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1. Introduction

A classical result of Dirichlet implies that for any real vector x = (z, z,) € [0, l)2
the system of inequalities
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is satisfied for infinitely many p;, p, € Z and ¢ € N. This tells us that any real
vector can be approximated by rational vectors (pi/g, p»/q) at a ‘rate’ of g2,
Moreover, this rate can be considered optimal in the obvious sense. This idea can
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be generalised in the following manner. Choose any positive real numbers ¢ and j
satisfying

1, 7>0 and i4+j5=1 (1)
and let ¢ : N — R>( be any non-negative arithmetic function. For reasons that

will become apparent we refer to @ as an approximating function. Consider the set
Wi, j, %) of real vectors x = (1, T) € |0, 1)? for which the system of inequalities
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is satisfied for infinitely many p;, p, € Z and q € N. Essentially, if a vector x is
contained in W(i, j, %) then it can be approximated by rational points at a rate
prescribed by the approximating function . The exponents ¢ and j act as ‘weights’,
perturbing the speed of approximation across the two components of x. Evidently,
the set W (i, j, ¢) is only interesting if the function 1 takes small values for large g.
It is therefore reasonable to assume, as we will here, that ¥(g) — 0 as ¢ — oo.

In 1926, Khintchine [16] proved a remarkable result describing the rate at
which real vectors can ‘typically’ be approximated by rational points in the case
‘¢ = j = 1/2°. Khintchine’s result was later generalised by Schmidt [23], who
proved that for any pair of real numbers 4, j satisfying (1) and any approximating
function 1 we have

( 00

0, Y () < oo,
r=1

A (Wi, 5, ¥) =

1, Z (r) = 0o and 1 is monotonic.

r=1

Here and throughout, A, denotes standard n-dimensional Lebesgue measure. It was
subsequently shown that the monotonicity restriction imposed on % in the ‘divergent’
part of the above statement can be relaxed. For example, Theorem 3.8 of Harman’s
book [17] suffices. This provides a stark contrast to the present situation in the
classical one dimensional setting, as we discuss in Subsection 3.1.

The system of inequalities given by (2) can be rephrased in more compact
notation to read

max {Jlgzi||'*, llgzal"'} < (@), &)
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where || .|| denotes the distance to the nearest integer. When ¢ = j = 1/2 the
left hand side of (3) reduces to the familiar supremum norm. In this case one can
consider the following ‘multiplicative’ variant of the set W(1/2, 1/2,1) conceived
by replacing the supremum norm with the geometric mean. In particular, we may
define

M) := {x€[0,1): llgzillllgzall < () for inf. many g € N}.

A criterion for the Lebesgue measure of the set M(t), analogues to Khintchine
result, was found by Gallagher [14] in 1962. For any approximating function @ we
have that

00

0, Z ¥(r) log(r) < o0,
A (M(4)) =

L, Z ¥(r) log(r) = 0o and ¢ is monotonic.

\ r=1

It is an open question as to whether the monotonicity assumption can be safely
removed from this statement (for recent progress, see [5]). We remark that the
concept of (consciously) adding weights to the components of approximation is not
prevalent in the study of problems in the multiplicative setting and we avoid its
inclusion here for the sake of clarity.

In 2004, de Mathan & Teulié [22] introduced a closely related ‘mixed’” multi-
plicative setup realised by retaining the condition that ||gz,|| is small but replacing
the condition on ||gz;|| with a condition of divisibility. To elaborate we require some
notation. A sequence D = {nk}zozo of positive integers is said to be a pseudo-absolute
value sequence if it is strictly increasing with ny = 1 and ng|ngy; for all k. In this
case D will often be referred to as a D-adic sequence. We say a D-adic sequence
sequence has bounded ratios if the quotients ny/ny do not exceed some universal
constant.

Given a D-adic sequence we define the D-adic pseudo-absolute value | . |, :
N — {1/ny: k € N} by

lglp = /My = inf{1/ny, : q € npZ}.



78 Stephen Harrap (Aarhus), Tatiana Yusupova (York) [314

In other words, the D-adic value assigns to each natural number ¢ the reciprocal of
the largest member of D dividing g. When {nk+1/nk}2°:0 is the constant sequence
equal to a prime number p, the pseudo absolute value |- |p is the usual p-adic
absolute value | - |,.

