 0Fs 0P,
0r, Oz,  Oxy

It follows from (11) that

(—q)dmlmz s xgA =

Clky Clky -+ Clk,

Coky Coky -+ Coky
= E D(k‘],...,kd) . . . Wk, = WE, =

1
1<ki<...<ks<q

cd,k, Cd,k2 Cd,kd
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cl,l Cl2 ... Cl,d

02,1 02’2 e Cz,d

Cd,1 Cd,g o Cdd

Cl,k1 Cl,]@2 Cl,kd

Coky Coky -+ Cok
+ E D(kl,...,kd) -l -2 .d Wy * - Wy (12)

Cd,kl Cd,kz e Cd,kd

where D(ky, ..., kq) = £nygnok, - Na,, and especially D(1,...,d) = 1. Here
we prove that

WiW) -+ Wg F W, W, - -+ W, (13)

for all (ky,...,kq) # (1,...,d) with 1 < k| < ... < kg < ¢. Suppose on the
contrary that

wlw2...wd:wklwk2...wkd

holds for some (ky, ..., kq) # (1,...,d). Then we have by (8) that
T\Ty -+ By = Tk, Th, -+~ Tk, »

or
Qe+ 4 _ (€ 6 g

by (5). Since the exponents are algebraic, it follows that
1+£+€2+.”+§d71 :gkl—l_i_gkrl_*_.”_"_gkdfl,
which contradicts Lemma 3 and (13) follows.

Now, from (12) with (3) and (9), (=q)%z,z; -+ - 4A is a nonzero polynomial
in algebraically independent numbers z, 2, ... , 4 over K = Q(&). Indeed, in the
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right-hand side of (12), the coefficient of the first term is

11 1 |

et g2 g
_ 1572 (22 ”.5—(d71)-2 _

Ci,i C12 - Cid

€1 Cp .. Cod

Cd,l Cd,2 e Cd,d

| 57(5171) €7z(¢171) 5—(d—l)(d—l)

= I (-¢)+o0

0<i<j<d—1

and by (13) the first term is not cancelled by the remaining terms. Therefore, we
have (—q)%x 7, - - - £4A # 0, namely, A # 0.

Let y,, ..., i, be arbitrarily chosen d numbers from ¥, ..., y,. Our arguments
up to the formula (11) are independent of this choice. We have to show the non-
vanishing of the determinant

or, o, on,
0r, Oz, ~~ Oxzy

A=A, ... lg)=| 0t 9z, " dzy

0P, OP, 0P,
0r, Oz, Oy

Now, in place of (12), we have

(—Q)d$1$2 s A =

Ch1 Cl2 - Cld

clz,l Clz,z - clz,d
= . . . w] ”‘wd +

Cly,1 Cly2 -+ Clyd
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Cliky Cliky -+ Clikg

Cloky Clyky -+ - Clyky

+ > D(ki,... k)| g wy

Clyky Clgky « - Clg kg

where D(ky, ..., kq) = £ny, , « - ny,x,- By the same reason as above, we have only
to show that

1 6711 §721| é-fdll
1 542 §72l; é-ﬂllz
=l1¢gbeh g 2o,

L1 €2 .- Clhd

CliL1CL2---ClLd

Cly1 Cly2 + -+ Clyd

1 g—ld é-led o gfdld

which however is obviously true. The proof of the first statement is now completed.
Next we replace « in (5) by z. Then, by (6) and (7), we have

yi(2) € Q) (zy, ..., zq) (k=1,...,q).

Thus, any d + 1 functions from the set {yl(z), A yq(z)} are algebraically depen-
dent over Q(&), and therefore over Q. This proves the second statement. O

Let ¢ > 3 be an integer, £ = e>™/¢, and K be a number field. For brevity put
d = ¢(q). We consider the functions f(z), ..., fi(z) defined by

=4] . s (14)
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where
app @12 ... Qg
az’l a2’2 e az’q
A= ) ) . (ai,]‘ € K) .
ad,1 Adp -+ Qdgq
For a given nonzero algebraic number «, we define zj (k= 1,...,q) by (5) and

yr = fr(a) (k=1,...,d), so that we have

Y T
(') T
=A
Yd Ty

By the same arguments as above with A in place of C, we deduce:

THEOREM 2. Let fi(2), ..., fa(z) be defined by (14). If

al,l a1,2 e al,d

(Iz,] CL2,2 e a2,d

£0, (15)

Qg Qdp - Qg d

then the values of these series at any nonzero algebraic point z are algebraically
independent over Q.

