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1. Introduction

The best known irrationality measure of ((2), namely
1(¢(2)) < 5.441242..., (1)

was proved by Rhin and Viola [7] through the arithmetical study of 120 double
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integrals obtained from

1

/ 1 (x(l B x))lzn(y(l _ y))l4n o dy

(] _ :L.y)l3n+l

n > 0 integer
0

by applying a suitable permutation group isomorphic to the symmetric group Ss.
An irrational number « is said to have an irrationality measure p if for all € > 0
there exists a constant vy = vp(e) for which

for all integers u and v with v > vy. We denote by u(a) the least irrationality
measure of .

Due to a descent argument developed for the first time in their paper, the
authors of [7] prove that if

h,i,j, k,1>0 (2)
are integers, then
1

//ﬁhﬂ_wl%Lﬂ»dx@EQ+Zq2. 3)

xy)er] 1+1

0

We refer to the property (3) as the arithmetical structure of this double integral.

An important step to achieve (3) is to prove that this integral is invariant under the

action of the permutations (h ¢ j k [) and (h k)(¢ j), and hence of a permutation

group isomorphic to the dihedral group ®5. This arises by applying to the double

integral in (3) a suitable birational transformation on the integration domain (0, 1)2.
If moreover

jik—hk+l—ilth—jhti—kitji—1>0, (4)

then the integral in (3) divided by hliljlkl! is invariant under the action of the
symmetric group G5 permuting the five sums

htiit+jj+kk+L1+h,
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and linearly extended to the ten integers (2) and (4). We refer to the last property
as the algebraic structure of the double integral in (3). In [7] this follows from
Euler’s integral representation of the classical hypergeometric function, and is used
to obtain crucial informations on the denominator of the rational part of (3).

By a highly non-trivial extension of the outlined method, Rhin and Viola also
proved in [8] the best known irrationality measure of {(3),

#(C(3)) < 5.513890.... (5)

The arithmetical structure of some special instances of (3) was studied by Hata
in [3] and [4]. In these and in a subsequent paper [5] he applied to Beukers’s
integrals for ¢(2) and for {(3) (see [1]) the method used by Rukhadze [10] for
the irrationality measure of log 2. For {(2) Hata used repeated partial integration
to transform the integral in (3) into an integral containing a suitable Legendre-
type polynomial, under restrictions on the parameters h, 4, j, k, [ stronger than (4).
Up to a linear transformation, these polynomials are also known in the literature as
special cases of the Jacobi polynomials (see [2], Vol. II, p.169 formula (10)), and
are important because the coefficients are integers having many prime factors in
common. Hata also employed a similar method to obtain an irrationality measure
of ¢(3) (see [3] and [5]).

In [11] Zudilin obtains new proofs of (1) and (5) in the spirit of Nesterenko’s
proof [6] of Apéry’s theorem on the irrationality of ¢(3). Zudilin applies a theorem
of Nesterenko (see Proposition 1 of [11]) in order to express Rhin and Viola’s
double (see (3) above) and triple (see (21) below) integrals in terms of the so-called
Meyer G -functions. Zudilin uses an identity of Whipple and another identity, due to
Bailey (see (6.6) and (4.1) of [11], respectively), thus obtaining a new interpretation
of the Rhin—Viola permutation groups for {(2) and ¢(3).

In the present paper we show that the arithmetical structure of the integral (3)
can actually be obtained, in a sense surprisingly, through repeated partial integration
not only in the special cases presented in [1], [3] and [4] but even in the general
case fully considered in [7] . Furthermore the algebraic structure follows from two
transformation formulae (see (7) and (8) below) relating Legendre-type polynomials
(in z or in y) appearing in the partial integration method alluded to above. Com-
paring with [7], all the four corresponding permutations are “hypergeometric”.

We also apply similar considerations to a triple Euler-type integral related
to ¢(3). A special instance of this integral appears in [3] and is related to Beukers’s
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by means of a change of variables. The arithmetical structure of our triple integral
is again obtained by repeated partial integration. On the other hand, in order to
obtain the required algebraic structure, we shall use, together with (7) and (8) below,
a classical integral representation of the first Appel hypergeometric function.