Within the setup of de Mathan & Teuli¢ one may consider a ‘mixed’ version of
the set M(1)). Namely, we define

Mp(1p) = {z €10,1) : |glp llgz|| < ¥(g) for inf. many ¢ € N}.

Recently, in [18], an analogue of Gallagher’s statement was established concerning
the set Mp(). For any approximating function ¢ and any D-adic sequence with
bounded ratios we have

0, Z P(r) log(r) < oo,

r=1

A1 (Mp(¢)) =

o0
1, Z (r) log(r) = oo and 9 is monotonic.
r=1

\

Again, it is currently unknown whether the monotonicity assumption is necessary.

Somewhat surprisingly, a mixed analogue of the set W (i, j, 1) has not yet been
studied. The intentions of the present paper are to do exactly that. In particular,
a metric theorem is established concerning the one-dimensional set

Wp(i, j, ) := {x € [0, 1) : max {\q|g' , quHW} < 9(q) for inf. many ¢q € N} .

As we have seen, for each monotonic approximating function i the Lebesgue
measures of the multiplicative sets M(t)) and Mp(¢)) depend on the asymptotic
behaviour of the same sum (assuming that D has bounded ratios). We show that the
sets W (i, j, %) and Wp(i, j,v) enjoy a similar property.

For the case when (q) = 1/q and D has bounded ratios the ‘badly approx-
imable’ complement of the set Wp(i, j, ¥) was examined in [1] (see also [21]).
This seems to constitute all previous knowledge of mixed problems in Diophanti-
ne approximation outside of the multiplicative setting. On the other hand, when
¥(q) = 1/q the sets M (1)) and Mp(3) are strongly related to the famous Littlewood
Conjecture and its mixed counterpart, both of which have received much recent
attention.
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2. Statement of Results

For notational purposes, let Ay := A(D,9,7) := {r e N: ||, < ¢i(r)}.
The main result of this paper is the following analogue of the statement of
Schmidt described above.

THEOREM 1. For any pair of reals i, j satisfying (1), any decreasing approximating
Sfunction ¥ and any D-adic sequence with bounded ratios we have

¢

0, Z Y(r) < oo,

reN

A (Wp(i, 4, 9)) =

LY () = .

\ reN

We remark that under the assumption that 1) is monotonic it is easy to show that

the sums > 9(r) and > i(r) are asymptotically equivalent. As a consequence,
reN reAy

one is free to replace the former sum with the latter in the statement of Theorem 1.
This feature is symptomatic of the fact that the problem at hand is essentially one
of Diophantine approximation with restricted denominator. Indeed, we may write

Wo (i, 3, ) = {x €[0,1): |lgz|| <¢'(qg) for inf. many q € qu} .

When 1 is not assumed monotonic the two sums described above are not
necessarily asymptotically equivalent (see Subsection 3.2) Moreover, using standard
techniques it quickly follows that

A (Wp(i. g, 9) =0 if Y ¢(r) < oo 4)

redy

However, as demonstrated in § 3.2, the analogous statement does not hold in general

for the sum 3 (7). In this sense the monotonicity assumption is necessary in the
reN
"convergence’ part of Theorem 1 (in its stated form). The point is that >, /(r)
reAy
should be considered the ‘genuine’ critical sum relating to the measure of the set

Wp(i, j, ). In fact, it would not be unfair to view it as merely a coincidence that
there is asymptotic equivalence between the two sums in question when monotonicity
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is enforced. That said, to bring the similarity with Schmidt’s classical result to the
forefront we choose to present our statement in the current form, despite the
possibly artificial nature of doing so. Regardless of which sum one chooses we
prove in Subsection 3.3 that the monotonicity assumption in the ‘divergent’ part of
Theorem 1 is absolutely necessary.

