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1. Introduction

In 1997 Kaneko [8] introduced the poly-Bernoulli numbers Bﬁlk) for an integer k
and a non-negative integer n by

where

denotes the formal power series (the k-th polylogarithm if & > 1; a rational function
if £ < 0). When k = 1, BS) = B, are the Bernoulli numbers (with B; = 1/2),
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defined by

zre® > B(])m"
e’ — 1 _g "ol

Kaneko [8, Theorem 1] proved that B,(zk) is explicitly given by

B =(—1)" m+1)k { |

where

are the Stirling numbers of the second kind.
In 2010 Coppo and Candelpergher [5] and in 2011 Bayad and Hamahata [2]

introduced the poly-Bernoulli polynomials (k )(z) given by
Lip(1=e™) .. o= 2"
ﬁe —;Bn (Z)F (1)

Note that e ** on the left-hand side of (1) is replaced by e** in [2, (1.5)]. When
2=0, BY 0) = (") are the poly-Bernoulli numbers.
Recently, the second named author [9] introduced the poly-Cauchy numbers
( ) for an integer k and a non-negative integer n, given by

Lify(In(1 + z)) = Z c(k>x

where Lify(2) is the polylogarithm factorial function defined by

o0 Zm
Lif(2) = Y R S—
«(2) Z m!(m + 1)
m=0
If Kk = —r is a non-positive integer, the polylogarithm factorial function can be

expressed in terms of the Stirling numbers of the second kind:

T
+1)
Lifr(ac):emZ{T' l}rJ (r=0,1,2,...).
o I
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When k=1, cg) = ¢, are the Cauchy numbers (e.g. [4]) defined by

1
Cn :n!/ <x)d:v
n
0
(k)

In this paper we introduce the poly-Cauchy polynomials ¢, (2) in the spirit of
the poly-Bernoulli polynomials. We consider the formal power series Lify(z) instead
of the polylogarithm Lix(z). When z = 0, c(k) 0) = cﬁ) are the poly-Cauchy
numbers.

2. Poly-Cauchy polynomials of the first kind

For an integer £ > 1 we define the poly-Cauchy polynomials of the first kind

(k)
1 1
(k) nl/ /<x1x2 xk—i-z) dxdx; - - dxy,
0 0

cn (2) as
k

The first several polynomials are

cg)k)(z) =1,
1
k
c(l )(z) =5 + 2,
1 1 2
cgk)(z) = Y + 3 + (—1 + ﬁ) Z+22,

03 (z)_?—§+ﬂ+(2—ﬁ+ﬁ 3+2k +Z,

*) 6 11 6 1 2 18 4
¢y (z):——+———+§+ o+ p -t E)At

As stated in Section 1, Coppo and Candelpergher [5] defined the poly-Bernoulli
polynomials by (1) and Bayad and Hamahata [2]| defined them by replacing z by
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—z in (1). Therefore we may define the poly-Cauchy numbers in alternative ways,

simply by replacing z by —z. We define the polynomials cgg)(z) such that cill)(z)

coincides with the Bernoulli polynomials of the second kind b,(2) (see Theorem 2
and Corollary 1 below).

THEOREM 1.
vo-y e (et o

where [:L] are the Stirling numbers of the first kind.

PRrROOF. By the identity

RIS 8

i

- [ZL] SUIDD (7?) (m—zi+ 1)E - -

Remark. (i) By using the formula (2), the poly-Cauchy numbers cglk) for k < 0 can
be defined.
(ii) When z = 0, the numbers

n . n (_1)m
cP(0) = (1) [m} m+ 1F

m=0
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are the poly-Cauchy numbers of the first kind defined in [9, Theorem 1].

THEOREM 2. The generating function of the poly-Cauchy polynomials of the first kind

c(nk)(z) is given by

o0
(1 + z)*Lify(In(1 + z)) = Zc(nk

ProOOF. By Theorem 1 and the identity

(In(1 4 z))™ _ () i [n] (-z)" @

m!

