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Abstract:

This paper deals with simultaneous approximation to three numbers &;, &, €3 which together with
1 are linearly independent over Q. The main goal is to establish lower bounds for the quotients
w/@ (resp. w*/&@") in terms of @ (resp. @*). The achieved estimates turn out to be best possible.
For w/W the result was already proved by N. Moshchevitin in [3] using different techniques. The
methods in this paper allow to treat the dual problem as well and lead to a conjecture for the
simultaneous approximation of n numbers.
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1. Introduction

Let &1, &>, & be real numbers with 1, &, &, & linearly independent over Q. As
usual, the quantities w (resp. @) are defined as the supremum of the numbers 7
such that there are arbitrarily large values (resp. such that for every large value) of X
for which the system of inequalities

lyl < X
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€y — il <X "fori=1,2,3

has a non-trivial solution y = (y, y1, ¥2, y3) € VAR

On the other hand w* (resp. W*) is the supremum of the numbers 7 such that
there are arbitrarily large values (resp. such that for every large value) of X for which
the system

ly + &y + &y + Gzl < X7
lys| < X fori=1,2,3

has a non-trivial solution in Z*. We have the following estimates:

13<w<w <1, and3 <0 <w'

b

where the lower bounds for @, @* follow from Dirichlet’s Theorem.
The aim of this paper is to establish lower bounds for the quotient w/@ (resp.
w*/@*) in terms of @ (resp. @*). We will prove

THEOREM 1. When W < 1, then

W+ V4D — 3w?
> w’ (1‘1)
2(1 - )

e

and if @ = 1, then w = 0.
On the other hand, for the dual problem we have
Wt VA —-3-1

—_ 1.2
* - (12)

&)

The relation (1.1) was first established by Moshchevitin [3]. The relation (1.2) is
dual to (1.1) in the sense that it can be obtained from (1.1) by changing w, w*, @, &*
into 1/w*, 1/w, 1/&*, 1/& respectively and reversing the inequality. Note that also
Khintchine’s inequalities get interchanged by this procedure: in the present case of
three numbers £, &, &3, these inequalities are

*

w > and w* > 3w+ 2.

2w* 4+ 3

By recent work of Damien Roy, the inequalities of the Theorem are best
possible. See our remarks at the end of Section 3.
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We will employ concepts and notations of our earlier papers [5], [6]. But only
the first two sections of [6] will be needed. The quantities w, w*, @, W* are defined
in terms of four integers y, y1, ¥2, ¥3, and hence the case n = 4 of [5] comes into
play. Quantities ¢, @;, ¢7, ®r, (1 < i < 4) were introduced in [5], and will again
be defined in Section 3. As pointed out in [5],

(I+w)B+¢)=01+20)3+p) =4, (1.3)
(1+w)(1 =7, =(1+)(1 - p,) =4 (1.4)

Moreover,
Y, = ~p, and @, = —2’]‘, (1.5)

so that (1.4) may be rephrased as
(1+)(1+¢)=(1+D)1+9)) =4 (1.6)
The estimates
—3<p, <P <0, —1<P;, and — 1< ¢ <P <0,

with the additional property that Y, = —3 if and only if ¢, = —1 resp. f’; =—1if
ond only if @] = —1 can be found in [5] as well.
We will introduce a parameter p > 0 and define two functions

3p° —p>—p—1

F(p) .= — s 1.7
(p) PR I— (1.7)
as well as
20> —p—1
Gp) =————. 1.8
() = 5o (1)

Both are decreasing, have F(0) = G(0) = 1 and F(1) = G(1) = 0. As p tends to
infinity, F' tends to —3 and G tends to —1. Hence their inverse functions F resp.
G are defined on (-3, 1] resp. (-1, 1].

Also set p3+p2+p—3
" = —F(1 = 1.9
() = —F/p) =~ (1.9
as well as p2—i—p—2
G*(p) == -G(1/p) == — (1.10)

pPrP+p+2
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THEOREM 2. Suppose ¢ > =3, so that ¢ = F(p) for some p > 1. Then ¢, = G(p).
In short,

o, = F(p) =9, = G(p). (L.11)

Thus if we define H(u) = G(F(u)), then @, > H(p,).
Suppose —1 < @7, so that o7 = F*(p) for some p > 1. Then @) > G*(p).