As a typical example, we consider exponential type power series with periodic
coefficients. Let {bn},@0 be a periodic sequence of algebraic numbers of period ¢
and let

In studying arithmetic properties of the values of such series at algebraic points,
we may assume that {bn}n>0 is purely periodic with a period (bg, by, ..., b,—1) #
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#(0,...,0). Then we have

) =3 buerla) (1)
k=0

where ey(z) is defined by (1), and hence the value of the series at any nonzero

algebraic point is transcendental (cf. [2, 2.3]).
Let {bk,n}ngo (k = 1,...,d) be d purely periodic sequences of algebraic

numbers with periods (g, bg1, - - -, bgg-1) # (0,...,0) and let
o0 Zn
fk(z)zzbk,na (k=1,...,d).
n=0

Then, from (2) and (16), we deduce the expression (14) with

11 1 1 \

Z‘” Z"‘ Z"q‘ e g gl
A— 2.,0 2.,1 e 2,5171 1 5_2 5_2_2 o 5—((1—1)‘2 i (]7)
b0 ba,1 - bag— a .
a 1 5,((1,1) (2((1*1) §,<q,1)(q,1))

and so we can apply Theorem 2 to these functions.

ExampLE 2. Let X0, X1, X2, X3 be the Dirichlet characters modulo 5, where Y,

denotes the principle character. Set ¢ =5, d = 4,

4 1 i 1++/5
N A

2p

and

ben = xk—1(n) (k=1,2,3,4,n=0,1,...).
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Then
1 1 1 1 1
o1 1 1 1 - -
Ay ... 015 0 1&g &7 &
1 ¢ —i—1
A=t = LePet et et
01 -1-1 1
a1 ... 045 . . 1 6_3 5_6 5_9 5_12
01— il 1 574 5—8 5712 5—16
and
a1y ... Q14 6
C1280(1 + \/§) \/10+ 2\/3\/92274650 +41266478+/5 £0
= —1 .
(3+\/§)12
Q41 «.. Q44

Therefore, by Theorem 2, the values of the functions
o0 Z"
fk-‘rl(z):ZXk(n)_' (k:O,l,Z, 3)
n!
n=0
at a given nonzero algebraic point are algebraically independent over Q.

3. Series involving fractional parts of polynomials

For any real number o we denote by [a] and {a} the integer and the fractional
parts of « respectively.

THEOREM 3. Let f(z) € Q[z], « be a nonzero algebraic number, and
- {f)} .
n—

Then S is a transcendental number.

PrROOF. Let ¢ be the common denominator of all coefficients of the polynomial
f(z). Then f(z) = h(x)/q with h(z) € Z|z|. For any two integer numbers n, m
such that n = m (mod ¢g) we have h(n) = h(m) (mod ¢) and {f(n)} = {f(m)}.
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This means that the sequence {f(n)}, n =0, 1,2, ..., is periodic with the period q.
The polynomial 29— 1 has distinct roots &* (k =0, 1,...,q— 1), where £ = >4,
These roots are the characteristic roots of the recurrence equation Uy, — u, = 0.
Since the sequence {f(n)} satisfies this equation, we have

{f(n)} = b+ bi€" + -+ 4 by €07

with some algebraic numbers by, b, ..., b,—;. That’s why
00 o g-1 k q-1
{f(n)} ., §ran ta
S:Z R :Z = bre® “. (18)
n=0 n=0 k=0 k=0

Due to the Lindemann—Weierstrass theorem the number S is transcendental. [J

d
Denote § = et Since 0(2") = nz", then f(d)(2") = f(n)z". Applying the

00
operator f(d) to the identity >, — = e”, we derive
n=0

z
n!

S I o) = gta)e
n=0 .

where g(z) is a polynomial with rational coefficients. Substituting z = «a into this
identity, we have

Z Ma" = g(a)e” . (19)

It follows from (18) and (19) that

|
n n=0 e n=0

M) o ) . F))
N

=1y

= (g(e) — bo)e™ = bye*® — -+ —b,_ €

Applying again the Lindemann—Weierstrass theorem, we have:

COROLLARY 2. Let f(z) € Q[z], a be a nonzero algebraic number, and

S:i@an#o.

n=0
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Then S is a transcendental number.
In the case of linear polynomials, we obtain the following results.