2. The arithmetic of 120 double integrals

The following lemma was stated by Hata (lemma 1.1 of [4]), who attributed it to
Beukers (its proof being implicit in the proof of lemma 1:(a),(c) of [1]).

LEMMA 1. Let F € Z|z|, G € Z|y|. Then

[ [ rocw =L~ a- s,
0

0

where

B dz

F(Z)G G( )—EZ

2\/_j{ 2\/_%

and dydyA € 7, with M = max{deg F, deg G} and
N = min{max{deg F', deg G — ordyF'}, max{deg G, deg F' — ordyG}} =
= max{deg G — ordyF, deg F' — ordyG, min{deg F', deg G}}.

In particular, if deg F' < ordyG or deg G < ordyF then B = 0.

Here and in the rest of the present paper,
d,, := least common multiple of 1, ..., mifm >0, dy:=1,

and ord, FE denotes the order of vanishing of the polynomial E(z) at the point
z = zy. For convenience we also write the integer B as

F(z) G(y)
(27“/_)2 f f 2y dm dy. (6)

[y[=p1 \sz\ =p2
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As announced in the introduction we shall also need two transformation formu-
lae relating Legendre-type polynomials. The formula (7) below is a reformulation of
the formula (1.3) in [3] (see also lemma 3.1 in [9]). For a given m > 0 integer, let

0,(2) = ()" (@)
for any analytic function Q(z).

LEMMA 2. Let ay, ay, by, by > 0 be integers satisfying

a1+a2:b1—|—b2.

Then
_ (11! (12! N
Dy, (2" (1= 2)) = (=2)" ™" 5 Day (2(1 = 2)%) (7)
and
ay! a,!

Dy, (22(1=2)") = (1-2)"™" Dy, (2"(1 = 2)™). (3)

b,! by!

PrOOF. We decompose (1 —2)® and (1 — 2)> in (7) by using the binomial theorem:

Db| (za|(1 _ Z)az) _ Ez }(—l)l <a;2) (l 41;]&1) Zl+al_bl

I=max{0,b;—a,

by
R S D VIR 1 [ (O B

r=max{0,a;—b; }

and

Comparing the two sums above we get (7). If indeed | + a; — b; = r, then

I+ ay r—+ b ar—b, @1} 3!
() e i

One obtains (8) by changing z into 1 — z in (7). O

Let h, 1, j, k, I > 0 be integers such that s+ j —,l+ h —j > 0. Let

a=max{0,7-1}, pf=max{0,i+j—-—h-1Li+j—k—-1-a},
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y=k+l-i—-j+a+08 (9

With the notations (9) we define

I(h’ i, Js k, l) = (—1)i+j+l+a «

| 1
i ., drdy
« [ [0 -0 D0 - 2 -
0 0
We may apply the Lemma 1 with
F(z) = 2°(1 — 2)*Diy j(z"(1 - z)") (10)
and
Gly) =y’ (1 -y, (11)
so that

degF=a+pf+h+i—(i+j—1)=max{h,i,l+h—j,h+i—k,i+j—1},
degG=v+j—-pf=a+k+l—i=max{k+1—1i,j+k—1, min{j,}},
ord)FF =a+max{h+1—i—j}, ordG=v=k+Il-i—j+a+0,
deg G —ordgF = min{j+k—h,k+1—1i}, degF—ord)G=h+1i—k.
It follows that dydnI(h, i, j, k, 1) = A—B((2), where B € Z and dydyA € 7, with
M=max{j+k-hk+l—i,l+h—-jh+i—k,i+j—1 h,i min{j,}}

and

N = min{max{h,i,l+h—jh+i—ki+j—l, min{j+k—h k+1—i}},
max{j +k—h,k+1—i,h+i—k min{j, 1}}}. (12)
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The next step is to apply (7) with ay = h, a; =4, by = i+ j—1 and
b, =1+ h — j, to obtain

(=) (1 = 2) Dy (a1 - 7)) =

hli! a o |
= (th )'z T l)'(—])h+axﬁ+h+l—r](] _ x)aDh(z_erJ—l(] _ m)Hh—])’
=)+ —t)

which readily implies

hli!
I
(I+h=7c+j5=10)

I(h,i,j, k1) = (G+7i-LI+h—-3,4.k1).
Similarly, by applying (8) with a; =4, a = h, by =i+ j—1land by =1+ h — j,
we get

(1= 2)°*Dipjoi(a(1 - z)') =
hli!

o _ atl=jry (dth=d i+j—1
BE(ET T S B A A CO St A

which plainly implies

hli!

o I
I(h,l,],k,l) (l+h—])'(’t+.7_l)'

(I+h—ji+5—-11kj).