Note that the first assertion could be reformulated to say that when @, = G(p),
then ¢ < F(p). The second assertion is equivalent to the statement that when
@] = G*(p), then @7 < F*(p). The assertions are dual in some sense: it is easily
seen that, since @, > 0, we have p, = F(o) for some o < 1, so in view of
(1.5) we have ¢t = —F(0) = F*(1/o) = F*(p) with p = 1/0. The second
assertion of the Theorem vyields @] > G*(p) = —G(1/p) = —G(o) and therefore
¥, = —9| < G(0). In short,

%, = Flo)= ¢, < G(0). (1.12)

This fits into the general duality philosophy that many relations remain true if ®. ©;
are replaced by @;5_,;, P, and inequalities are reversed.

Theorem 2 also is best possible.

We are grateful to the referee for his valuable comments.

2. Deduction of Theorem 1 from Theorem 2

Before we proceed to the proof of Theorem 2, we will explain how Theorem 1 can
be deduced from it. The relations (1.3) yield

1_£1 ~ -9

w= and U = —, (2.1)
3+ 3+,
and hence
w_ 179 3+% (2.2)
From (1.6) it follows that
3-¢* 3_3
F = Land 5" = 2L, (2.3)
1+ o)
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and hence
w39 147
i 4 ek 4% (2.4)
w4+t 3-9)

On the other hand it follows easily from our definitions (1.7), (1.8) that
1-F(p) ¢ 1-Glp) 7 25)
3+F(p) p2+p+1° 3+Glp) pP4+p+1’ '

so that

1—Hm3+mm:p -Gl _ 2 (2.6)
3+F(p)1-G(p) ~~ 14+G(p) p+1 '

Moreover,
1+ F*(p) 1 1+G*(p) 1 2.7)
3-Fp) pPPHp+p 3-G(p) pPHp+l '

implies that
3-F'(p) 1+G*(p) _ 14+ G*(p) 2 (2.8)

% * =p * = :
L+ F*(p) 3—G*(p) 1=G*p) p*+p

Therefore when @, = G(p), hence ¢, < F(p), the equations (2.2), (2.6) yield

w
==p
w
By (2.1), (2.5),
S_1-Glp) 7
3+G(p) p*+p+1’
so that
w W+ V4w - 302
—zZp=—,
W 2(1 - @)

and (1.1) follows. The implication @ = 1 = w = oo is classical; see, e.g., [1],
Corollary 2.

When @} = G*(p), hence @7 < F*(p), then by (2.4),(2.8), w*/@* > p. By
(2.3), (2.7), @* = p> + p + 1, so that
* VAT =31

>p= ,
P 2

g &

and (1.2), hence Theorem 1 is established.
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3. Some geometry of numbers

We will work in R*, so that in the context of our earlier work [5],[6] we have
n = 4 and the lattice A = A(§, &, &) will be the lattice of points (y, &1y — Y,
&y — 1y, E3y —y3) where (y, y1, Y2, y3) runs through Z*. Let B(q) C R* be the box
of points x = (z, x,, x3, T4) With

21| < €, |z;| <elfori=2,3, 4.

Thus if a; = a;(q) = e~%, and a; = a;(q) = e’e; for i = 2,3, 4, where ey, ..., e
are the basic unit vectors in R*, then B(g) consists of points x whose inner products
a;x have |a;x| < I fori=1,2,3,4.

For a nonzero lattice point x € A, set

Ax(g) := max [ai(g)x] (3.1)
Further let A{(g), - .., A4(g) be the successive minima of B(g) with respect to A.

Then

Ai(g) = in Ax(9).

