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Estimates for the exponent
of irrationality for certain values
of hypergeometric functions
Mariya G. Bashmakova (Bryansk)

Abstract: Wemodify Nesterenko’s integral construction to obtain bounds for irrationality measures

for numbers of the form
�
2� + 1 ln

�
2� + 1� 1�
2� + 1+ 1

, � � N. In particular we improve the previous

result for the number
�
5 ln

�
5� 1
2

.

Keywords: irrationaliry measure, integral representation of linear forms, values of logarithms

AMS Subject classification: 11J82

Received: 27.12.2010; revised: 24.03.2011

1. Introduction

For any irrational % we can consider the exponent A(%) which characterizes the
rate of convergence of rational approximations to %. This exponent is known as the
irrationality measure for %. It is defined as the supremum of all real H such that the

inequality





%� �

 





 �  
�0
has infinitely many solutions in �,  � Z.

One of the methods of finding upper bounds for A(%) is based on integral
constructions of linear forms and investigating asymptotics of their coefficients.
M. Hata [1], 2000 was the first to consider for this purpose a construction with
a double complex integral. A similar integral construction was recently applied
by R. Marcovecchio [2], 2009 for getting bounds for irrationality measures for

the quantities ln
!

! + 1
, ! � N, as well as for the quadratic irrationality measure

for the same numbers (the quadratic irrationality measure A2 describes the order of
approximation of a number by roots of quardatic equations with rational coefficients).
Marcovecchio’s method leads to many interesting results. In particular it gives the
bound A(ln 2) � 3.5745 � � � . This bound improves the result A(ln 2) � 3.8913 � � � ,
which was obtained by E.A. Rukhadze [3], 1989. But Marcovecchio’s construction
was difficult enough. A little bit later Yu.V. Nesterenko [4] gave a different proof
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of Marcovecchio’s result by means of a simpler inregral construction with a single
complex integral.

A certain modification of Marcovecchio’s integral and the corresponting inte-
gral by Nesterenko enables to apply the method to estimate irrationality measures for
logarithms of certain quadratic irrationalities, namely for the values of Gauss hyper-

geometric functions �

�
1,
1

2
,
3

2
;

1

2� + 1

�
=

1

2
!
2� + 1

ln

!
2� + 1+ 1!
2� + 1� 1 , � � N,

with half-integer parameters. Irrationality measures for such numbers were obtained
earlier by different authors. Some general methods are due to M. Huttner [5], K.
Väänänen, T. Matala-Aho and A. Heimonen [6]. Particular results are due to G.
Rhin [7], M. Hata [8], E.S. Salnikova [9] and others. The method of modified
Nesterenko’s integral construction enables to improve some of the previous results
from the paper cited above.

So for � = 1 we prove the inequality A(
!
3 ln(2�

!
3)) � 11.9185 � � � , which

is better than the previous bounds due to G. Rhin [7], and E.S. Salnikova [9], as

well as the previous result by the author A(
!
3 ln(2 �

!
3)) � 12.4518 � � � , which

was obtained in [10], by a different method. The best bound for the logarithm of

the “golden ratio” A(
!
5 ln

!
5� 1
2

) � 4.4562 � � � , (case � = 2) was due to E.S.

Salnikova [9]. She had a slight improvement of Hata’s result from [8]. In the present

paper we prove a new bound A(
!
5 ln

!
5� 1
2

) � 3.7133 � � � . Here we should note

that for � = 4 we can deduce Marcovecchio’s result for ln 2.

2. Integral construction and its properties

Consider the integral

�� ($) =
$�

��+1
2

20�

�
/

�(I)

�
0

sin 0I

�3
(�$)

�1
(I, (1)

where

�(I)=
�
I+ (��2!)

(��4!)


��
I+ (��!)


(��2!)