By (9),a+i>i+j—land B+h >i+j—1l. Hence, bya (i+ j— l)-fold partial
integration with respect to x,

zP(1 — xz)®

(1 —y) ™ da dy.
I~y y'(1 -y’ “dzdy

1 1
fhig k) = (0° [ o' 2Dy
0 0

Since zﬂ(l — ) is a polynomial in z of degree not exceeding 7 + j — [, we have

e -
T zy (1 —ay)iti-i?

whence I(h, i, j, k, l) equals the integral in (3). According to the introduction, we
may now transform the integral (3) into an integral analogue to our definition of
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I(h, i, j, k, I) by repeated partial integration with respect to the variable y, and then
apply (7) and (8) to the latter integral. However it turns out that this is equivalent
to remark that by exchanging the rules of z and y in (3) we also have

I(h,i, 5,k 1) =I(i, h, k, j,1).
From now on let us assume (2) and (4). Let p, g, 7, s,t > 0 be integers such that
h=p+gq i=r+s j=t+p k=qg+r l=s+t

From what we proved, the quotient

I(p+gr+sttpgtrs+i)
P+ @)l (g + )+ 8)!(s + )t + p)!

is invariant under the action of the permutations (¢ 7), (p s) and (p 7)(s t). These
three permutations generate the whole symmetric group Gs on p, g, 7, s, t, because

(pr)st)gr)pr)(st)=(pg and (pr)(st)ps)pr)(st)=(rt).

The permutations (p ¢) and (g r) correspond to the transformation (7), and (p s)
and (r t) to the transformation (8). In particular

I(h,i,5, k1) =I(p+qr+st+pqg+r,s+t)

is invariant under the action of the dihedral group ®s of all the permutations on
D, ¢, 7, 8, t (or, equivalently, on h, i, j, k, l) preserving or reversing the cyclic order
of the elements. This group is transitive on p+1r, r+t, t+q, ¢+ 38, s+ p, i.e.
on the five integers in (4), whence we may assume in (12) that

h+i—k=min{j+k—hk+l—4l+h—jh+i—ki+j—1}.
In this case

N = min{max{h,i,l+h—j,i+j— I, min{j+k—h,k+1-1}},
max{j+ k — h, k+ 1 — 14, min{j, [}}}.
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Let

H=max{h,i,j,k I, j+k—hk+1—il+h—jh+i—ki+j—1}
and

K =max'{h,4, 4, k1, j+k—-hk+l—il+h—Fh+i—ki+j—1I}

(as usual, max, max’, max”, ... are the successive maxima in a finite sequence of
real numbers). Then

I(h,i,j, k1) = A— B((2),
where dgdgA € 7 and B € Z. This quantitative version of (3) must be combined
with the algebraic structure described above.
Let h =14 =12n, j =k = 14n, | = 13n where n > 0 is an integer, and let

I(12n, 12n, 14n, 14n, 13n) = A, — B,((2). By sections 4 and 5 of [7] there exists
a sequence A, such that A,, divides B,, and d;¢,d;5, A4, , and

1
lim —log A, =9.29787398... + 1.76782442... = 11.0656984... .

n—00 N

By standard computations

1
lim — log I(12n, 12n, 14n, 14n, 13n) = —31.27178857....

n—00 N

By a straightforward application of Cauchy’s integral formula to (6) with F(z) and
G(y) given by (10) and (11) respectively,

__ 1 a"(1—2)'y*(1 - y)
B § f Saage

= _ L=
[yl=p1 |2 J1=p2

whence

1
lim — log|B,| < 30.41828189....
n—oo N

By a classical lemma one obtains u(¢(2)) < 5.441242... .
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3. The arithmetic of 1920 triple integrals

By lemma 1:(b),(d) of [1], and taking into account that

log((1—2)(1 —y) _ / dz
—(-ai-y J (-a0-2)1-y2

(see [3], p-122), we have

LEMMA 3. Let F € Z|z], G € Z[y]. Then

where

1\ dz
F(1— G ——-)—€Z,
(1-26(1--)=e

e f
and d3,dyA € Z, with M = max{deg F, deg G} and

N = min{max{deg F, deg G — ord, F'}, max{deg G, deg F — ord|G}} =
= max{deg F' — ord|G, deg G — ord, F, min{deg F, deg G}}.