Setting L;(q) = log A;(q), Lx(q) = log Ax(g) we obtain

Li(g) = min L(q). 32
1(9) in () (3.2)

As in [5] we define for 1 < i < 4,
p, ==liminf L;(q)/q, p; := limsup Li(q)/q. (3.3)

Observe that
Ly(q) = max(log |z,| — 3¢, max log |z;| + q),
1<i<4

so that each function Ly decreases with slope —3 up to some ¢y, and then increases
with slope 1. Therefore there will be numbers ¢; < p; < ¢ < p> ..., where q; > 0,
such that there are “minimal points” x; € A \ {0} having

Li(g) = Ly,(q) for p; < ¢ < pey, (3.4)
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and L; has a local minimum at ¢, ¢, ..., a local maximum at p, p,,.... The
sequence Xp, Xy, ... of minimal points is infinite, for since 1, &1, &, &3 are linearly
independent over @, no point x € A\ {0} can be in B(q) for arbitrarily large ¢. By
(3.4) and since two successive minimal points are linearly independent,

Li(ps) = Ly, (pt) = Ly, (Pt) = La(py)- (3.5)

The union of the graphs of L, L,, L3, L4 is called the combined graph. Note that
by Minkowski’s Theorem, |Li(q) + ...+ La(q)| is bounded.

We now interrupt our main argument to present the regular graph G(p), defined
for p > 1. G(p) is contained in the set of points (g, L) € R? with ¢ > 0,
aoq < L < aqq, where ag = ag(p), - .., ag = aq(p) will be defined below.

slope a,

slope a,

/\ slope a,

\ slope q,

ptts slope a,,

G(p) is the union of line segments of slope —3 or 1 with end points on the
lines L = apq and L = a4q. In fact we have segments S;(—3) of slope —3 with end
points (p', agp’) and (p**!, agp'*'), and segments Sy(1) of slope 1 and end points
(pt, agpt), (p'™3, ayp!™?). Clearly G(p) is invariant under dilation by the factor p.

Considering the segment S;(—3) we see that

t+

app' ! =asp’ - 3(p"" -

),
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and looking at the segment S;(1) we obtain

a0 = agpt + (pt+3 — o).

After division by p’ we obtain
aop—a4:3—3pandao—a4p3:1—p3,
and in view of (1.7)

3 -p-p-1 PP +p-3

ap = =F(p), as= =
’ pP+pr+p+1 (b). as pP+p+p+1

F(1/p).

For 0 < i < 4, the segments Sy(1) and S;,;_1(—3) intersect in a point
(pit, pita;), where a; is independent of ¢ by the invariance of G(p) under dilation
by p. We have

t+i

a;pit = aop’ + pir — p' = app’ + 30" — pur).

Therefore (ag — 1)p! + 4pis = (ap + 3)p!™* which we rewrite as
4pis = ((ao +3)p" = (ag — 1))p".
On the other hand
4a;py = 4(ag — l)pt +4pi = ((ap + 3)pi + 3(ap - 1))pt.
As a consequence, as ag = F(p), (2.5) implies

_ (a0 +3)p"+3a—1) _ p+3a—D/(aw+3)  p =3P +p+1)
(@ +3)p' —(a—1)  pi=(ao—1D/(ao+3)  p'+p/(P?+p+1)

From this we may conclude that

_ P tpt 130
a4 = 7 30
p-+p+1+p

(3.6)

and in fact, this equality holds for 0 < ¢z < 4. Observe further that

202 —p—1
Pl — G(p).

a;(p) =a4(1/p)and @) = ———— =
o) = 0 1/p) and = — 30
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The regular graph has all the properties of a combined graph of functions L;(q)
(I1<i<4).

The dual graph G*(p) is obtained from G(p) by the map (¢, L) — (g, —L), i.e.
reflection on the g-axis. It is the union of line segments of slope 3 and —1. These line
segments intersect at lines L = afq, (0 < i < 4) where af = —as_; = —a;(1/p).
In particular, af = —F(1/p) = F*(p) and a] = —=G(1/p) = G*(p).

Recently, in February 2013, Damien Roy showed us, for given p > 1, a con-
struction of numbers £, &, €3 whose combined graph differs from the graph G(p)
by a bounded amount. More precisely, if L;(q) are the functions defined in terms of
£1,6,&, and Ez(q) the functions implied by G(p), then |L;(q) — fl(q)| is bounded
for 1 < ¢ < 4. For this graph, ¢, = ao(p) = F(p), ¢; = ¢, = ai(p) = G(p), so
that the first assertion of Theorem 2, hence also of Theorem 1, holds with equality.
A dual argument applies to the second assertion.