It is worth emphasising that the two degenerate cases ‘4 = 0’ and ‘5 = (0’ are
not considered in this paper. On employing the convention that z'/¥ = 0 when
y = 0 for all real z, it is easily verified that in the former case Theorem 1 reduces
to the classical one-dimensional result of Khintchine (see § 3.1), whilst in the latter
case the measure of the set Wp(1, 0, ¢) trivially fulfils a ‘zero-one’ law. Indeed,

[0, 1), (q) > |glp for infinitely many g € N,
Wn(1,0,%) =
, otherwise.

Finally, we remark that whilst it would be desirable to generalise Theorem 1 to
the case of pseudo-absolute value sequences whose ratios are not bounded, to do so
would require more than trivial improvements over the techniques we present.

Theorem 1 is proven as a consequence of a more general Hausdorff measure
result. Throughout, #* denotes standard s-dimensional Hausdorff measure and
‘dim’ represents Hausdorff dimension. Recall that when s = 1 Hausdorff measure
is comparable to one-dimensional Lebesgue measure.

THEOREM 2. Fix any pair of reals i, j satisfying (1), any D-adic sequence with
bounded ratios and any real s € (i, 1]|. Then, for any approximating function v for
which the related function fy : N = Rsq:r+— r1=54)i+35(r) is decreasing we have

;

0, > fulr) < oo,

reN

H (Wp(i. 5. ) =

H([0, 1)) Z fy(r) = 0o and 9 is monotonic.
\ reN

We prove this result via the notion of ubiquitous systems, a fundamental tool for
establishing measure theoretic statements in Diophantine approximation. A tailored
account of the ubiquity setup is presented in Subsection4.1.
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We do not claim the conditions imposed on the function ¥ in Theorem 2 are
optimal. In fact, we suspect that the monotonicity assumption imposed on f,, may
be unnecessary. Despite this constraint, we are able to deduce the following gener-
alisation of a classical theorem of Jarnik [20] and Besicovich [8]. Their fundamental
result corresponds to the case ‘¢ = 0, j = 1’ in our setup.

COROLLARY 1. Choose any pair of reals i, j satisfying (1), any D-adic sequence with
bounded ratios and any decreasing approximating function 1. Assume there exists a real
number T such that

-1 1
7= lim 705;1/)(7‘) < .
r—oo  logr )

Then,

2—aT
dim (Wp(, j, ¥)) = min § 1, — .
im (Wi ) = min {1, 7 4

It should be observed that if ¥(r) < r~'/¢ for all sufficiently large r then the set
Wn(i, j, ¥) is empty.

3. Removing monotonicity

3.1. The work of Duffin and Schaeffer

For any approximating function ) let
W) :={z €10, 1) : |lgz|| < ¥(q) for infinitely many ¢ € N}

denote the standard set of 1-approximable numbers. The one-dimensional version
of Khintchine’s theorem states that the Lebesgue measure of W (1) is zero if the sum
o0 o0

>~ 9(r) converges or one if the sum >, 9(r) diverges and 1 is decreasing. In their

r=1 r=1
seminal paper [12], Duffin & Schaeffer produced a counterexample showing that

the monotonicity assumption in the ‘divergent’ part is necessary. In particular, they
constructed a non-monotonic approximating function ¢ for which A;(W (1)) =0

00
but the sum ) t(r) diverges.
r=1

In an att;mpt to provide an alternative statement to that of Khintchine, free
from any restrictions on the choice of approximating function, Duffin & Schaeffer
considered the following variant of W(%). For any approximating function % let
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W'(¢) denote the set of real numbers z € [0, 1) for which
|gz — p| < ¥(q) for infinitely many p € Z and ¢ € N with (p, q) = 1.

This set differs from W(1)) only by the coprimality restriction on p and g. The re-
striction ensures that the rational approximations p/q to = are in reduced form.
In their paper, Duffin & Schaeffer were able to establish partial results concerning
the measure of the set W'(¢) but fell short of proving their now famous conjecture.
In what follows ¢ denotes Euler’s totient function.

DUFFIN—SCHAEFFER CONJECTURE (1941). For any approximating function ¢ we
have

ey =1 7 32y =,

It is clear that W' (¢)) C W(1), which immediately implies the complementary
statement

W) =0 it 32 0 <o
r=1

holds for every approximating function . The Duffin—Schaeffer Conjecture rep-
resents one of the most profound unsolved problems in metric Diophantine approx-
imation. For a thorough account, including recent progress made concerning the
conjecture, see §2 of [17] and [4].