In order to write the integer B in a more convenient way, we remark that for any
f» g > 0 integers, if F(z) = (1 — z)/ and G(y) = (1 — y)? then

-1 if f=uy,

1
2=l 0 if f#g

Since

(27rr)3 ]{ f{ ]{ ]_lx—]:czf:(z;)(_]_) )dmdydz:

l21=p1 |y—Ll=p> loa— 55 |=ps
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(z— 1) -1 if f=yg,

) gt -
Mrz]{p. (e 1) ¢ 0 if ftg.

by linearity we get

B=— 27“/_)3}{ f }{ = g)(iyl) J dodvdz (1)

l2l=p1 \@—ﬁ| P2 \y—’| p3

for all F € Z|z] and G € Z|y]. We recall the definition of the first Appel hyperge-
ometric series of two variables

Fi: 8.y = 3 DBy <

20 D V!

(see [2], vol.I, p.224 formula (6)). Here (w)y = 1 and (w), = w(w+1) -+ - (w+7—1)
if 7 > 0. The above series has the following representation as simple integral of
Euler’s type, valid if Re @ > 0 and Re(y— a) > 0 ( [2], vol.I, p.231, formula (5)):

5 I'(y) / el (1 — 7o
Fl(aa ﬁa ﬁ’: Y5 U,U) a)r(,y Of (l _tu l_tru)ﬂl dt

Moreover, if 8+ ' = 7 the double series Fy(a; 3, 3';;u,v) can be written as
a simple hypergeometric series ( [2], vol.I, p.238, formula (1)):

(1= v)"Fi(a; 8,858+ B u,0) :2Fl(a’5’ﬁ+ﬁl; ?:Z)
Since ,Fy(a, B, B+ A5 w) = F1 (3, o, B+ ('; w) and
(1—v)ﬂFl(,B;oz,ﬁ+ﬂ'—Oé;ﬂ-h@';%v):2Fl( ; ?::)

we have

Fi(e; 8,858+ B5u,0) = (1-0) *F(Ba, B+ —a; B+ 0 u,v)
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whence the following integral transformation holds (if Re o, Re 3, Re ', Re(8 +
+4 —a)>0;u,veC\][l,+ool):

1
te-1(1 = ﬂ+ﬂ' a—1
/ ( =
(1 —tu) 5(1 — tv)#
0

N(a)T(B+ 8 - a) #9-1(1 - )P
DAY / 1 — tu)(1 — tv)+F-a dt. (14)

=(1 -0’

LEMMA 4. Let ay, ay, by, by = 0 be integers satisfying
a; + a; = by + b,.

Then for any x,y € C\ [1, +00|

(1—2z)=
dz =
o—wu—zﬁﬁw«—ww+'z
0 [ bi(1 b
1 — 2
:al.aQ./ 2"(1—2) i (15)
bilby! J (1 —z(1—2)2t(1—yz)ut!
0

and

1

(1-2)"
!U—uuwwwa—wwH“_

1
7(1,y)b.—ana1!a2!/ zbl(le)bz ds (16)
-2z bilby! S (1 —a(l—2)t!(1 —yz)t!
0

PROOF. By applying (14) with a =a;+ 1, f=b+ 1,8 =by+1,t=2,u=y
and v = z/(z — 1) we obtain (15).