A regular graph can be defined for any n > 1. Already at a conference in 2011,
Damien Roy showed us a regular graph for n = 3, stemming from simultaneous
approximation to two explicit numbers &;, &, related to [4]. His recent construction
can be done for any n > 1. There is a conjectured version of Theorem 2 for any
such n, which holds with equality for the regular graph.

4. Geometry of numbers, continued

We now continue the arguments of Section 3, interrupted by the introduction of the
regular graph.

Asin [6], let A, ..., Ag in R® be the exterior products aNa;, (1<i<j<4).
After suitable ordering and up to sign, Ay = e29E;, for k= 1,2, 3 and A; = e 2E;,
for k = 4,5,6, where E,, ..., E¢ are the basic unit vectors in R®. The second
pseudocompound B?(q) of B(g) consists of the points X € R® whose inner
products A;X have |[AgXg| <1 fork=1,...,6.

For nonzero X € A® | which is the lattice generated by the products x; A x;
with x;, x; € A, set

= max |Ax(g)X]. 4.1
ux(g) = max [Ax(g)X] (4.1)
When (q), ..., ps(q) are the successive minima of B?)(g) with respect to A,

then

= min .
(@) = min | #x(9)
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Setting My(q) := log px(q) for k=1, ...,6 and Mx(q) := log ux(q), we obtain

Mi(q) = min Mx(qg). (4.2)
XeA\ {0}

We have

M = max( max (log | X%| — 2q), max (log | X 2q)),
x(9) (max (log | Xk| - 29) 4<k@( g | Xkl +29))

<V

and therefore Mx(q) decreases with slope —2 up to some gy, then increases with
slope 2.
Laplace’s equation gives for 1 < ¢ < j < 4:

' a;X ain
(al- /\2j) . (X/\X) =
a;x a;x
Therefore by (3.1), (4.1), independent points x, x' in A\ {0} have

py(g) < 2Ax(9)Ax (@)

where Y :=xAX.

Let S be a two-dimensional space spanned by points x, X' in A. Let X € R° be
a primitive Grassmann coordinate vector of S, i.e. a Grassmann vector X € A@\{0}
with no point of A between 0 and X. Then Y = x A X' is an integer multiple of
X and

px () < py(g) < 2Xx(9)Ax(g).

Taking logarithms we obtain
Mx(q) < Lx(g) + Ly (g) +log 2 = Ly(q) + Ly (q) + O(1). (4.3)
If moreover Ay(q) = A1(g) and Ay (q) = A2(q), then

pi(g) < px(q) < 2A1(g9)Aa(g).

But according to Mahler, see [2], ©1(q) = ¢1A1(g)A2(g) with an absolute constant
c; > 0. Hence, taking logarithms again, we have

Mx(q) — Li(g) — La(q) = O(1).
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From (3.5) we see that, when x;, X; 4 are in S, then

Mx(ps) — 2L (ps) = O(1). (4.4)

5. The sequence of minimal points

Suppose r < s and the minimal points
Xr—15Xpy o0 5 X5, X4 ]

span R*, whereas x,, ..., X, span a two-dimensional space S. Moshchevitin has
observed in [3] that these conditions, to which we will refer later as (x), are fulfilled
for certain arbitrarily large r, s. Then (4.4) can be applied for every ¢t with r <t < s,
and therefore

Li(pt) — Li(pr) = (1/2)(Mx(p:) — Mx(py)) + O(1) for r < t < s. (5.1)

Recall that Mx(q) has slope —2 up to gx, then slope 2. Set § = max(p;, gx), so that
pr<q,andletl € {r,r+1,...,s— 1} be largest with p; < . Observe that when
s = r+1, so that by our hypothesis x,_1, X, X5, X5 are linearly independent, then
l=r.

If I > r, then Mx(q) has slope —2 in the interval p, < ¢ < p;, so that by (5.1),

Li(py) = Lu(pr) = =(p1 = pr) + O(1). (5.2)

We will distinguish two cases A and B. Case A is when [ = s — 1, and is illustrated
in the following Figure A.