3.2. The mixed setting

One might expect that similar properties to those suggested by Duffin & Scha-
effer hold within the mixed simultaneous setting. In this section we discuss the
necessity of the monotonicity assumption imposed in Theorem 1. Firstly, we present
a simple example of a function demonstrating that the assumption is necessary in
the convergence part of the result.

For any real pair 4, j and any pseudo-absolute value sequence D = {nk},;'ozo let

U g =y,

0, otherwise,
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where ¢ := (1/ max(i, j) — 1)/2 > 0. Then, for all k € N we have nj > k > k(!9
implying that |ng|p = 1/ny < ¢0(nk) and so Ay, = D. Moreover, it is easy to
see that

D wo(r) <oo but  Wp(i, j, %) = [0, 1)

as required. Of course, statement (4) provides the relevant monotonicity-free crite-
rion giving measure zero and is certainly not contravened here as

S v = v - Sk ‘*‘”>Zk'

reAy, reD k=1

which diverges.
It is easier still to show that the monotonicity assumption is necessary in the
divergence part of Theorem 1. For example, one may take

1/2, (ng,q) =1 forall k €N,
Pi(g) =

0, otherwise,

in which case the set Wp(4, 7, %) is empty but the sum E 1, (r) diverges.

The simple nature of the examples ¥, and 1, is mdlcatlve of the fact that the
volume sum in question is not the morally correct choice. As discussed earlier, a more
interesting problem is removing monotonicity from Theorem 1 when the critical

sum is taken to be > 47(r). Here also, one can provide a counterexample in the
reAy
divergence case, albeit with a degree more of ingenuity. Evidently the convergence

case is completely covered by statement (4).

THEOREM 3. For any pair of reals i, j satisfying (1) and any D-adic sequence there
exists an approximating function ¥ : N — Ry for which

M(Wp(i, 3. ®) =0 but > W(r)=c0

reAy



84 Stephen Harrap (Aarhus), Tatiana Yusupova (York) [320

Our counterexample is constructed via direct modification of the method of Duffin
& Shaeffer and for completion we include a full exposition in Subsection 3.3.

With regards to a mixed simultaneous analogue of the Duffin—Schaeffer Con-
jecture, one begins by imposing a coprimality condition on the rational approxi-
mations as before. Here, this equates to considering the set Wp(3, 7, %) of points
z € [0, 1) for which the conditions

max {Iqlm 1”} <¥(g, (g =1

are satisfied for infinitely many p € Z and ¢ € N. It should now be obvious that it
would be naive to propose that we have

M(Wp(i, j,¥) =1 if Z‘p(r)

for any pair of reals 4, j satisfying (1), any approximating function % and any
‘D-adic sequence with bounded ratios. Indeed, it is not difficult to see this statement
is false; the function %, above provides a counterexample. A more astute and natural
proposal for a mixed Duffin—Schaeffer Conjecture is that

MN(Wh(i. g ¥) =1 if }j””w
re€Ay

The function %, certainly does not contradict this statement as the set Ay, is
empty in this case. Along with its classical counterpart, a proof (or disproof) of this
statement remains out of reach.

3.3. Proof of Theorem 3

In the vein of Duffin & Schaeffer we first show for any R > 1 and € > 0 that
there exists an approximating function t such that

Z P (r)>1, (r)=0 when r<R,
reAy

but the set of = € (0, 1) such that

llgal| < $(g)  for some q € Ay, (5)
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has Lebesgue measure strictly less than e.

Let a be a positive number such that 0 < a < €/2 and choose primes
P1,D2,---,Ds With p; > R (t = 1,...,3) for some natural number s to be
specified later. Since D has bounded ratios we may choose the primes in such a way
that (p, ng) = 1 for all ¢ and k. Next, let

K = K(s, a) := min {k EN:ng > (pi -+ ps/a)”!
and set

N :=ngp; -+ ps.

Finally, define

(go/N), nglg, q|IN, q#ng,

¥(g) ==
0, otherwise.