THEOREM 4. Let q and a are coprime integers with ¢ > 3 and 0 < a < q. Let

X ran+by 2"
fb(z):Z{ b =01
n=0 :

If « is a nonzero algebraic number, then among q numbers fo(a), ..., fq_l(a) any
©(q) are algebraically independent over Q. Moreover, any p(q) + 1 of the functions
fo(2), ..., fe-1(2) are algebraically dependent over Q.

PROOF. We have

q—1

0 a(mq+s) +by 2™ts
fb(z):n;);{ q }(mq+s)! -
q—1 q—1
- > {as;b}es(z) — é ;s(ﬁ—bes(z),

where m =7 if n =7 (mod ¢) and 0 < r < ¢, namely,

f) ) eol2) ¢
fi(2) e1(2) e
fz) | =D| exe) | =DC| &7 | . (20)

fom1(2) ) e-1(2) S
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where C is defined by (3) and

0 a 2a (g—Da

1 a+1 2a+1 ... (¢g—Na+1
1 - . .
D:; 2 a+2 2a+2 ... (¢g—Da-+2

g—la+(g—1)2a+(g—1)...(g—Da+(g—1)

Since (a, g) = 1 by assumption, the mapping o(s) :==35a (s =0,1,...,¢g—1)
defines a permutation of (0, 1,...,¢q— 1) with ¢(0) = 0. So putting

dug d()] e dO,qfl 0 1 . q— 1
dig diyp ... dl,q—l 1 2 ... 0
— ], 1)
dgy dg ... ds,q—l s s+1...s—1
dq—l,O dq_|11 "‘dq—l,q—l q— 1 0 q—2
we may write the matrix D as
dOa(O) dOa(l) tt dO,o(q—]) \
dla‘(O) Cllo(]) U d],o(qfl)
| . . .
D=- (22)

dsa(O) dsd(l) dS,U(’Z—l)

dg1.00) dgr.001) =~ dy1.0(-1) /

Again by (a, g) = 1, we can choose a g-th root of unity p such that £ = p®, so that
£t = psot = p=sat — =)t (5.4 =0,1,...,q— 1) in the definition (3) of C.
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Thus we have

(1 1 .. 1 1

p*U(l)t p*U(l)(lI*I)

p*0(2)t p*0(2)(qfl)

\1 pfa(qfl) pftf(qfl)t pfo(q%)(qfl)

It follow from (21), (22), and (23) that

DC

Since (dg, ds1, ..., dsq—1) =(s,8+1,...,¢—1,0,1,..

q—1
Z dsrp—rt _
r=0

[ Y

- (Sen) -
q r=0 s,t=0,1,...,g—1
(&L

-1 (Sa)
q r=0

5,t=0,1,...,q—1

., 8—1), we get

(23)

s+ (s+D)p " .4 (g—Dp TV g pT T (5 - 1)pm @

_ p(s—l)t (1 + 2p7t

ot (g=1)p ) =

—1
MURRIRTSY
= (s 1)t
plFDt
ql—p‘ ift=12,...,q9—1,

using the formula

1+2z+3z2+... 4+ (g— 1)z ? =

1 — gz + (g— 1)z?

(1-z)°
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with z = p~' # 1 and 29 = p~® = 1 in the case t # 0. Thus we obtain

—_

DC = -

Now we choose any d := ¢(q) functions fp, (2), f5,(2), ...

g=1 p p’ p*!

2 1=pl—p2" " 1-pa!
g—1 p2 p4 pZ(q—l)
2 l—p l—p2" """ 1—pe!
g—1 pi=t pxa-D pla=Dia=1)
2 1—p l—p2 """ 1-=pa!
a-1 1" 1 {

2 I—p 1—p2""" 1—pa!

(20). Then by (20) and (24) we have the expressions

q— 1 p(bl+l) pz(bl+l) p(q_l)(bl+l)

2 1—p 1=p2 7" 1—pe!
fo(2) g—1 plat) bt pla(btD)
@ | 1] 72 1—p 1-p T 1=

: q . . .
foa(2) g—1 plat) et pa-utD)
2 1—p 1=p* " 1—prl )

where the determinant of the attached matrix is

q— 1 p(bl+l) pz(bH’I) p(d’])(bl‘\“l)

2 1—p 1=p%2 " 1-pi!

q— 1 p(b2+|) pz(b2+l) p(dfl)(bzﬂ’l)

1l 2 1-p 1—p? 7 1= pi!
qd

q- 1 p(bd+]) p2(bd+l) p(d*l)(bd-}—l)