(e.g. |7, (7.50)]), we have

Zc““) ey [P Z (m> m— -

= (1+2)"Lify(In(1 + 2)) . -

By this theorem, the generating function of cn) = cﬁz )( 0) is given by

Lifg(In(1 + z)) = Z c(k)aC

(see [9, Theorem 2]).
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We can write the generating function of the poly-Cauchy polynomials in The-
orem 2 in the form of iterated integrals. When k = 1 in the following corollary, we

have

(1 +2)° _ i csll)(z)ﬁ

In(l+z) <= n!

and c\) (2) coincides with the Bernoulli polynomial of the second kind b,,(2) (cf. [6],
[13, §4.3.2]).

COROLLARY 1. For k > 1 we have

(1 +2x)*
Xz drdx ---dr =
In(1+z)J (1+=x) lnl+m (1+=x) 1n1+m) —_——
0 0 k-1
e
_Zc(k)
ProoF. For k > 1 we have
00 M
Lif = =
ifi(2) E:O (m+ )F(m+ 1)
= — dz:
)E2(

zJ = m+1)

1

—/Llfkl

z

0

By repeating this procedure, we obtain that

z z z

. 1 1 1 .
L1fk(z)—;/;/-~~;/Llf1(z)dzdz--~d2—

0 0 k—1

(=}
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V4 z z
1 1 1 e’ —1
= - —f = dzdz - dz.
z z z z N
_ 0 0 0 k—1

k-1
Here we use

Putting z = In(1 4 z) together with Theorem 2, we get the result.

THEOREM 3.

> (-5 (e

PrOOF. We recall the identity
max{l,n}
. Tm n
> o [0} s

m=0

(e.g. |7, (6.16)]), where 0y, is the Kronecker delta defined by
5ln =

By this identity and Theorem 1, we have

S {nbee-3 ([T —wz()m
2> () Sl e [T
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0

Remark. When z = 0, then the identity (5) is the same as that in [9, Theorem 3].

3. Poly-Cauchy polynomials of the second kind

For k > 1 we define the poly-Cauchy polynomials of the second kind A(k)( ) as

1 1
k) z):n!/~~-/ (—w1x2~-~xk—z) dxdzx, - - - dxy,
n
0 0
——

k

The first several polynomials are

@2 =1,
1
k
E(l )(Z) = —ﬁ —Z,
L 11 2
ékazip+%+<r+ﬁ)z+ﬁ

% 2 3 1 6 3 3N 2 s

6 11 6 I 2 18 4
k
@@:—+§+—+§+G+ﬁ+?+ﬂ>w

18 6 4
+<11+2k ﬁ) <6+2k> 2+ 24

The numbers éll)(O) are the Cauchy numbers of the second kind (e. g. [9], [11]). The

polynomials 'c‘fml) (2) are essentially the same as the Cauchy polynomials of the second

type <I>£l)( ) given in [3, p.2579]. In fact, it holds that ! (z) (=™ @512)(—,2).
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By using the identity (3) again, we have

1 1
20 () :n!/.../ (—xlm2~~-xk—z> dz,dz, - - dx), =
n
0 0

k

3

|
A
3

3
Il
S

1
/ /:cwcz---mk—l—z)mdxld:cz---dxk:
i

k
e (Yatr

m=0

Hence we obtain the following theorem, which is an analogue of Theorem 1.

THEOREM 4.

to-SllerS(Vatmm o

200 =y [ T

m=0

are the poly-Cauchy numbers of the second kind ([9, Theorem 4]). We note that
élk)(z) for k < 0 can be also defined by using (6).

THEOREM 5. The generating function of Eﬂ“)(z) is given by

Lify(= In(1 + &) & W™
(14 z)? '

PRrOOF. Similarly to the proof of Theorem 2, by Theorem 4, we have

i

ICUECAS S I IS i@ﬁ{

n=0 n=0 m=0
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m=0 1=
_ > ( (I +x)™ m 2 B
_7;) m! P (7, (m—i+ 1)k
R ln 1+x))
B ; il % —i+ 1)k

= (—zIn(1 + z))F <= (= In(1 + z))”
- ; ! —~ v+ 1
 Lifg(— In(1 + ) -
B (1+ )2

(k)