By applying (14) witha = a,+1, 8=b+1, 0 =b,+1,t =z, u=z/(x—1)
and v = y we obtain (16). O
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Let h, j, k, 1, m, q,r, s > 0 be integers such that
h+m=k+r and j+q=Il+s,

and that g+ h—r,r+1l—qj+m—k, k+s—75>0. Let

a=max{0,g+h—r-1}, [={0,j—Fk j—1+max{0,q—r}—a},
y=max{0,j+m—-k—s}=r+l—-q—h+a,
d=max{0,q—r,q—s+max{0,j—k}—~}, e=q+k—j-m+B+vy-79,
n=j+r—q—h+a+d-08. (17)

We remark that oy = 0. With the notations (17) we define

1 1 1
I(h, j, k, I, m,q,7,8) = M*ﬁ”///w (1=2)’ Dy per(a’ (1 - 2)") x
0O 0 0

dx dy dz
(I—z(1-2)(1-yz)

It is easy to see that €,7 > 0 and € +7n = a + . We also remark that

X (1 = 9)’Djymi(y’ (1 — 9)™)2* (1 - 2)"

ordy (wa(l - x)‘quJrh_T(xl(l - w)h)) =a+max{0,7+1—g—h}=max{a,7},

ordy (47(1 =) Dy -+(y" (1= )") ) =7+ max{0, -+ — j—m} = max{a, 7},
Let

S:{h’js kslsm!qyr>sﬁ
h+l—j,j+m—-k,k+q-1ll+r—m,m+s—q,q+h—r,r+j—s,s+k—h},
and let H = max S, K = max'S, L = max"S. We are going to prove that

I(h, j, k,l,m,q,7,8) = A—2((3)B, dpydxd,A€Z, BEZ (18)
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under the assumption
HeS\{h+l-j,l+r—m,m+s—gq,s+k—h}. (19)

We distinguish two cases:
First case: v = 0. Hence a, (3, §, € and 7 in (17) may be rewritten as follows:

a:q+h_r_l3 ﬁ:max{osj_ksj_h’9j+r_q_h}’
0 =max{0,q—7,q—s,l-k}, e=q+k—j—-m+p-0, n=j-1+6-0.

Since 0 < n < o = € + 7, by writing

(1 —2)" xf

1—z(l—2) 1-2(1-2) —(l+z(l=2) +-+2"'(1-2"")

we decompose the integral into n+1 parts: I(h, j, k, I, m, g, r, s) = Jo+Ji+...+J,,
where

1 1 1
gy =y [ a0 0D @ - )
0O 0 0
dx dy dz

x (1— y)ﬂDj+m—k(ys(l -9)")7 (I=2(1=2))(1 —yz)’

andfor0=1,...,7n

1
Jp = (—1)EEBTeT / &1 = 2 Dysnr (@1 - 7)) do
0

_1 dy dz
—yz

x / / (1= 9)’Dj @’ (1 = )™= (1 = 2)°

Similarly, by writing

yEzE 1 e—1 _e—1
= —(I+yz+---+ z
[l g (I+y y )
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we decompose the integral Jy into € + 1 parts: Jy = Ky + K| + --- + K., where

Lo
Ky = (=1)7thHoee / / / 2°(1 = 2)’ Dy pp(z'(1 — 2)") x
00 0

_ s m dz dy dz
< 4™ (1= 1)’ Dy’ (1 = 9)™) (

1—z(1—2))(1 —yz)’

and, for A\=1,...,¢

1

Ky = (—1)/ TEHArot 0/ 0/ (1= )’ Dy, (z'(1 - m)h)z**‘% X

1
x / = (1= )P Dy a1 — 9)™) dy.
0

We now apply our Lemma 3 to the integral K, with
_ § l h
F(z) =2°(1 — )’ Dgrp—r(z' (1 — 2)"),
GW) =y (1 = 9) " Djrm 1y’ (1 = »)™),

so that

degF=h+1l-j+08, degG=m-+s—q+39,
ord|F = 6 + max{0,r — ¢}, degG —ord|F = min{m+s—gq,s+m —r},
ordiG = B+ max{0, k— j}, degF —ordiG =min{h+1—7j,1+h—k}.
Hence dydydgKy € Z + 2{(3)Z, with
M=Q=max{h+1—-j+ 03, m+s—q+d},
N:max{min{m—&—sfq,s—i—mfr},min{h—i—lfj,l—l—hfk},

min{h+l—j+ﬁ,m+s—q+6}}.
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Since
h+l—j+B<h+l-j+B8+n=h+06=max{h,qg+h—r,h+q—s,l+h—k}
and

m+s—q+0 < m+s—q+d+e = k+s—j+0 = max{k+s—j, s, s+k—h, m+s—q}

we have dgdgd Ky € 7 + 2((3)2
As to the integrals Jy with 6 = 1, ..., n, we apply our Lemma | with