2 1—p 1—=p2 7" 1—pi-l

(24)

, fo,(2) given in

&z

£l 29

€'z
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lpbl+1 pz(ler]) p(dfl)(b|+l)
B -1 |t 2t p(d—l)(b2+l) o
201 =p)(1=p?) - (1=p?1) |1 : : '
1 pbd+l pz(bd+1) p(d—l)(bd+1)
Hence the first statement in Theorem 4 follows from Theorem 2.
To prove the second statement, we set z; = exp(p*~'2) (k = 1,...,q).
It follows from (6) (with « replaced by z) and (20), (24) that
f(2) € Qp)(z1, ... za) (b=0,...,q—1).
So any d + 1 functions in the set { fo(z), ..., fq,l(z)} are algebraically dependent
over Q. (]
4. Series involving Fibonacci numbers
In this section we set p := (1 ++/5)/2. Let
e (= (=1)) e (-1) (29

denote the Fibonacci numbers and the Lucas numbers, respectively.

THEOREM 5. Let fs(a) and gs(a) be power series defined by

00 Z" 00 Z"
=3B a6 =35

n=>0

If « is a nonzero algebraic number, then all the numbers in the set {fs(a)|s€N}U
U{gs(a)| s €N} are distinct and any two are algebraically independent over Q. More-
over, any three functions in the set {fs(z)| s € N} U {gs(2) | s € N} are algebraically
dependent over Q.
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The Fibonacci numbers F,, may be defined for negative integers —n via Binet’s
formula, namely

1 -n

Fom e =(=2) ) =0"E (0=0) (1)

(cf. [3, p. 84, (5.18)]). Moreover, the following two identities are known:

p" = pFu+Fui (n>0),
pE, — F,y ifn=1 (mod 2)

—n

Foi1— pF, ifn=0 (mod 2)

(cf. [3, p. 78, Lemma5.1] and [3, p. 84, (5.20)]). Using (27), these formulas can be
combined into

p'=pF,+F,_, (n€ez). (28)

PROOF OF THEOREM 5. We express first gs(z) as a finite sum involving the exponential
function using (26) and (28), namely

n S nk
j,kz;(z)p“’“(—;) -

n
: s l ° s k sk
- k s— 2k _ (=1)"p°=*Fz _
n= k=0

S
<k> e(*l)k(l)Fs—zﬁ-stzkfl )z ) (29)
k=0

By similar arguments we obtain

MS

9s(

n

=~
Il
)

fo(2) = 55/2 Z( 1) < ) D" (pFs +Fo o 7 (30)

To prove the first statement, we set ; = e and z, = e”“, where « is a nonzero
algebraic number. We know that x; and x, are algebraically independent over Q.
Expressing gs(a) and fs(a) by z;, 2, we have from (29) and (30) the rational
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functions

El
s D' Fy i (=DFF,_
st =3 (1) s,

k=0

1 § : k § (’I)F, - (’])F ( )
1 kS s
53/2 ( ) ( ).’17] * 1.’1)2 Zk.
k=0

fs(a) =

First we show that y; = gs, () and y, = fs,(«) are algebraically independent
over QQ for arbitrary integers s, s; > 0. By (31) we have

Ti(mlab)

= Ri(z,, 1y) 1= —2L 32
Yi (@1, T2) Ui, 22) (32)

where T;, U; € Q(p)[ X1, X»| \ {0} (¢ = 1,2) are coprime. We apply Lemma 1
introducing P; € Q(p)[ X1, X5, Y;] (i = 1,2) defined by

P(X), X5, V) =YUi(X1, X5) - Ti(X,, X5) (i=1,2).

We have by definition that P;(z, z;,y;) = 0 (i = 1,2) and by (32)

0P OP| | U, 0T, oU,_om,
8371 81'2 o 3151 8.%‘1 9 8x2 3$2
or 0By | | OUy O AU O
0x, Oz, b2 o0xr, Oz y2 0r, O
1 /0T, au, N 1 (0T, ou,
. az(az“‘ '371)(712(3?2 T )
- U,U, =
1 8T2 8U2 1 aTz aUZ
— (=, -—)) —(—U, -7,—=
Uzz(a.’lfl 2 28x1 ) U22 (BIEQ 2 28172)
OR, OR,
or, Oz
—un,| | = umA. (33)
OR, OR,
8$1 811/'2