We claim that 1) satisfies the desired properties. Let A, C (0, 1) denote
the set consisting of the ¢ — 1 open intervals of length 247(q)/q with centres
at the rationals p/q (p = 1,...,q — 1) and the open intervals (0, 7(g)/q) and
(1-147(q)/q, 1). For small enough e these intervals are disjoint and so the Lebesgue
measure of A, is given by 29p9(q) = 2qa/N if 1 < ¢ < N. Furthermore, since
¥i(q)/q = a/N = ¢I(N)/N we have

Av=U 4,

q|N:
ng | q
g#nK

and for all ¢ in this union

1 a i ngo\ i qo i i
|q|D<an<(p1__.p) = (M) < (%) = g
S

i.e., ¢ € Ay. Hence, as ¢(q) = 0 for all ¢ not in the union we may deduce that
property (5) will be satisfied by irrational z € (0, 1) if and only if z € Ay. Moreover,
we have A\|(Ay) =2a < €.
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All that remains is to show that

> () > 1

reAy

Via the change of variables £ := rng' and M := Nnz' we have

ij(r):%Zr:;—/[ZE.

reAy r|N: f|>l:
ng|r M
rENK

We may now follow the original argument of Duffin & Schaeffer. Choose s large

enough so that
S

H(] +1/p) > 1+ 1/a.

t=1

This is always possible because the above product diverges when extended over all
primes. Then, since M = p, - - p; it follows by standard arithmetic techniques that

P g (Mo -1) >
12873

£>1: t=1

>a<ﬁ(l+1/pt)—l> > 1,

t=1

as required. To complete the construction of our counterexample we proceed as
follows. Let 1), satisfy the above properties with R = R, := 1 and € = ¢, := 272.
Then, for some R, we must have that 1,(g) = 0 for all ¢ > R,. Let 1, satisfy
the above properties with R = R, and € = ¢, := 272. Continue in this fashion to
choose numbers R; and construct functions ; satisfying the above properties for
R =R, and € = ¢, := 2. Then, define

Tﬁl(Q), q < RZ,
U(g) =

Yi(q), Ri<q< Ry, t>2.
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It is clear that

Z W(r) = oo,

reAy

but for z € (0, 1) the system
lgzll < ¥/(q), q€ A, gq> R

can be satisfied only if & belongs to a set of measure at most

00

Z 2—r _ 2—t+1’

r=t

as desired.

4. Ubiquitous Systems

Ubiquity is a fundamental tool for establishing measure theoretic statements in
Diophantine approximation and will be utilised in the proof of Theorem 2. This
section comprises of a brief description of a restricted form of ubiquity tailored to
our needs.

The concept of ubiquitous systems was first introduced by Dodson, Rynne
& Vickers in [11] as a method of determining lower bounds for the Hausdorff di-
mension of limsup sets. Recently, this idea was developed by Beresnevich, Dickinson
& Velani in [2] to provide a very general framework for establishing the Hausdorff
measure of a large class of limsup sets. A slightly more simplified account is pre-
sented in [7].

4.1. The ubiquity setup

Let (2,d) be a compact metric space supporting a non-atomic probability
measure p and assume that any open subset of (2 is p-measurable. Throughout,
B(c, ) will denote a ball in  centred at a point ¢ and of radius r > 0. The following
regularity condition will be imposed on the measure of balls: There exist positive
constants a, b,  and 7y such that for any ¢ € Q and r < rg

ar® € w(B(e,r)) < bl
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If this power law holds then we say p is d-Ahlfors regular. 1t easily follows that if
is 0-Ahlfors regular then dimQ = § and that p is comparable to §-dimensional
Hausdorff measure #H°. For details see Chapter 4 of [13].

Let R = {R, € Q:a € J} be a collection of points R, in © indexed by some
infinite, countable set J. The points R, are referred to as the resonant points. Next,
let B:J — Ry :a— B, be a positive function defined on J for which the number
of a € J with 3, bounded above is always finite. The latter condition imposed
on the function [ is very natural and is often referred to as the Northcott property
in reference to Northcott’s famous result that the number of algebraic numbers
of bounded degree and bounded height is finite. Finally, given an approximating
function ¥ define

A(D) :={z € Q:z € B(R,, ¥(8,)) for infinitely many a € J}.