The graph of L, is indicated by the thick zig-zag line. Just little pieces of the
graph of L,, as it emanates from points (p;, L;(p;)), are shown. The lines of slope 1
indicated by dots belong to the graph of Ly , resp. Ly, ,. The bottom of the figure
shows part of the graph of My.

Incase B, [ < s—1, so that s > r+ 1. It is illustrated in Figure B below. Up
to the point (g;, Li(g;)) the picture looks as in case A. The difference then results
from the fact that in case B not all maxima of L; at numbers smaller than p, are
attained at values of g for which My is still decreasing.
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Figure A

slope @,
L, :

slope 2

Figure B

slope @,

slope iz



96 Wolfgang M. Schmidt (Boulder), Leonhard Summerer (Wien) [96

The point x;, |, and also X;1,, ..., X, lie in S. By (4.4) with t =1+ 1,

Mx(pi+1) = 2L (piy1) + O(1).

Now by our choice of I, Mx(q) has slope 2 for ¢ > p;+| > gx, so that
Mx(ps) = Mx(pi11) + 2(ps — pig1),

and therefore
Mx(ps) = 2L1(pi+1) + 2(ps — pi41) + O(1). (53)

Since both x;4; and x; are in S, (4.3) gives

Mx(ps) < Lle(ps) + Ly, (ps) + O(1) =
LxH] (pl+l) + Lxs(ps) + (ps - pl+1) + O(l) =
Li(pi+1) + Li(ps) + (ps — pi+1) + O(1).

In conjunction with (5.3) this yields

Li(ps) = Li(pi+1) + ps — pr1 + O(1),
and since Ly (pi+1) = Li(gi11) + P — @415

Li(ps) = Li(qi+1) + ps — @41 + O(1).
But on the other hand,

Ll( 5) < LX1+|(pS) — Lxl+1((ﬂ+l) +p8 - QZ—H,

so that
Li(ps) = Li(qi+1) + ps — @141 + O(1). (5.4)

Observe that in case A we had s = [+ 1, and therefore (5.4) holds in case A as well
as in case B.
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6. Proof of Theorem 1.2, first part

We start with some preliminaries. For convenience we set

f=9,9=0.

We have to show that when —3 < f < 0 and f = F(p), then g > G(p). Suppose
to the contrary that

f=F(p) and g < G(p). (6.1)

L(q) has local minima at numbers ¢, < ¢ < ... and local maxima at numbers
pr<py<...,where ¢ <p < g <p,<....Set

ft == Li(q:)/q; and g; := L(p;)/ps,

so that, as easily seen and shown in [6] (with the notation m(q) := Pi(g)/q),

f =liminf f;, g = limsup g;.
t—00 t—00

Suppose a quantity f € (=3, f) has f = F(p). For large t we have f;, > f.
Since the function H(f) = G(F(f)) is continuous, g := G(p) will be close to G(p)
when f is close to f, so that by (6.1), g < G(p). Here G(p) > —1, so we may pick
¢ with max(—1, g) < ¢ < G(p), and then g; < ¢ for large t. Altogether

fi > f=F(p), max(—1,g) < g < G(p).

Changing our notation by writing p, f, g for p, j_", g, we have

f=F(p), g=G(p) (6.2)
and
fi>f, max(—-1,g)<gd <g (6.3)

for large t. This will lead to the desired contradiction.
From now on, we will always assume that ¢ is so large that (6.3) holds. Implied
constants in O(1) may depend on p, f, g, g. We have

gipe = Li(ps) = Li(qr) + ot — @ = fra: + pe — a1,
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hence (g; — 1)p: = (fs — 1), or

1 _
po_ 1ok (6.4)
@ l—g
Observe that g; < g < 0. Also
9tPt = Li(pe) = Li(qe41) + 3(qe1 — Pt) = fer1@er1 + 3(qe1 — p1),
hence (g; + 3)ps = (fi41 + 3)qs41, or
3
B _3the (6.5)
qt+1 3+ gt