By this theorem, the generating function of ¢,;,” = cn (O) is given by

Lify(— In(1 + z)) = Ef“”’ '
n.
n=0

(]9, Theorem 5]). In particular, the generating function of the Cauchy numbers of

the second kind ¢, = ’c”%) is given by

A<1>9”
(l—l—mlnl—i—x Z

([4, Chapter VII], [11, p. 1910]).
The generating function of the poly-Cauchy polynomials of the second kind

can be also written in the form of iterated integrals by putting z = — In(1 + z) in

Lify(z / / / Lif, ( dzdz .dz

k—l
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COROLLARY 2. For k > 1 we have

x

1 T
/ / dzdzx...dz=
(I+z)*In(1+x) (l—i—x )In( H—a: 14z)In 1+x) l+xT/
0 0 -1

- 7

k,

>

n=0

Similarly to Theorem 3, by Theorem 4 we have an analogous result about the
poly-Cauchy polynomials of the second kind.

THEOREM 6.

S {nae -3 (4 o

4. Relations between two kinds of poly-Cauchy polynomials

There are some relations between the poly-Cauchy polynomials of the first kind and
those of the second kind. We first show the following lemma.

LEMMA 1. For n > 1 and |l > 1, we have

ERHE S T ]

m=1

PROOF.
By the identity (4), we have

X 1\l
> S [1]e = gm0

n=1

On the other hand, by the identity
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(e.g. [7, §7.2]), we have

S () - S [ -
:g% [m (xi1>m:
:%(—log (1— m”fl))l:
l
(i) -
= oz (1 - 2))
Hence

(=D, s (D)™ rmy [n— n
>SS S ()

and we obtain the result by comparing the coefficients of z". O

THEOREM 7. For m > 1 we have

ncgk)(z) " (n-1 E(n]:)(z)
=1 szz (m—l) m!

PrOOF. We shall prove the first identity. The second one is proved similarly. By
Theorem 1, Theorem 4 and Lemma 1, we have

L1\ ) s (1) () IS pmy - ([ o
Z(m—l) m! :Z(m—l) m! Z[Z]Z<z>m:

m=1
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5. Some expressions of poly-Cauchy polynomials
with negative indices

The poly-Bernoulli numbers satisfy the duality formula B( k) B,(c_") forn, k>0
([8, Theorem 2]), because of the symmetric formula

ot i Wk et Le¥—erty’

However, the corresponding duality formula does not hold for the poly-Cauchy
polynomials for any z by the following results.

ProPosSITION 1. We have

7k o
Z Z Cn (z) nl k' (1 +m)ey+z ’

PrOOE. We shall prove the first identity. The second one can be proved similarly. By

Theorem 2, we have

> X x" k o0 yk
2,2 o Dl k' = > (1 +2)°Lif 4 (In(1 + x))ﬁ -
n=0 k=0 k=0
z g 11’1(1 —|—x) yk
k=0 m=0
o0
L& (In(1+2)™ & ((m+ 1))
=(1+2) Z —~ . _
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=(1+z) f: Me(mﬂ)y —

— m!
. (e’ In(1 + z))
oY z _
=e’(1 +x) z_:o - =
=e/(1+2)" 1. O

Though the symmetric formula does not hold for the poly-Cauchy polynomials,
we have explicit expressions of them with negative indices.

THEOREM 8. For non-negative integers n and k, we have

k n
(k) oy k+1 n\ [n-1 o
d @—zglwﬂ{TH}Z;@)[j}<zlm o)
k n
AR () Ry k+1 n n—1 s
4 %;(l)ﬂ{j+l}%;(;>[ e w
where (x); is the Pochhammer symbol defined by
1 (=0),
(z)h = (9)

z(x+1)---(x+1-1) (I>1).

PROOF. By Proposition 1 with

g;m:i{q%am(ﬂqmwziﬁij

! !
J —1J j — 1
(17, (7.49) (7.50)]), we have
ZZC (2 —'E—exp((ey—1)1n(1+a;))(1+a;)z+ el =

n=0 k=0
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-y (e L[5
S Ure-
GRS
{0 o
(lw)lﬂgm Car
S(T)ElS -
_? LCED ENCRLRY im Cay _
5% (0[5 e
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which proves (7). Similarly, by (10) and

(14z) > 12[ } _w)n

=0 n=0 ‘7
o0 _ l n
SR et
n=0 [=0 J
we have
> Zdr’%% -
n=0 k=0

par 7! 7!
S SNIAWS L= [n] (=2)"

= ]ley { } g 1 + T —Zz { ] _
]:ZO kzj i) k! ( ) nZ_] j n!

and this proves (8).