It is the measure of this set in which we are interested.

To demonstrate the ‘limsup’ nature of A(W¥) first choose any two positive
increasing sequences [ := {l;} and u := {u;} such that [ < uj and kh_)rgo I, = 0.
These sequences will be referred to as the lower and upper sequences respectively.
For k € N let

AN, k)= | B(Ra ®(Ba)),

acJ(k)
where J'(k) :={a € J: I < B, < ui}. Then, it is easily seen that

00

Ay = U Af(@. k).

m=1 k=m

We can now define what it means to be a ubiquitous system. Let p : Ry — Rg
be any function with p(r) — 0 as r — oo and let

Af(p.k):= | B(Ra. plug)).
acJ(k)

DEfiNITION (LOCAL p-UBIQUITY). Let B = B(c, r) be an arbitrary ball in Q) of radius
r < ro. Suppose there exists a function p, sequences | and u and an absolute constant
Kk > 0 such that

w(BN Ai(p, k) = ku(B) ¥V k > ko(B). (6)
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Then the pair (R, () is said to be a local p-ubiquitous system relative to (p, 1, u).
The function p is referred to as the ubiquitous function.

Finally, a function h is said to be wu-regular if there exists a strictly positive
constant A < 1, which may depend on u, such that for k sufficiently large

h(upy1) < Ah(ug).

We now present two powerful results associated with ubiquitous systems, which
have been tailored to our needs. The first theorem (see [2, Corollary 2]) concerns the
p-measure of the limsup set A(¥) and in our setup corresponds to the case ‘s = I’
in Theorem 1. The second (see [3, Theorem 10]) deals with the s-dimensional
Hausdorff measure H* of A(¥) for 0 < s < 1. Due to the nature of the ubiquity
framework it is necessary to deal with the two scenarios separately.

THEOREM BDVI1 (2006). Let (2, d) be a compact metric space equipped with a
d-Ahlfors regular measure p. Suppose that (R, () is a local p-ubiquitous system
relative to (p, 1, w) and that V is a decreasing approximation function. Furthermore,
suppose that either VU or p is u-regular and that

i(wuk))&:(m

P p(uk)

Then,
p(A(P)) = 1.

THEOREM BDV2 (2006). Let (0, d) be a compact metric space equipped with a
d-Ahlfors regular measure . Suppose that (R, () is a local p-ubiquitous system
relative to (p, 1, uw) and that U is a decreasing approximation function. Furthermore,
suppose that 0 < s < §. Let g be the positive function given by g(r) := U* p~% and let
G = lim sup g(uy).

k—00

(i) Suppose that G =0 and ¥ is u-regular. Then,
o0

H(A) =00 if D glu) = oo.
k=1

(ii) Suppose that 0 < G < 0o. Then, H*(A(V)) = cc.
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Before proceeding, we recall a generalisation of the Cauchy condensation test
attributed to Oscar Schldmilch, which can be found in [9, Theorem 2.4]. We will
appeal to this result multiple times in our proof.

o0

SCHLOMILCH’S THEOREM (LATE 19TH CENTURY). Let Y, a, be an infinite real series
r=0

whose terms are positive and decreasing and let my < m; < .-+ be a strictly increasing

sequence of positive integers for which there exists a constant M > 0 such that

Mi4 — My

<M forevery keN. (7)
My — M—|
00 00
Then the series », a, converges if and only if the series >, (M1 —Mg) G, converges.
r=0 k=0

It should be noted that, taking my = ny, for some D-adic sequence {ny}, condition
(7) is satisfied for some M > 2 if and only if the sequence D has bounded ratios.

5. Proof of Theorem 2

For the divergence part of Theorem 2 we will appeal to the ubiquity framework
described in the previous section. The convergence part follows by well-known
arguments stemming from the Borel—Cantelli Lemma. For completeness we include
a short proof here.