To apply Lemma 1 we have to show that A = A(zy, z,) # 0.
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From (31) and (32) we obtain

OR, S (=1 Fy =1 (=1)*
azl _Z _]) ( ) 2k 15151 —2k—1— CL' Zk’

%: (—1)* 81 (=1 Fyy i (1 Wy ak—1
Bzz 51—2k 1 5

OR, N
8_%_552/22<>572k1x1 A T

OR, ( 1k ) I ( 1Ry a1
87932 - 552/2 Z <

(34)

Since z; and x, are algebraically independent over Q, it suffices to show that the

function

5P XPA(X,X) =

81 S1
(71)]C S1 Fs ,2k,1X(71)kF5172k+] 1 kS Fs 72kX(71)kF‘S|72k+1
k ! k !

= k=0 (35)
Ny (~1)'F, (52 (-1)F.
E k Fy, 1 X 22t Z b Fs, X s
k=0 k=0

does not vanish identically. For two integers m; > m; and real numbers a,,, Gm,+1,
-y G, , We denote by I(H) = @y, X™ with a,,, # 0 the leading term of the rational

function

m
H=HX)=> aX".

p=my

To show that 52/2X?A(X, X) does not vanish identically we compute the leading

term

L:=1(5""X"AX, X))
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Case 1: s| # s,. This is the simplest case, because the leading term £ only depends
on the terms corresponding to k = 0:

FS|—1XFS]+I FSIXF3]+|
L= = (Fyo1Fyy — Fy Fyy ) X —
Fszf | XF52+I I,“s2 XFsz+|

_ (—l)sZ_lFSI,SZXE“‘HjLEg”] =90,

where the identity Fy,_ F, — Fs Fs,_| = (—1)527|Fsl_s2 can be proven by induction
on s; and by (27).

Case 2: s := s = $;. We have to distinguish whether s = 1 (mod 2) or s = 0
(mod 2).

Case 2.1: s = 1 (mod 2). Here the leading term £ depends on all terms corre-
sponding to kK = 0 and k = s. Using the relation

Ln: n—l+Fn+l (n>1)
(cf. [3, Corollary 5.5]), we obtain

FS—IXFS+1 + (_I)SF_S_Ix(—l)sterl FSXF5+1 + (—I)SF_SXPI)SF*H'

FS,]XE“H + F,S,IX(_I)SFLHI FSXFerl + F,SX(_I)SF”“

FS,]XEHH + Fer]XE;*' FSXF.9+1 _ FSXqu

F871XF3+1 _ Fs+1XFs—l FsXFS+] + FSXFs—l

= 2F,(Fy_y + Fopq) X" = 2R L X" 2 0.

Case 2.2: s =0 (mod 2). We separate the cases s =2 (mod 4) and s = 0 (mod 4).
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Case 2.2.1: s =2 (mod 4). This is the most complicate case, because the leading
term L of the determinant in (35), say

Sl‘l 51,2
592 XTA(X, X) = ,
SZ‘I SZ,Z

depends only on the terms corresponding to k = s/2 in S, ; and S,, and on the

S 512 S
1 s/2 F X(*l) Fy FXFs+1 _ X*] 1
( ) ( ) 1 s 8/2

s/2
_ FSXEH' _

§ F_IX(*l)s/zFl FSXFs+1 § x '
s/2 s/2

terms for k=0 in S;, and S, ,:

L=

Case 2.2.2: s =0 (mod 4). The leading term £ depends on all terms corresponding
tok=0and k=1+ s/2. Let

£l,l ACI‘Z
L=
£2,l £2,2

with

£1’1 _ Fs—lXFﬁJrl + (_1)l+s/2<

_ Foi s —1
- s—lX -2 X ’
1+s/2

S 14572
L1, = F,XM 4 (—=1)!T7 FoLxt0 T =
12 s +(=1) 1+ 35/2 2
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— x| 7 ) x!
° 1+5/2 ’
S 145/2
Loy = Fy X0 Foxt) =
2,1 51 + <1 +S/2> 3
—Fo x4 7 ) x!
o 14 5/2 ’

s Fsz(fl)lJrS/zF*' =
1+ s/2

—pxt | % )x
s 1+ 5/2 ‘

Hence, applying the identity F,,, = 2F,, + F,,_; for n > 1, we obtain

Lry = F, X+ 4 (

S

L=LLry—L12Ly) =2
,1£2) 12421 <1+s/2

) (_ F,_, — 2FS)XF5+I71 =

$ Fyp—1
==-2 Fo X7 =0
<1+8/2> S+2 T bl

since s > 4. Thus the numbers g (o) and f;,(c) are algebraically independent for
any positive integers sy, ;.