��
I+�


�


�
=

=
(I+2!
+1) � � � (I+ (��2!)
)

((��4!)
)!
(I+!
+1) � � � (I+ (��!)
)

((��2!)
)!
(I+1) � � � (I+�
)

(�
)!
,

!, � � N, � � 4!, �
+ 1 is even, and $ � C, $ /� �0, 1	, , is a vertical line of the
form Re I = #, where �(� � 2!)
 � # � �2!
 � 1. We suppose that the line is

parametrized from the bottom to the top. Suppose that (�$)�1 = ��1 ln(��)
. We take

the branch of the logarithm ln(�$) = ln �$�+� arg $+�0 such that �0 � arg $ � 0.
A similar construction was considered in [4]. Here we give a modification which

adds a symmetry of the integral with respect to the substitution of $ by
1

$
.
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The integral (1) admits the following properties.

Proposition 1. For any $ � R, under the condition $ � 0, $ 
= 1 the following
representation is valid:

�� ($) = �1
2
/ ($) ln

2
$ + 1($) ln $� 1

2
+($)� �0(/ ($) ln $�1($)), (2)

where the functions / ($),1($),+($) are defined as

/ ($) = $
� ��+1

2

3(��2�)��
�=��

!�

�
$

$� 1

��+1

,

!� =
�+1�

�=��+1

(�1)��1�(��)

�
�

� � 1

�
,

1($) = $
� ��+1

2

� ���
�=1

�
�
(��)$

� +
3(��2�)��1�

�=0

��

�
$

$� 1

��+1�
,

�� =
�+1�
�=1

(�1)��1� �
(��)

�
�

� � 1

�
,

+($) = $
� ��+1

2

� 2���
�=1

�
��
(��)$

� +
3(��2�)��2�

�=0

��

�
$

$� 1

��+1�
,

�� =
�+1�
�=1

(�1)��1� ��
(��)

�
�

� � 1

�
.

The proof of this Proposition is quite similar to the proof of Proposition 1 from
[4]. A more detailed argument can be found in [11].

Proposition 2. The functions / ($),1($),+($) defined in 1 satisfy the equalities

/ ($) = /

�
1

$

�
, 1($) = �1

�
1

$

�
, +($) = +

�
1

$

�
.

Proof. From [4], [11] we know that

/ ($) = �$
� ��+1

2

��
�=��+1

$
�
�(��),

1($) = �$
� ��+1

2

��
�=(���)�+1

$
�
�

�
(��),

+($) = �$
� ��+1

2

��
�=(��2�)�+1

$
�
�

��
(��).
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Consider the integral ��� 1
$

�
.

��� 1
$

�
=

$
��+1
2

20�

�
/

�(I)

�
0

sin 0I

�3�
� 1
$

��1

(I =
�
I = �J � �
 � 1

(I = �(J

�
=

=
$

��+1
2

20�

�
/1

�(�J � �
 � 1)
�

0

sin 0(�J � �
� 1)

�3�
� 1
$

�2+��+1

(�(J) =

=
$�

��+1
2

20�

�
/1

�(�J � �
 � 1)
�

0

sin 0(�J � �
 � 1)

�3�
� 1
$

�2

(�(J).

Here ,1 is the vertical line Re J = �# � �
 � 1,parametrized from the top to the
bottom. As 2!
 + 1 � �# � (�� 2!)
 we have (�� + 2!)
 � Re J � �2!
 � 1.
So we may suppose that ,1 coincides with , but is parametrized in the opposite
direction. Moreover,

�(�J � �
� 1) =

=
(�J � (�� 2!)
) � � � (�J � 2!
� 1)

((�� 4!)
)!
(�J � �
) � � � (�J � 1)

(�
)!
�

� (�J � (�� !)
) � � � (�J � !
� 1)
((�� 2!)
)! =

= (�1)(3��6�)��(J) = ��(J).

As sin 0(� + $) = (�1)� sin(0$) for � � Z, we see that

0

sin(0(�J � �
� 1)) = �(�1)��+1 0

sin 0J
= � 0

sin 0J
.