Remark. When z = 0, by
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the first identity (7) is reduced to

S Rt Rl 8

Jj=0

> ()0 e

(e.g. [7, (6.23)]), the second identity (8) is reduced to

k
- - 1 kE+1
a0 - cre T
— J+1 J+1

J

By the identity

6. Zeta functions interpolating the Cauchy polynomials

In this and the next section, we study complex-variable functions Z(s, z) and
Zi(s, z) which interpolate the poly-Cauchy polynomials b (z) and Eﬁk)(z). We
show that their values at positive integers can be expressed by using the polylogarithm
function or the truncated multiple zeta star values. As a corollary, we give a duality
relation between Zj(n, z) (or Zy(n, z)) and the generalized Arakawa-Kaneko zeta
function &(s, 2).

The generalized Arakawa-Kaneko zeta function is defined as

t*"'dt (Re(s) >0 and z > 0)

(see [2], [5] and [14]). It is easy to see that &(s, z) = sC(s + 1, z) where ((s, 2) is
the Hurwitz zeta function defined by

(s, 2) = 2_% (niz)s (Re(s) > 1, z> 0).

It is known that the function £x(s, z) can be analytically continued to the whole
complex s-plane and its values at non-positive integers are given by

(-, 2) = (-1)"BP(z) (n>0) (11)



78 Ken Kamano (Osaka), Takao Komatsu (Hirosaki) [198

([5, Theorem 2]).

When z = 1, the function £x(s, 1) = &x(s) is the original Arakawa-Kaneko
zeta function, first defined in [1]. By (11), the values of the Arakawa-Kaneko zeta
function at negative integers are expressed by poly-Bernoulli numbers:

€)= BI(1) = S (7}) B (n>0)
=0

([1, Theorem 6]). On the other hand, Ohno [12, Theorem 2| proved that the values
of £x(s) at positive integers are expressed by multiple zeta star values:

n)=Ck+1,1,...,1) (n>=1), 12

€r(n) = C°( ) (n=1) (12)
n—1

where ¢*(ky, ..., k,) are multiple zeta star values defined by

N 1
SN S T o S—_—

mi>->mz1 T M

Ohno proved the identity (12) by using the iterated integral expression of multiple
zeta values, and later Kuba [10, Theorem 1] gave a direct proof.

Now we give the asymptotic behavior of the function Lify(z), which is needed
to define analogues of the generalized Arakawa-Kaneko zeta function.

LEMMA 2. For k > 1, we have

1 (Inz)k!
(k=10 =z

Lifg(—2) ~ (z = 00). (13)

Here f(z) ~ g(2) (z — o0) means that f and g are asymptotically equal, i.e.,

lim —= = 1.
0 g(2)

PRrOOF. We prove this lemma by induction on k. We have

e*—1 1
Lif](—Z) = — 2
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hence (13) holds for kK = 1. We assume that (13) holds for some k£ > 1. Then

—z

1
Lify 1 (—2) = - / Lify,(u) du =

0
L[
= —/L1fk(—u) du.
2
0

Let o be an arbitrary constant. By the inductive assumption, we have

, L1 ()t
Lify11(—2) ~ ;/ Gl w du =

k!
1 (In z)F
k! oz

This means (13) holds for k£ + 1 and the lemma is proved. O

Let k be a positive integer. We define the function Zi(s, z) for s € C with
Re(s) > 0 and z > —1 as

ﬂ\

Zi(s, 2) = /ts (1 = t)*Lif,(In(1 — t)) dt. (14)

By the change of the variables t = 1 — e™*, this can be written as

o0
1
Zi( = I‘—/ Y Lify (—u)e TV du, (15)
0

By Lemma 2, the integral in (15) is convergent for Re(s) > 0 and z > —1.
The following proposition indicates that the function Zg(s, z) is an analogue

of the generalized Arakawa-Kaneko zeta function &i(s, z).
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PROPOSITION 2. The function Zi(s, z) can be extended to an entire function, and its

values at non-positive integers are given as follows:

Zi(-n,2) =cP(z) (n=0,1,2,...).