F(y) = (1= 9 Djpmiy’ (1 =9)"),  Glz)=#(1-2)"",
so that

degF=k+s—j+p08, degG=e¢+6—-1<a=ordyF,

ord)G =€, degF —ord)G=m+s—q+9.
Since moreover
deg (xf+f’—‘(1 — 2)’ Dy (' (1 - x)h)) <h+l-j+B+n=h+0,
we have dyydydyJy € Z+2((3)Z for § =1, ...,n, where
M=k+s—j+B=m+s—q+6+e=max{k+s—js,5s+k—hm+s—q},
N =max{qg+h—r—I,m+s—q+0},

with
g+h—-r—Ii<minf{h,¢g+h—r,s,k+s—j}
and

m+s—qg+d=max{m+s—qg,s+m—r,m,j+m—k}
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(note that s +m —r =s+k —h),
Q=h+l-j+B+n=h+6=max{h,q+h—r,h+q—s,1+m—k}.

Again this implies dgdgdJy € Z + 2((3)Z because H € {m +s—q,s +m —r}.
We next apply our Lemma 1 to the integrals K, (where z is changed into
1 — z) with

F(z) =z°(1 - x)‘;Dquh_r(xl(l —z)"), G(z)= (1 - 2

Since
deg (¥ (1= ) Dy w1~ 9)™)) < Bt h+s - j

we get dM"dN”dQ”K)\ €7+ 2C(3)Z, where

M'=N"=degF=h+1l-j+B=max{h+1—j l+h—klr+1-q}
<h+dé=max{h,q+h—-r,h+q—s,l+h—k}

(note that h +1—j=h+q—s),
Q"=k+s—j+B=m+s—q+é+e=max{k+s—j,s,s+k—h,m+s—q}

whence dpdgdpK) € 7 + 2{(3)Z because H € {h+1—j, |+ h—k}.

Second case: a = 0. By exchanging = and y, and changing 2z into 1 — z in
the integration, we see that I(h, j, k, I, m, q,r, s) = I(m, q, r, s, h, j, k, ). In other
words, the permutation (h m)(j ¢)(k )(I s) leaves the integral I(h, j, k, [, m, g, T, 3)
unchanged, and by (17) exchanges a with v, 8 with ¢ and € with 7. Hence (18)
follows from the previously considered case v = 0.

From now on we make the assumption that all the sixteen integers in the finite
sequence § are non-negative, but we do not assume (19) anymore. We shall prove
that I(h,j, k,l,m,q,r,s) is invariant under the action of a permutation group
isomorphic to g, as a special case of the invariance of the quotient

I(h> ja ks la m, qa T, 5)
hljlEN'm!glr!s!
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under the action of a permutation group of order 1920. Then (18) will follow without
assuming (19). By applying (7) with a; =1, ay =h, by =q+h—-r,by=r+1—¢q
we have

l'h!

(q+h—7)(r+1- q)!Dl(qurhﬂ(l B x)’"JFl*q).

Dyinr(@'(1 = 2)") = (—z)Heh

By applying (7) with a; = s, a =m, by =j+m—k, by =k + s — j we get

m!s!
(j+m—k) (k+s—j)!

Dyl (1)) =) Dy (1—y) o).

These together yield

I(h,j,k,l,m,q,r,s) - I(T+l_q’j,k,Q‘f'h_Tsk+3_j,q,7'aj+m_k)
hillm)s! (g h=m)r+1-'G+m—E)(k+s—j)

We remark that to apply (7) separately to the polynomial in z and in y would yield
to an integral similar to I(h, j, k, [, m, ¢, 7, s) but the conditions h + m = k+r
and j+ g = [+ s would not be preserved.