By changing the direction of the line ,1 we get

��� 1
$

�
=

$�
��+1
2

20�

�
/

�(I)

�
0

sin 0I

�3�
� 1
$

�1

(I .

One can easily see that

��� 1
$

�
= $

� ��+1
2

��
�=(��2�)�+1

+��1=��

�
�(I)

�
0

sin 0I

�3�
� 1
$

�1
�
.

Let us find the residues in the pointsI = ��.
The following equalities are valid in certain neighborhoods of these points:�

0

sin 0I

�3
= (�1)�

�
1

(I + �)3
+

02

2(I + �)
+ 9(1)

�
,
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�(I) = �(��)+ �
�
(��)(I + �)+

� ��(��)

2
(I + �)

2 + 9((I + �)
3
),�

� 1
$

�1

= �
(1+�)(� ln �+��)

(�1)�$� =

= (�1)�$�
(1+ (� ln $ + 0�)(I + �)+

1

2
(� ln $ + 0�)

2
(I + �)

2 + 9((I + �)
3
)).

So

+��1=��

�
$
� ��+1

2 �(I)

�
0

sin0I

�3�
� 1
$

�1�
=

=$
�� ��+1

2

�
�

�
(��)(�ln$+0�)+

02

2
�(��)+�(��)

1

2
(�ln$+0�)

2+
� ��(��)

2

�
.

We take into account the properties of �(I) and its derivatives to obtain

��� 1
$

�
=$

� ��+1
2

�
1

2
ln
2
$ �

��
�=��+1

$
�
�(��)� ln$ �

��
�=(���)�+1

$
�
�

�
(��)+

+
��

�=(��2�)�+1

$
� �

��(��)

2
+0�

�
� ln$ �

��
�=��+1

$
�
�(��)+

��
�=(���)�+1

$
�
�

�
(��)

��
=

=�1
2
/ ($) ln

2
$+1($) ln$� 1

2
+($)+0�(/ ($) ln$�1($)).

On the other hand, from (2) we have

��� 1
$

�
=�1

2
/

�
1

$

�
ln
2
$�1

�
1

$

�
ln$� 1

2
+

�
1

$

�
�0�

�
�/

�
1

$

�
ln$�1

�
1

$

��
.

As ln $ is a transcentental function we see that

/ ($) = /

�
1

$

�
, 1($) = �1

�
1

$

�
, +($) = +

�
1

$

�
.

This is just what we need. �

As we can see from this statement the integral (1) satisfies the equality

��� 1
$

�
= �� ($).

For more detailed properties of the functions under consideration we need the
following simple lemma. This lemma was used in [10].

Lemma 1. Suppose that �($) � Q($).

If �($) � �

�
1

$

�
, then �($) = ��($ +

1

$
), where ��(�) � Q(�).

If �($) � ��

�
1

$

�
, then �($) = ($� 1

$
)��($ +

1

$
), where ��(�) � Q(�).
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Now from Proposition 2 and Lemma 1, one can see that

/ ($) = �/�$ +
1

$

�
, 1($) =

�
$� 1

$

��1�$ +
1

$

�
, +($) = �+�$ +

1

$

�
,

where �/ (�), �1(�), �+(�)�Q(�). So if we consider a parameter $ such that $+
1

$
�Q,

then / ($),
1($)

$� 1/$ ,+($) � Q. We also consider the quantities

$ =
� + 1�!

2� + 1

�
, � � N. (3)

For these quantities we have

1

$
=

� + 1+
!
2� + 1

�
, $ +

1

$
=
2� + 2

�
� Q, $� 1

$
= �2

!
2� + 1

�
,

and

ln $ = ln

!
2� + 1� 1!
2� + 1+ 1

.

The equality (2) turns into

�� ($) = ���� ln
2

!
2� + 1� 1!
2� + 1+ 1

+ � ��2� + 1 ln

!
2� + 1� 1!
2� + 1+ 1

�

� ��� � �0

���� ln

!
2� + 1� 1!
2� + 1+ 1

�
�
2� + 1� ��, (4)

where ���, � �, ��� � Q.