PrROOFE. Let g be an arbitrary non-negative integer and « an arbitrary real number
with 0 < v < 1. Then we have

(1 = t)"Lif,(In(1 — t)) dt =

o\_

v 1
/ts_l(l t)°Lify (In( l—t)dt+/ 71 (1 — t)’Lify(In(1 — t)) dt
0 v

m

ts—li (_l)m'm (z)t dt—i—/ts 1 Z

m=0 m=q+1

e ()
( )t dt +

Il
- TS~

+/t$ (1 = t)*Lif,(In(1 — t)) dt.
v

The first term is equal to

It is easy to see that

1 o (8)m

[(s)(s+m) T(s+m+1)’
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where (s),, is the Pochhammer symbol defined by (9). Therefore we have the
following expression for Re(s) > 0:

Z(s.9=2 #cﬁﬁkzx—l)mvﬁm

— s+m+1)
L( th 1—£)*Lify (In(1— ¢ ii( yhe ’(ﬁ)(z)tm dt
Figg ([ (oo - 3228 + (16)

£~ (1= t)* Lify(In(1 —t))dt) .

+
2 —

The first integration converges if Re(s) > —1—g and the second integration converges
for an arbitrary s € C. Hence the right-hand side of (16) defines holomorphic
function for Re(s) > —1 — g. Since ¢ is arbitrary, we obtain the holomorphic

continuation of Zi(s, z) to the whole s-plane. Finally, when s = —n, only the

term for m = n in the first part remains and Z(—n, z) = cslk)(z) is obtained. [

The previous proposition gives the values of Zi(s, z) at negative integers. The
values at positive integers are expressed by using values of polylogarithm function.

PROPOSITION 3. Let k and n be positive integers. For z > 0, we have

Zk(’n/, Z) = ﬁ ; (n; 1) (—l)lJrlLik (—ﬁ) .

PROOF. By the expression (15), we have

%0 n—1 n—1 00 m
- l —u(l+l+z
Zk(n, z) = '/ ( ) E m'm—|—1 du.
0

=0

By changing the variables u = v/(l + 1 + z), we have

n—1 0
! n1) Ly (=1
Z - Y d
Kn. 2) (n—l)!g( ) /e Omvm+1)kl+1+z)m+l Y
- 0
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o9}
Since m! = [ e"v™dv, we obtain that

1 A n- l"" 1™ B
Z’“(”’z)_(n—m;( ) Zm+1k(l+1+z)m+l_

m:O

n—1
1 n—1 L ( | )
- L (- ). O
(n—l)!lo( l )( e

LEMMA 3. E.G. [10, (2)]. For any r > 0, we have

n ( )ll
>, = G{1}h),

=1

1
Z ki---k (r>1),

where C5({1},) = { n=ki=> >k >1

0 (r=0).

Remark. Lemma 3 implies that
lim ¢, ({1},)=n (n=1,2,...).
r—00

THEOREM 9. For k> 1, n>1 and 0 < z < 1, we have

4(n. 2) iZ WZ(m” ><n<{1}m+] D2y ()

n! — m
In particular, when z = 0, we have

Zk(n’ 0) _ % (_1)m+1

Cn({l}m 1)

Mg

3
il

PRrROOFE. By Proposition 3, we have

1 n—1 n—1 00 1 ( 1)l+m+l
s =t (") S
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ol & A\ & (mi 1 () (2
_(n—l)!mzzlﬁ — ( ! )Z( m—1 ) (I+1)mti

J=0

Lo 1 en (m+j—1\ & [(n) (=D
S () () R e

=1

Here we use the identity

e ()

for |z/z| < 1. By Lemma 3, equation (17) is obtained. O

We put Ty(s, z) := ['(s)Z(s, 2). This means that the gamma factor in (14) is
removed. Then the following duality formula holds.