By applying (8) with a; = h, a; =1, by = ¢+h—r and b, = r+1— g we have

I'h!
(g+h-7)(r+1-9q)

Dysnr(a'(1=2)") = (1 - 2)" !Dh(a:”l‘q(l — g)THhn),

whence

I(h5j’kal’m’qar58) _ I(Q+h*T>j>kvr+l*q;m,r,q»3)
hl! N (q+h—7)(r+1—-q)

By applying (8) with a; =m, a; = s, by =j+m —k, b = k+ s — j we obtain

m's! k+s—j J+m—k
Grm—Rihrs—omw =970,

Diimi(y’(1-y)™) = (1-y)*
hence

I(h,j, k,l,m,q,7r,8) I(h,k,j,l,j+m—k,qr k+s—j)
m!s! N (G+m—k)(k+s—j)
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In the triple integral I(h, j, k, 1, m, q, r, s) we perform a (q + h — r)-fold partial
integration with respect to x and a (j+ m — k)-partial integration with respect to y:

_z)
I(h,j,k,l,m,q,r,8) = (- 1)ﬂ+6/// (1 =2)"Dyynr _(l(lf)z)

(1 = )P
y (1 - y)mD]‘+m—kyl(7y)Zs(l —2)" dz dy dz.
—yz

Since z%(1 — a:)‘5 is a polynomial in z of degree not exceeding g + h — r we have

1 Yy’ ot
z%(1 —2)° B (l—z)“(l_l—z) (I_Z)HL

D _ =
T (1 - 2) (1= z(1 — z))r+h—rt] ’

and since 57 (1 —y)? is a polynomial in y of degree not exceeding j-+m —k we have

B
i 1— l zj+m—k
yi-y’ 2\ =
k == .

—v (=g

It follows that

I(h,j, k,l,m,q,7,8) =

!

We may now apply (15) with ay = ¢, a =3, by =j+m—k, b =q+h—r, to

/' 2(1 =)'y (1= "1 = )

1 - :1; ] — z))quh r+1(1 _ yz)]+m k+1

dx dydz. (20)

o\_

obtain

1

21(1 — 2)
/ (1= (1 — 2))ath=r+1(] — yz)itm—k+l dz =
0

qu +m k Z)quh—r

_ d
(@+h—mG+m— k) lfx(lfz))”‘(lfyz)q“ =
0
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whence

I(h, j, k,l,m,q,r,8)  I(h,q+h—rklmj+m—k,r,s)
jlq! B (G+m—Fk)!(g+h—r)

Similarly by applying (16) with a; = ¢, a =j, by =q¢+h—r, by =j+m—k
we get

1
/ 29(1 — z) s =
(1= a(1 = 2P i (1 = yzprm ket &
0

B ( 1- y)h—r q'5! /1 2ATh=r (1 — z)itm—k
T \l-z (g+h—7)(j+m—k) / (1 =z(1 = 2))7t1(1 — yz)it!

dz,

hence

I(h,j,k,l,m,q,r,s) I(r,j+m—kmIlkq+h-rh,s)
! N (G+m-—kg+h-r1)

We can rephrase all the previous identities like the last one in the following way.
The quotient
I(h, j, k,1,m,q,r,3s)
hljlkN!m!qlr!s!

is invariant under the following transformations:

¢1:(h, 4k, l,m,q,r,8) > (r+1l—q,j,k,qg+h—r,k+s—3j,q,7,j+m—k);
¢y (h, g,k l,m,q,r,8) = (g+h—r,j,kr+1—qm,rqs);
¢3:(h, 3,k l,m,q,r,8) = (h,k, j,l,j+m—Fk,q,r, k+s—j);
¢q:(h, 4, k,l,m,q,r,8) = (h,q+h—r,k l,m,j+m—k,r,s);

¢s:(h, gk, l,m,q,r,8) = (r,j+m—k,m,l,k,g+h—r,h,s).
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We now follow closely [8], pp.282—284 in the study of the structure of the group
generated by ¢4, ..., ¢s. We introduce ten auxiliary integers:

uy=k+r, wuy=h+1l, ur=j+m, uzs=k+gq, us=101+r,
us=m+s, u=q+h, w=r+j ug=s+k uw=j+gq

With the above notations the transformations ¢y, ..., ¢s correspond to the five
permutations

1 = (uz ug)(ug ug), 2= (uo us)(u7 wo), o3 = (uo u7)(u3 uy),
P4 = (uz u3)(us w1), o5 = (u1 ua)(us us).