Proposition 3. Suppose that $ is of the form (3). Then the following statements
hold.

1. If � = 2,, then 2,
#
$
#
, 2,

# 1

$#
� Z[
�
2� + 1] and

2 �
�

$

$� 1

�#

� Z[
�
2� + 1];

2. If � = 2, + 1, then �
#
$
#
,
�#

$#
� Z[
�
2� + 1] and

2
[�
2
]+1 �
�

$

$� 1

�#

� Z[
�
2� + 1].

Proof. For $ of the form (3) we have �#$#
,
�#

$#
� Z[
�
2� + 1] for all �. For

� = 2, we have $ =
1

,

�!
4, + 1� 1

2

�2
=
1

,
�$2. The number �$ is a root of the

equation �2 + �� , = 0, so �$# = !#�$ + �# , !# , �# � Z and 2�$# � Z[
�
4, + 1],

07-Bashmakova.tex
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that is 2 � ,#$
# � Z[

�
2� + 1]. For the number

1

$
we have a similar statement as

1

$
=
1

,

�!
2� + 1+ 1

2

�2
.

We have similar statements for
$

$� 1 =
1�!

2� + 1

2
= � also. These numbers

are roots of the equations �
2��� �

2
= 0. So for � = 2, we have 2�

# � Z[
�
2� + 1].

For � = 2, + 1 we have�
1�!

2� + 1

2

�2
=

� + 1�!
2� + 1

2
=
2(, + 1)�!

4, + 3

2
.

So for � � N we see that

2

 �
�
1�!

2� + 1

2

�2

= (� + 1�

�
2� + 1)


 � Z[
�
2� + 1]

and

2

+1

�
1�!

2�+1
2

�2
+1

= (1�
�
2�+1) �2


�
�+1�!

2�+1
2

�


�Z[
�
2�+1].

This is just what we need. �

Do deduce the bounds for irrationality measures we need the following lemma
due to M. Hata (see [12], Proposition 2.1 ).

Lemma 2. Suppose that 
 � N, 3 � R, and 3 is irrational. Suppose that ,� =
=  �3 + �� where  �, �� � Z and

lim
���

1



ln � �� = �, lim sup

���

1



ln �,�� � �< , �, < � 0. (5)

Then A(3) � 1+
�

<
.

The equality (2) for every $ gives us linear forms

Im(�� ($))
0

= �/ ($) ln $ + 1($), (6)

Re(�� ($))� Im(�� ($))
0

ln $ =
1

2
/ ($) ln

2
$� 1

2
+($). (7)

The simultaneous consideration of these linear forms leads to bounds for irrationality
measures for ln $, as it was done in [2], [11]. But for our detailed consideration of
irrationality measures we only need the first linear form.
For $ from (3) we get

!
2� + 1 Im(�� ($))

0
= ���

�
2� + 1 ln

!
2� + 1� 1!
2� + 1+ 1

+ � �, ���, � � � Q.
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In order to apply Lemma 2 we need to transform this linear form into a form

with integral coefficients, We shall deduce an estimate for the denominators of
the coefficients using the explicit representation for the functions / ($),1($),+($)
from Proposition 1.

We use notation [$] and �$	 for the integer part and for the fractional part of
$, respectively. Let (� be the least common multiple of the numbers 1, 2, � � � , 
.

Lemma 3. Suppose that ' � N,��($) =
($ + 1) � � � ($ + ')

'!
. Then for any

� � Z one has

(���
�(�) � Z.

A proof of this lemma one can find in [4] (Lemma 3).

Corollary 1. For any � � Z one has (���
�
(�) � Z.

By Ω we denote the set of 5 from the interval 0 � 5 � 1 such that for any $ the
inequality

([$� 2!5]� [$� (�� 2!)5]� [(�� 4!)5])+
+ ([$� !5]� [$� (�� !)5]� [(�� 2!)5])+ ([$]� [$� �5]� [�5]) � 1 (8)

is valid. The set Ω is the union of certain segments, half-intervals and points. For
given values of parameters !, � we find this set explicitly, by a computer program.