The denominator on the right hand side here is positive, since f > —3, hence
g: > —3 for large t.
Combining (6.4) with the version of (6.5) with ¢ replaced by ¢t — 1 gives

pe 1= fi 3+g

_ 0 6.6
pi-1 3+fi 1-g P (6.6)

say. Since each f; > f, g+ < ¢ < g, and from (2.6), (6.2), we may conclude that
pt < p, so that

P (6.7)
Pt-1
Now suppose X,_i, Xy, - . . , Xs, X1 are minimal points satisfying (x) and [ is

defined as in Section 5. For convenience, set
g i=q.
By (5.2)

op1 — 9-pr = Li(p1) — Li(p;) = pr — p1 + O(1),

hence

(1+a)p = (1 + g,)p, + O(1) < (1 + ¢)pr + O(1),

where 14 ¢’ > 0 by (6.3). Therefore

1+o
> +0(1).
Pr> P (1)
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Since p,_; > p,/p by (6.7), we obtain
l+0 _
1> — o(1). 6.8
Pt > P p+0(1) (6.8)
Now
Ly, ,(Pr-1) = gr—1Pr—1 < §'Pr-1,
Ly, (ps) = Ly, (Pr-1) + Ps — Pr—1 <Ps — (1 = ¢ )pr_1,
so that by (6.8)
l-¢g l+o
Ly, (ps) < ps — g 4 O(1) (6.9)
On the other hand, in view of our definition of o,
Ly (ps) = Ly(p1) +ps —pi = ps — (1 — o)p. (6.10)
Also note that
Ll(ps) = LZ(ps) = gsps < glps (6'11)
and L;(p,) = La(ps) = Lxs( s) = Lxs+l(p5)'
The points x;, X; span S, so that X,_;, X, Xs, X511 span R*. Therefore
E(ps) = Ll(ps) + L2(ps) + L3<ps) + L4(ps) <
< LXs (pS) + LXS_H (ps) + LX[ (ps) + LXr—] (ps),
and hence by (6.9), (6.10) and (6.11),
1-¢ 1+o
E(ps) < 2glps + 2ps - (1 -0+ 1 ‘|‘f]l ) P+ O(l) (6.12)

In view of (5.4),
9sPs = fiy1qiv1 +Pps — @1 + O(1),

hence (1 — gs)ps = (1 — fir1)@+1 + O(1), so that
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Now by (6.5)
¢ 3+aq 1 < 3+ 0'p
l = l I
T fi+1 3+ f
so that
1—-f 3+0
+ O(1
Ds 3+ f 1 — g,pl ( )

In conjunction with (6.12) this gives

1-f 340 l-¢ 1+o
S(ps) < (2(14+¢)—=

Since ¢ < g,

Y(ps) < <2:i_—§ %(34—0)4—0—1——

=: (A(0) = c)p; + O(1),

say, where ¢’ = c(p, f,g,9') > 0. By (2.6), (6.2)

A(g) =2p(1+9) —(1—-9g)(1+1/p) =

I+g p+1
-200-0 (155 - 57

On the other hand, for the derivative we have

1 1- 1 -
) +g f 1 g

A(o) = -
(@) =27—377F 1+g"

Using (2.5), (2.6) and (6.2) we compute

l+g1—-f 1-g _, p+1 0’ 2p
—g3+f 1" "V il il
p+1 2p
p&+p+l_p+1_
p

1+2

= _|_ —
p+1 p(ﬁ+p+1 p+1

| |
Pt )>m
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so that A’(o) > 0. Since o < g and A(g) = 0, we see that A(o) < 0, and
S(ps) < —c'pr+0(1) < =(1/2)c'pr.

Since X(ps) = O(1), and since p; > p, will be arbitrarily large for large r, this
yields a contradiction, and the first assertion of Theorem 2 is established.

7. The dual case

Instead of the lattice A introduced in Section 3, we now deal with the lattice A*

of points (y + & 1y1 + &ya + &3Y3, Y1, Y2, y3) Where (y, Y1, ¥, y3) runs through Z*,
and the box B*(q) of points x = (1, z3, T3, Z4) With

lz1] < e, |z;] < el fori=2,3,4.