It is easy to see that the permutation group generated by ¢y, ..., s is contained in
the alternating group 2(,y and is isomorphic to the group generated by ¢, ..., ¢s.
Let us introduce the set of pairs

P = {{wo, uo}, {ur, us}, {uz, u}, {us, us}, {u4, ug}},

and let $) denote the subgroup of 2y consisting of the ((5)) + (;) + (Z) = 16 permu-
tations of wy, ..., ug that interchange the elements in an even number of pairs lying
in P and acts identically on the elements of the remaining pairs. The permutations
©1, ..., ps induce five permutations ¢, ..., ¢ on the pairs of P:

<PT = ({u2, ue} {us, us}), <P; = <P§ = ({uo, uo} {us, us}),
Qs = ({ua, ug} {us, us}), @5 = {ur, us}  {ug, ug}).

The mapping ¢; = ¢}, ..., ps = % extends to a homomorphism & AN &5 of
the permutation group generated by ¢y, ..., ¢s into the symmetric group &5 of
all permutations of P. The homomorphism * is plainly surjective. Its kernel is the
subgroup $) described above and generated, for example, by

X1 = (Uo U9)(U3 U7) = P23,

X2 = (o ug)(uz Us) = Pax 14,
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X3 = (uo u9)(ug ug) = P1X2%1,
x4 = (U u9)(u; Us) = Psx3s.

Hence @ is the subgroup of all permutations ¢ of 2(,y such that

P={{p(uo),p(uo)}.{p(u1),(us)},{p(u2),0(ue) } ., {p(us)(ur)}. {p(us), p(us) }}
and that

(p(uo) — p(u9))(p(ur) — p(us)) (p(u2) — p(ue)) (p(u3) — p(u7))(P(us) — p(us))

(1t —ti) (i —t45) (112 — ) (3 — ) (t — ) -

In particular |®] = 2% 5! = 1920, and the permutations
¥ = (up wo)(u; Uy u3 ug us ug U7 ug), <= (u; ug)(uy u7)(us ug)(uyg us)
belong to ®. These permutations correspond to the transformations
0:(h, 4,k 1l,m,qr,s)— (j,kl,m,q,r, s, h)

and
o:(h,j.kl,m, g, s) = (kj hsrqgml).
By applying the change of variables

11—z

X=1-2z, Y=1-y, Z= R
1 —yz

the integral (20) is changed into

11 1
hl_ lkl_ Sy0(1 —
I(h,j,k,l,m,q,r,s):///x G Vi G dz dydz. (21)
0 0 0

(1 = (1 — my)z)ath-—rtl

In [8] the transformation 6 arises from a highly nontrivial change of variables in (21).
The group generated by 6 and o is isomorphic to g, and every transformation
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in this group leaves the value of I(h,j, k,[, m,q,r,s) unchanged. Since Dg is
transitive on the eight integers

h+l-j,j+m—kk+q-1ll+r-m,m+s—qq+h-r,r+j—8,s+k—h,

up to applying a power of § we may assume that (19) holds, whence we have (18).
Now let h = 16n, j=17n, k= 19n, I = 15n, m = 12n, ¢ = 11n, r = 9n,
s = 13n where n > 0 is an integer, and let

I(16n, 17n, 19n, 150, 12n, 11n, In, 13n) = A, — 2B,{(3).

By [8], section 4, p.284—287 and section 5 there exists a sequence of integers A,
such that A,, divides B,, and d9,d g,d 7, A,, and

1
lim — log A, = 18.04470204... 4 6.14298325... = 24.1876853....

n—oo M

By standard computations using (20)

1
lim — log I(16n, 17n, 19n, 15n, 12n, 11n, 9n, 13n) = —47.15472079....

n—o00 M

By a straightforward application of Cauchy’s integral formula in (13), with the
polynomials F(z) and G(y) given by

F(z) = 2°(1 = 2)’ Dyynr(a'(1 - 2)")
and
G) =y"(1 = 9)"Djymiy’(1 —9)™)

respectively, we also have the following explicit expression for the coefficient of {(3)
in (18):

= (1 =)'y (1 = y)"24(1 — 2)!
oo @rv- ]{.7{]{ l—z(l — 2))athrHI(] = yg)itm—ht] dz dy dz.

Here the integration contours are the same as in (13). It easily follows that

1
lim — log |B,| < 48.46940964.... .
n—00 1

By a standard lemma one obtains p({(3)) < 5.513890....
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