Define Δ to be the product of all prime numbers � �

 
3(�� 2!)
 such that�




�

�
� Ω.

Lemma 4. For any � � N, � � 3(�� 2!)
, one has
(��

Δ
�

�
(�) � Z.

Now from Propositions 1,3 and Lemma 4 as a simple corollary we deduce the
following

Proposition 4. Suppose that $ is of the form (3). Then

1. If � = 2,, , � N, then 2 � , ��+1
2 / ($), 2 � , ��+1

2 � (��

Δ

�
4, + 1 , 1($) � Z.

2. If � = 2, + 1, , � N0 , then 2
[
3(��2�)�+1

2
] � (2,+1) ��+1

2 / ($),

2
[
3(��2�)�+1

2
] � (2,+1) ��+1

2 � (��

Δ

�
4,+3(2,+1)1($)�Z.

Here we should note that for odd � � 1 the denominators are large enough,

and this does not allow obtaining any bound for the corresponding quantities.

Now we get asymptotics for the coefficients of the linear form (6). As we have

 Im(�� ($))

 �


�� ($)

, it is enough to calculate the values lim

���

1



ln �/ ($)� and

lim sup
���

1



ln


�� ($)

. We use the method from [4]. Here we formulate the main

conclusions from this approach.
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Lemma 5. Suppose that $ � R, 0 � $ � 1. Suppose that the equation

�(�� !)(�� 2!)
(�� (�� 2!))(�� (�� !))(�� �)

=
1

$
(9)

has only one real root $0 � 0. Then

lim
���

1



ln �/ ($)� = � =

= ln

�
($0 � (�� 2!))��2�($0 � (�� !))���($0 � �)�

(�� 4!)��4�(�� 2!)��2���($0 � !)�($0 � 2!)2�
�

� �

2
ln $. (10)

Lemma 6. Denote

' = ln
�K0 + (�� 2!)���2��K0 + (�� !)�����K0 + ���
(�� 4!)��4�(�� 2!)��2����K0 + !���K0 + 2!�2� � �

2
ln $,

where K0 is a complex root of the equation

�(� + !)(� + 2!)

(� + (�� 2!))(� + (�� 2!))(� + �)
=
1

$
, (11)

under the condition Im K0 � 0. If ' � 0, then one has

lim sup
����

1



ln ��� ($)� � '.

The following lemma dealing with the calculation of asymptotics of denominators
is considered in the modern literature as a classical statement.

Lemma 7. Suppose that real numbers *, � satisfy the inequalities 0 � * � � � 1.
Then

lim
���

1




�
.�� �

�	��

ln � = L(�)� L(*), (12)

where L($) =
Γ�($)

Γ($)
is the logarithmic derivative of gamma-function and the

summation is over all the primes � under the condition that the fractional part�



�

�
satisfies the inequality written under the sign of summation.

One can find a proof of this lemma in [4] (Lemma 6).

3. Main results

We apply Lemma 2 to the linear form (6). For odd � we have a result for � = 1
only.

Theorem 1. We have the following bound for the irrationality measure:

A(
!
3 ln(2�

!
3)) � 11.918524 � � �

07-Bashmakova.tex
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Proof. Take � = 1. Then $ = ) = 2�
!
3, $+

1

$
= 4 � Z and

$

1� $
=

!
3� 1
2

.

Put ! = 1, � = 7. The same parameters we used in Nesterenko’s integral construction
We use computer for optimal choice of !, �. The values above give the best result.

The representation (6), Lemma 4 and Proposition 4 lead to the equality

2

!
3 � 2[ 15�+1

2
](7�

Δ

Im(�� ()))
0

= ��

!
3 ln(2�

!
3)+  �,

where

�� = �2 � 2
[ 15�+1

2
](7�/ ())

Δ
� Z,  � =

2
!
3 � 2[ 15�+1

2
](7�1())

Δ
� Z.