Firstly, note that we may assume (r) < 1 for all sufficiently large 7, for

otherwise the sum Y fy(r) would surely diverge. So, for each k € N sufficiently
reN
large we can find a unique natural number my, for which

1

(8)

ni <¥'(ng) <

my nmk—l

This is possible since v is decreasing and D is an increasing sequence. The pseudo-
absolute value is discrete, so for sufficiently large &k € N it follows from (8) that

g€ mom] - g€ A} < # {a€ (el labp < 9 }

%)
1
=#3q€ (g, mppr] : lglp < — ¢ =
'nmk

=#{q€ (np,mps1]: nm, g} =
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N1 — Nk

My

< (M1 = i)Y' (ni).

Next, for each ¢ € Ay let W, denote the set of real numbers z € (0, 1)
satisfying

max {lgh{' gzl "/} < ¥(a)

and let M > 2 be an upper bound for the ratios of consecutive elements of D; i.e.,
Np1/ny < M for all k € N. Each set W, is covered by the ¢ — 1 open intervals
of length 21)7(q)/q with centres at the rationals p/q (p =1, ..., ¢~ 1) and the two
open intervals (0, ¢7(g)/q) and (1—17(g)/g, 1). Let us denote by E, this collection
of covering intervals. For any ky € N we have that the countable collection

U &

geAy
q>nk,

isa p—cover for Wp(i, j, ¥) for p = 2p(ny,)/ny, . Thus, the value H;(Wp(i, j, 1))
is at most

s Z qlfsij(q) < 2lefs Z n]lc—sz/)jS(nk) Z 1 <

qeAy k=ky qEAy
g>ng, q€(ng, ngr1]
x . .
<MY (g — ni)my 9 (ny). )
k=ky

However, the function f; = r'=%t?*7%(r) is assumed decreasing and D is assumed to

00
have bounded ratios and so we may apply Schlomilch’s Theorem. The sum » fy(r)
r=1
converges so we may take (9) to be as small as we wish. In particular, as p — 0

(or equivalently as kg — 0o0) we have H5(Wp(i, j, 1)) = 0 and the ‘convergence’
part of Theorem 2 is complete.

We now demonstrate how the ubiquity framework can be applied to the set
Wp(i, j, v). Firstly, choose a natural number c. It is easy to see that Wp(i, j, 1)
can be expressed in the form A(¥) with

Q:=[0,1], \Il(r)::z/)j(r)/r, J::{(p,q)ENxN:qEAap,nggq},
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a:=(p,q) €J, Lo:=¢q, R.:=p/q, up:=lgr1:=n, p:=Xx, 0:=1,

T k) ={(p.q) € Jinep-y <q<na}, A/(L.k):= |J B@/av(0/0).
(p.9)€J}' (k)

so that
Wop(i, j, ) = lim sup Af(¥, k).
k—00

The natural number ¢ above is introduced for technical reasons and its appearance
will be qualified later, suffice to say we may not take ¢ = 1.

We now show that this system is locally A;-ubiquitous relative to (p, [, u), for I
and u as chosen above and some real positive function p satisfying with p(r) — 0
as r — oo. It is apparent that an appropriate choice of ubiquitous function is
p(q) := v/¢*¢(q) for some constant y > 0 for then the sum

~ 5 002 hi(n (N, -
Z (\IJ(uk)) _ Z M = % ; Nt (Ner)

i\ Plur) k=1 ¥ Tk

o0
diverges if and only if the sum Y 9(r) diverges by the result of Schlomilch.
r=1
Next, we point out an important observation. When >~ r!=%9*7%(r) = oo and
reN
s € (i, 1] we may assume that

$'(r) > 1/r forall r € N. (10)

To see this, let R := {ry},ey be an increasing sequence of integers for which
Y'(r) < 1/ry,. Then, for s € (i, 1] we have

I R

keN keN reN\R

Moreover, for each k € N we have

; 1
P'(re) < — < relp

Tk
and so 7, € Ay. The upshot is that we may choose J C N x (N'\R) in the ubiquity
setup and neither the set Wp(4, j, 1) nor the divergence of the corresponding volume
sum is affected by the removal of the integers ry.
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Observation (10) immediately implies p(r) — 0 as r — 00 as required in
the ubiquity setup. Furthermore, let M > 2 be an upper bound for the ratios of
consecutive elements of D. Then, the monotonicity of 1) immediately implies that

wj(nc(khtl)) < 2,[)j('nck) < wj(nck)
Neert)  Meksr)  Mene

and so V is trivially u-regular. Hence, to prove the ‘divergence’ part of Theorem 2
it suffices to show the following holds.