In the same way as in Section 3, one can define A;(g) and the successive
minima Af(g) of B*(g) with respect to A*, and the resulting functions L}(g) and
L (q) for j = 1,2, 3, 4. Furthermore fz‘ and @ are respectively the lim inf and the
limsup of L}(q)/q. We set f := @} resp. g = ©}. In order to keep the notation
simple, we will omit the superscript * in the remainder of this section.

The functions L; will have slopes 3, —1 in alternating intervals. L; has local
minima at qp, g, ... with g; associated to the “minimal point” x; in the lattice for
which L;(g:) = Ly,(g¢). Ly will have its local maximum in (g;_;, ¢;) at some p;, so
that q; < p, < @» < p3 < g3 < ..., which differs from the convention in Section 3
in order to better bring out the duality.

It may happen that for large k, the points z, i+ 1, .. . lie in a proper subspace
of R*. In this case we are in effect dealing with a linear form in 3 (instead of 4)
variables, and Jarnik’s inequality w*/@* > @* — 1 holds, which implies the inequality
(1.2) of Theorem 1. We had seen that Theorem 2 implies Theorem 1, but it is easily
seen that in fact these two Theorems are equivalent, so that also Theorem 2 holds.

We may therefore suppose that for any k, the points x, Ty, . . . span R*. Then
there will be arbitrarily large integers s < r with Xs_1, X, ..., Xy, Xp1 Spanning
R*, and x;, ..., X, spanning a two-dimensional space S. Let X be a primitive
Grassmann coordinate vector of S. With Mx defined as in Section 4 and considering
that ¢;—; < p; < g¢, we now have (4.4) when both x;_1, x; are in S. Therefore (5.1)
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holds for s < t < r. We will note this explicitly:

Li(pt) — Li(pr) = (1/2)(Mx(p:) — Mx(py)) + O(1) for s < t < r. (7.1)

In general, the duals of formulas (5.x), (6.z) will be denoted by (7.z), (8.x)
respectively.

Again, My has slope —2 up to some gy, then slope 2. Set ¢ = min(p,, gx),
sothat p, > q, and let [ € {s+ 1,...,7 — 1,7} be smallest with p; > q. In the
interval p; < g < p,, Mx(q) has slope 2, so that by (7.1)

Li(p) — Li(pr) = o1 — pr + O(1). (7.2)

For a sketch see Figure C below, which is essentially dual to Figure B.

Figure C

slope @

slope ¢

We have [ > s. In the case [ > s + 1 the points X, ..., X;_, lie in S. In view
of our present notation with ¢;_; < p; < q¢, (4.4) now holds if x;_, x; are in S.
Applying this with t = [ — 1, we see that

Mx(pi—1) = 2L (pi-1) + O(1).
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Now by our choice of I, Mx(q) has slope —2 for ¢ < p;_1 < gx, so that

Mx(ps) = Mx(pi—1) — 2(ps — pP1-1),

and therefore
MX(Ps) = 2Ll(pl—l) - 2(Ps - pl—l) + 0(1)- (7-3)

Since both x;_; and x; lie in S, (4.3) gives

Mx(ps) < Ly,_,(ps) + Ly, (ps) + O(1) =
LXZ—I(pl*l) + Lxs( s) - (ps - plfl) + 0(1) =
L

l(pl—l) + Ll(ps)) - (ps - pl—l) + O(])-

In conjunction with (7.3) this yields
Li(ps) = Li(pi-1) — (ps — pi=1) + O(1),
and since Ly(pi—1) = Li(q-1) — (pi=1 — @1-1)

Li(ps) = Li(qi1) — (ps — q-1) + O(1).

But on the other hand,

Ll( s) < LXl—l(pS) = LXH(QFI) - (ps - q171)a

so that
Li(ps) = Li(qi-1) + q—1 — ps + O(1). (7.4)

When [ = s + 1 this holds trivially.