Now we find the asymptopics for the integral and the function / ($). The equation
(9) turns into

�2.73205�3 + 64.17691�2 � 397.32944�+ 783.73066 = 0.

The unique real root of this equation is $0 = 15.13248. So by Lemma 5 we have

lim
���

1



ln �/ ())� = � = 6.57772� 7

2
ln ) = 11.36712.

The equation (11) can be derived analogously. The corresponding complex root is
K0 = �4.17894+ 1.22201�. Then in accordance with Lemma 6 we have

lim sup
���

1



ln ��� ())� � �7

2
ln ) � 13.51369 = �8.90433 = '.

The set Δ for the parameters !, � under consideration is of the form Δ =
�
1

6
,
3

7

�
��

1

2
,
5

7

�
�
�
3

4
,
6

7

�
. So by Lemma 7 we have

lim
���

1



lnΔ=Ψ

�
3

7

�
�Ψ
�
1

6

�
+Ψ
�
5

7

�
�Ψ
�
1

2

�
+Ψ
�
6

7

�
�Ψ
�
3

4

�
=4.995102� � �

As from the prime number theorem one has

lim
���

1



ln (3� = �, � � N,

we deduce that

lim
���

1



ln (7� � 2[

15�+1
2

] = 7+ 7.5 ln 2 = 12.19860 � � �

By Lemma 2 we get the announced result:

A(
!
3 ln(2�

!
3)) � 1� 11.36712+ 12.1986� 4.99510

�8.90434+ 12.1986� 4.99510 = 11.918524 � � �

�
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It is possibe to obtain a generalization for even values of �.

Theorem 2. Suppose that !, � � N satisfy � � 4!. Suppose that $ is of the form
(3) for � = 2,. Suppose that numbers � ,' are defined as in Lemmas 5, 6, the

set Ω is defined in (8) and �0 = lim
���

1



ln Δ.

If '+ �0��0 � 0, where �0 = �+
�

2
ln ,, then the following inequality is valid:

A

��
2� + 1 ln

!
2� + 1� 1!
2� + 1+ 1

�
� 1� � + �0 ��0

' + �0 ��0

. (13)

The proof of Theorem 2 follows from Propositions 1, 4 and Lemma 2.

Here we mention several results obtained from formula (13). It turned out that
the values of parameters ! = 1, � = 7 are optimal for ln 2 in Nesterenko’s paper
and in Theorem 1 above. So in the Table below we show not the optimal result only
but the result for ! = 1, � = 7 also.

k x a b
the best
result

the result with

 = 1, � = 7

2
3�

	
5

2
1 7 3.71331.. –

6
7�

	
13

6
4 37 11.826.. 12.139..

8
9�

	
17

8
4 39 18.937.. 20.929..

The most important results occur for � = 2. They contain essential improvements
of previous bounds. Here we should note that in this case the bound

A

�!
5 ln

!
5� 1
2

�
� 3.71331 � � �

is also obtained with ! = 1, � = 7.

The additional factor $
� ��+1

2 leads to worse asymptotics when � increases. So
further results are not as good as the results known before. The method of estimating

the irrationality measures for the numbers �

�
1,
1

2
,
3

2
;
1

�

�
from the paper [6] in

particular gives the bound A

�!
13 ln

!
13� 1!
13+ 1

�
� 3.86 � � � . When � increases the

bounds of this method decrease. In our construction the situation is opposite: as �
increases the bounds increase very rapidly.

The simultaneous consideration of the forms (6), (7) enables to deduce es-
timates for quadratic irrationality measure for ln $. In this situation the only re-
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sult obtained is that for $ =
3�!

5

2
with no growth of denominator we have

A2

�!
5 ln

!
5� 1
2

�
� 33.009 � � � . A detailed proof of this bound by the means of

Marcovecchio’s construction is given in [13].
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