Next we show that y; = g5, (@) and y, := gs,(a) are also algebraically inde-
pendent for any distinct positive integers sy, ;. Setting R, R, as in (32), we have
OR,/0x, and OR/dx, as in (34), and

OR i s _py 1o
o : :E :(—1)k<’€2> F8272k—lz(1 Py lx(z v oo
T

k=0

OR; & v [ $2 (=) Fyy ey (=1)FFy a1
oy~ 2 () Pomel

We proceed as above by showing that A(X, X) = 0. Here (35) becomes

X’A(X,X) =
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S|
s ik
Z(_l)k<k]>Fs|2k1X( 1) Fy, “aep1 Z( 1) < ) e ZkX D Fyy ok

_| k=0 k=0
s
Z(_l)k (Skz) Fy, o lX ol Foytien Z( l) < ) e 2kX( 1)'F, 52kt 1
k=0

The leading term £ = l(X IA(X, X )) only depends on the terms corresponding to
k =0, so that £ = 0 follows by the same arguments as used in Case 1.

In the same way one proves the algebraic independence of y; := fs () and
y2 1= fs, () for distinct positive integers s, s, by showing the non-vanishing of the
leading term £ = [(5¢175)/2X2A(X, X)). The proof of the first statement is now
completed.

Setting ; = €® and z, = ef?, it follows from (31) that f(2), gs(z) €
Q(v/5)(x1, ) for positive number s. The second statement follows immediately. [J

THEOREM 6. Let f,4(2) and gq(2) be power series defined by

0 n
z
fa,b(z) == Z Fan+bﬁa Ga b Z) Z Lan+b_-
n=0 '

If o is a nonzero algebraic number, then any two numbers in the set {fqp(c)|a €N,
be Ny} are algebraically independent over Q. Moreover, any three functions in the set
{fas(2) | @ € N, b € Ny} are algebraically dependent over Q. The same statements
hold also for the power series gq p(2).

PrOOE. By similar arguments as in the proof of Theorem 5 we get the formula

1
fanla) = %(pbe(pFaJrFaq)a + (= 1)t eV Pt e l)a) ’

so that
fusk) = = (ol 4 (<) a0 ) € QW) ana) (0

with z; = e* and z, = e*. Set Ry (21, 22) := fa, 5, (@) and Ry(zy, 22) := fa,5,().
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Case 1: a; # a,. By the same arguments for the application of Lemma 1 as in

the proof of Theorem 5 we conclude for

OR, OR,
6951 81112
Az, ) ==
OR, OR,
81'1 81‘2
that
(-1
l(XzA(Xs X)) — fpbl+sza|—a2XFul+l+Fa2+l =0,

since Fy,_4, does not vanish by the condition of case 1. This proves that for a; # a,

the numbers f,, 5 () and f,,;,(«) are algebraically independent over Q.
Case 2: a := a; = ay. We have b; # by, since otherwise f, 5 () =
It follows that

l(XZA(X, X)) _ nga(( l)bz bi=by _ (_l)blpbz—bl)XFaJrHrFaq

with
(=) = (=1)"p

=2(=1)™
cosh ((b1 — by) log p), if b = b, (mod 2)

Hence, fop,(a) and f,3,(c) are algebraically independent over Q.
The statement on the algebraic dependence of three functions in the set

00 zn
{ > Fanirs ‘aEN, bENO}
n=0 '

follows immediately from (36) with « replaced by z.

For the function g, 4(z) we obtain

gap(@) = plzi "z 4+ (=1)°p P2 ey € Q(VI) (2, 22)

sinh (b — by) log p),if b = b, (mod 2),

fazﬂbz (Oé)

(37)
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from which we deduce for Ri(z1, Z2) := ga, 5, (@) and Ry(z, 3) 1= gq,p,(cx) the

identities

l(XzA(X, X)) _ (_1)(127lpbl+b2Fa]—a2XFal+l+Fu2+l (38)

for a; # a,, and

L(XPA(X, X)) = P ((—1)" p" ™"

_ (_])bzpb,—bz)XFaJrHrEH (39)

for a = a; = ay. (37), (38), and (39) prove the statements of the theorems in the

case of Lucas numbers.
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