As compared with Section 4, our picture is essentially reversed, with left-right
reversed. Of course, this is only a local picture, for ¢,—; < ¢ < gs41 in Section 5
and ¢s—1 < q¢ < ¢, here. The lines of slope f = gf and g = ] are not reversed.
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8. Proof of Theorem 2, second part

We set again
fe:= Li(q)/q: and g; := L;(p;)/ps,

so that,

f=liminf f;, g = limsup g;.
t—00 t—00
To prove the second assertion of Theorem 2, it suffices to show that
f="F(p)and g < G"(p)
is impossible. As in Section 6, this can be reduced to proving that
f=F(p), g=G"(p)

and

fi>f, 90<d <g

for large t leads to a contradiction.

(8.3)

Always recalling that now ¢; | < p; < ¢q; and that L; has slopes —1 and 3, we

see that
90t = Li(pt) = Li(qr) + @ — pr = frar + @1 — 1,
hence
Iﬁ B 1+ ft
¢ l+g
Moreover

9Pt = Li(pt) = Li(gqe—1) + 30t — @—1) = fe1qe-1 + 3(pe — qe-1),

hence
P 3- fion

qi—1 3—-g

From this we obtain

pr 1 +g1 3— fi

Di-1 3—g l+fiq

Pt,

(8.5)

(8.6)
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say. Since f; > f = F*(p), g+ < ¢ < G*(p), and by (2.8), we have p; < p, so that

b 0.
D1

We set again o := g;. By (7.2)

opi — g:pr = Li(m) — Li(p;) = o1 — pr + O(1),

hence

(1—0)pr = (1= g,)pr +0(1) > (1 — ¢)pr + O(1),

and therefore

l—0
Pr< TP +O(1).

Since p,41 < prp We obtain

l—0

Prot < TPt o(1).
From
Lxr+1(pr+1) = Gr+1Pr+1 < glpr-i-l

we get

Lxr+1(p8) = LXT+1(pT'+1) +p1"+1 _pS < (1 + g’)pT+1 _p55

and therefore

1+4
Ly, ,(ps) < ?g,(l —0)ppi — ps + O(1).
Furthermore
Ly, (ps) = Ly(p1) + 1 — ps = (1 +0)p; — ps
and

Ll(ps) = L2(ps) = Lx3 (ps) = Lxs,] (ps) < glps-

Since Xs_1, Xs, X], X1 are linearly independent

%(ps) = Li(ps) + La(ps) + L3(ps) + La(ps)
< Ly, (ps) + Ly, (ps) + Ly, (ps) + Ly, (Ds),

(8.7)

(8.10)

(8.11)
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and by (8.9), (1.10), (1.11),

1+¢
1-¢

Y(ps) < 2(g — )ps + (1 +o+ (1- a)p) p+ O(1). (8.12)
In view of (7.4),

9sPs = fiiq—1 + @1 — ps + O(1),

hence (1 + ¢')ps > (1 + gs)ps = (1 + fi-1)qi-1 + O(1), so that

1
ps>ﬁql71+0( ).
Now by (8.5)
3—-g S 3—o0
q- b b,
T3 T f
so that
l+f3-0
@)
s 3_f 1+ ,pl+ ()

Inserting this into (8.12) gives

1+ f 3—0+ +1_{_1
3—fi+g 0 T1-g

z@»<(aa—w <rmw)m+om,<ma

and since ¢’ < g,

2(ps) < (B(o) = ¢)pr + O(1),

where
l—g 1+ f 14+g¢
Bo)=-2—2 23— 1+ —2(1 -
@) =17 6= rat i+ = Li-oy
and ¢ > 0. Here
3—g 1+ f
Blg)= 22 ~"L(1—g)+(1+g)(1+
(9) 1—|—g3—f( 9+ (1 +g)(1+p)
=2 (1-9+(1+9(p+1)=0
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by (2.8), (8.2). Moreover

1—g 1 1 1
Lmglbf  1tg 149

B'(0) = - =1-——>0
@) =21, 3-7 1—g 1—4° p+1

Since ¢ = g; < g we have B(c) < B(g) =0, and

S(ps) < —c'pr+0(1) < —=(1/2)¢pr.

When s, hence I, hence p; is large, this contradicts X (ps) = O(1), and Theorem 2
is proved.
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