COROLLARY 3. Let k> 2 and r > 2 be integers. For 0 < z < 1, we have

Z Tk(n z) Z m+1§r mmlk‘f‘ ) (18)
n=1 m=1

PROOF. By Theorem 9, the left-hand side of (18) is equal to

o 6] 0] m+1 -
Sy (””fl 1)<*<r+1,{1}mﬂ-_1>:

j=0 m=1 m
[o.¢] o .
(=pmH! i[fm+i—1 :
=> > (-2 T )&m+).
— m s m—1
Now we have
> m+j—1 = [ mti 1Llrl—et)
(-2 bty =3 0 | it =

7=0 ]:0 0

1 < zt4m IL 1 t
e "™ 'Li(1 —e”

~ (m=1)! et —1
0
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0
ef(l—i—z)ttmflLiT(l _ eft)
/ dt =
! 1—et
0

=& (m, 1+ 2)

and this completes the proof.

We remark that Corollary 3 itself can be proved by calculating

o0}

/e“le (1 — e ) Lifg(—u) p
-1

0

in two ways, without using Theorem 9. In fact, by expanding Lify(—

(19) is

o8}
e_"ler (1- e‘“) (—u)m™! -
Z _ 1)|mk du =
0 m=

o0 m+1 < —uzgm—1 —u
( 1 / e LlT(l —e)
= g du
0

(19)

u), equation

and this equals the right-hand side of (18). On the other hand, by expanding

Li,(1 — e %), equation (19) is

—u)n—l

= (1—e
7u(z—|—1)L-f . -
e ifi,(—u) E —

du =

n=1

Tt~—3

n=1

oo 1 o0
= Z — / e "1 = e )" 'Lify(—u) du
n
0

and this equals the left-hand side of (18).

7. The second kind case

The method similar to that in the previous section can be applied for the poly-

Cauchy polynomials of the second klnd (z)
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LEMMA 4. For k > 0, we have

z

Lif(2) ~ ; (z = ). (20)

PROOF. We prove this lemma by induction on k. Since Lify(z) = e?, the evaluation
(20) holds for k = 0. We assume that (20) holds for some k£ > 0. It is obvious that
lim Lify(z) = oo for any k > 0. By definition, we have

zZ—00

d
a ZLIfk(Z) = Lifk_ 1 (Z) .

Hence, by I’Hopital’s rule and the inductive assumption, we have

. Lify1(2) i zLify(2) _

im0 €7z k1 o efzh

Lify—1(2)
im ——————— =
200 €227 8(1 — k/z)

=1

and (20) holds for k£ + 1. O

Let £ > 1 be an integer and s € C with Re(s) > 0. We assume that

2<0 ifk=1,
(1)
<0 ifk>2

Then we define

1
Zi(s, /‘ L@ In(1 — t)) dt,
0

or equivalently,

9]
1
Zi( = (s / (1 — e™)* 'Lify(u)e* V" du. (22)
0
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By Lemma 4, the integral of the right-hand side of (22) is convergent for Re(s) > 0
under the assumption (21). The function Z k(s, 2) satisfies properties similar to those
of Zx(s, z). Since they are proved in exactly the same way, we state here only the
results and omit their proofs.

PROPOSITION 4. The function Zy(s, z) can be continued to an entire function, and its
values at non-positive integers are given as follows:

-~

Zi(-n,2) =eP(z) (n=0,1,2,..)).

THEOREM 10. For positive integers k and n, we have

- I & n—1 , 1
Zy(n, z) = m Zo ( I )(‘Dlle (m) .

THEOREM 11. Let k and n be positive integers. For —1 < z < 0 or —1 < 2 <0
according to k=1 or k > 2, we have

~ ey [ j— 1 :
Zy(n, z) = ol Z mE Z (mn—;i | )C:z({l}erj—l) 2.

In particular, when z = 0, we have

o0

Zuln,0) = = 3" (U ) (h>2).

m=1

We put Tk(s, z) = F(s)Zk(s, z) Then we have the following duality formula.

COROLLARY 4. Let k > 2 and v > 2 be integers. For —1 < z < 0, we have

io: k(;’: Z) _ i €T(m;nlk_ Z)
n=1

m=1

)
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