PROPOSITION 1. Let p(q) := v/¢*'(q) for some v > 0. Then, the system defined
above is a locally \|-ubiquitous relative to the triple (p, Te(k=1)> Ne) for some ¢ € N.

We begin by modifying the sequence specified in (8). Once more we may
assume that ¢(r) < 1 for large r and so for any sufficiently large k£ € N and any
¢ € N we can find a unique natural number my, := my(c) for which

1 ; 1
< W (nck) < .
ncmk nc(mkf 1)

(11)
To prove Proposition 1 we require a the following consequence of a classical theorem
of Dirichlet.

PROPOSITION 2. Fix ¢ € N. Then, for every x € R and every k € N there exists
p/q € Q with ey, < q < Ny, such that

n 1
< and glp < . (12)

ck cmy;

PROOF OF PROPOSITION 2. Dirichlet’s theorem states that for all ' € R and for all
N € N there exists p/q¢ € Q with ¢ < N such that

|2’ —p/d| < 1/dN.

Let N := ng/Nem, - Observation (10) guarantees that N > 1. Next, set & 1= &'nepy,
and ¢ = Nem, ¢ . Then, for all x € R we have

2
p’n’CTrL;c ncmk
e = q qnick
C
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whereby upon division by n.n, the desired inequality is reached. Furthermore,
Temy < ¢ < NemyNek/Mem, = Nek and |glp < 1/Nem, as required. O

In what follows, for 7 € N we denote by K~(r) the set of ¢ € N with
lalp < 1/Ney, for which ¢ < ngp—1y, whereas K (r) will denote the set of ¢ € N
with |glp < 1/nem, that satisfy ng,_1) < ¢ < ne. Recall that p(r) := /r?'(r) for
some 7y > 0.

To prove Proposition 1 it now suffices to show that for every interval I C [0, 1)
there exists an absolute constant k > (0 such that

Ml U UB( nck)) > kA (D) (13)

geAy:  p=0
GE(Ne(h—1)> Mck)

for all k sufficiently large. Assume M > 2 is an upper bound for the ratios of
consecutive elements of D. Upon setting v = M?¢ it is easily verified that the LHS
of (13) is bounded below by

n,

LR UB(p ”"k) . (14)
K+ (k) p=0 q Nck

To see this simply note that for n;_1 < ¢ < ne we have

ck
¢ ck—(c(k— c
ne<q [ o <qMFEVEIR — gy

t=c(k—1)+1 -1
and by definition
CMy, n
Teemy, = Me(my—1) H - < nc(mkfl)Mc < wil(nck)Mc‘
s=c(mp—1)+1 sl

Proposition 2 implies that the value in (14) exceeds A{(I) — A;(J), where

~uUs(nmm)

K-(k) p=0 q Nk
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However, for each ¢ there are at most \;(I)g + 3 possible choices for p and so

<2 Z qnck
—2\(1)

For each r € N the cardinality of K*(r) is bounded above by (n., —

Therefore,

1

6N,
—m - <
e 2

¢

1(Hg+3) =

cmk

Z 14 6ncmk Z 1

s Mk =y 4

Toe(r— 1))/ncmk .

k-1
6N, Z
Nk

r=1 K*(r)

~

S

k-1
67cm, (ncr - nc(rfl))
E <

<
Nk —1 nc(r— I)ncm,C
6(M°—1)(k—1
6= nE=1)
Tk
(D)
< —3
4

for k large enough. Moreover, the cardinality of K~ (r) is bounded above by
Ne(r—1)/Mem,, for 7 € N and so

DI S <o)
ek K- (k)

< ZAI(I)z—(ckfc(k—l)) _
= 2"\ (D).

Toe(k—1)
- X
Nk

It follows that for ¢ > 2 and for sufficiently large k we have \((7)
inequality (13) indeed holds with x = 1/4.

< 3X\((I)/4, and
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