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Abstract: We establish some new limiting theorems for a family of signed distributions supported
on the set of square-free numbers. These distributions are derived from the study of the Mobius
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1. Introduction

The Mobius function is defined on the set of natural numbers by

1 ifn=1,
p(n) = € (=1)F if n is the product of k different prime factors, (L.1)

0 if n is not square-free.
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In recent works [6—8], Cellarosi and Sinai studied several problems related to the
distribution of u2(n), the binary correlations and some ergodic properties. For this
purpose they consider a probabilistic model for square-free numbers, and provide
limit theorems for several random variables defined on the ensemble. To fix the
notations, we take any integer N > 2 and denote by Q(N) the ensemble whose
elements are £ = {q1,...,¢s; with 1 < q; < ... < gs < N, g; are prime. There
exists a natural bijection between Q(N) and the set of square-free numbers @ whose
prime factors are less than N, namely for any @ = q; - ... - ¢s we identify it with
¢ ={q1,...,qs} and vice versa. For later purposes we also introduce the restricted
ensemble defined by

QN ={é={q,...,qs}:1<q1<...<gs<N,g; are prime and g;#qo }. (1.2)

Here q( is a prime number. In other words we just remove the prime ¢y from the
ensemble.

Define a measure u}v (we use the superscript 1 here so as not to confuse with
the notations later on) on (N) so that

uh(§) = ———. 1.3
Mo = (13)
Equivalently, we can also write
~ 1
upn(Q) = 2 Q=q..."qs, ¢; <N.

The total mass of the measure u}, has the form

1 ev

Iy= ) 6:H<1+é>:@logN+o(logN), (1.4)

QeQ: q;i<N q<N

where in the last equality «y is the Euler—Mascheroni constant and log denotes the
natural logarithm. Here we have used the classical Mertens product formula [14].
Define the normalized measure u}; by

uy(§) = —NU}V(f), £ € QN).
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For any random variable f: Q(N) — R, introduce the expectation

Evf= 3 f©uk(®)

§eQUN)

and the characteristic function
QOf(/\) = ENeiAf.

Consider random variables:

S

log g; .
ZIOgN’ 5—{‘11:«--,(13},

nv(€) = ¢ i=!

0, otherwise.

log @
log N
Let Py be the distribution on R corresponding to ny on (Q(N), u]'v) We

Equivalently, we can define ny(Q) := for @ € @ and 0 for not square-free Q).

recall the following result proven in [6]:

THEOREM 1.1 (CELLAROSI—SINAI [6]). As N — oo the probability distribution Py
converges weakly to a probability distribution P whose characteristic function @(\) has
the form

I
AV _ 1
©(A) =exp / c dv

v
0

The distribution in Theorem 1.1 is known as the Dickman—de Bruijn distri-
bution and it first appeared in the theory of smooth numbers (cf. [2—4,9]). For
some computational aspects of the smooth numbers one can refer to the recent
survey article by Granville [10] (see also Hildebrand and Tenenbaum [12]). In a
series of papers, Tenenbaum and Wu [17—19] (see also Hanrot, Tenenbaum and
Wu [11]) investigated the partial sums of general positive-mean-valued multiplicative
arithmetic functions over certain smooth numbers.

The purpose of this paper is to establish some analogues of Theorem 1.1 when
the measures in (1.3) are replaced by some special signed measures. This problem



6 M. Avdeeva (Princeton), D. Li (Vancouver), Ya. G. Sinai (Princeton, Moscow)

originates from our study of the Mobius function and the Mertens function. Recall
that the Mertens function is the partial sum of the Maobius function given by

=> " p(n)

n<N

Our analysis is based on the following Euler-type product for u(n)

pin)= T (1-2x(n) + xp(n). (1.5)
p>2,

Here x, and x,» are indicator functions defined by:

1, ifp|n,
Xp(n) =
\0, otherwise;
.
1, ifp’ln,
Xp? (n) =
k0, otherwise.

It is easy to check that the definition (1.5) coincides with the standard definition (1.1).
Alternatively, one can think of (1.5) as expressing (1.1) through an inclusion-
exclusion principle. Note that for any given n the product in formula (1.5) extends
over only finitely many primes so there is no issue of convergence.

Opening the brackets in (1.5), we have

pn) = D (=2)*Pxpg(n) =
P.Q
PNQ=92

=1+ > (=2)"Pxe(n) + ;; (=2)* Dy prg (n). (1.6)

Q+o 2,
PNQ#£D

Here P, Q € Q. For@Q = q;-...-qs, w(Q) = s denotes the number of distinct prime
factors of (). The notation PN # & means that P and ) have no common prime
factors. Similarly, P = @ simply means P # | or P has at least one prime in it.
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Our notation here is consistent with the identification map which was mentioned
earlier, namely for any Q = q; - ... - ¢s we write (by a slight abuse of notation)
Q=¢={q,--.,qs}. The indicator function xp:g(n) is defined as

1, if P2Q|n,
XP2Q(n) =
0, otherwise.

The notation ¢ is similarly defined.
By using the decomposition (1.6) for p(n), we then have the following expres-

sion for the Mertens function M(N) = > u(n):
n<N

M(N 1 1
% =N Z p(n) =1+ N Z Z (_z)w(Q)XQ(n) + terms involving P =
n<N n<N Q#2

1 N
=1+ N Z (—2)“’(@) [6] -+ terms involving P =

QF2,
Q<N
—2)w(@)
=1+ Z % + other terms. (1.7)
i

Here in the last equality we have replaced the integer part of N/Q by N/Q —{N/Q}
and put the fractional part {N/Q} into “other terms”. The main part of (1.7) is the
series

_2)w(@)
1+ > %. (1.8)
QFD,
Q<N

It is important to understand the series (1.8) from a probabilistic point of view.
In terms of the ensemble Q(N) (or the set of square-free numbers Q) introduced
earlier, we replace (1.3) by a new generalized signed measure defined as

—_ s ~ (@)
ub(§) = ———,  or equivalently, u}(Q) = : (1.9)
Qi gs Q
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Here t € R is a general real parameter. We are especially interested in the case
t = —n where n > 1 is an integer. The case ¢ = —2 would correspond to the
series (1.8). The normalization factor (partition function) Z% is given by

(@)

Zy = Z — = H (1—1—2):

QEQ: ¢i<N prime ¢<N

= const -(log N)" - (1 4+ on(1)), as N — oc.

Note that if ¢ = —py and py is a prime number, then va could vanish identically.
In this case we need to consider the set of primes with p, removed. For example,
in the case ¢ = —2 we will just consider odd square-free numbers. In this way we
can make sure that va always stays nonzero.

We shall normalize uf, and consider the normalized measure

1 —_—
un(Q) = Z—gvugv(Q)-

The properties of the measures ufv change drastically as we vary the parameter ¢
from positive to negative values. Heuristically this can be seen from the value of the
normalization factor va. For example, if ¢ = 1 then va ~ const - log N. In this
case we can afford O(1) (or even bigger) error terms since we will be dividing by a

. In

large factor O(log N). On the other hand, if t = —2 then Z% ~ const o N
og
this case we have to carry out a more refined analysis and control the error terms

within precision 0(1 /log? N )
lo
Now recall the random variable ny(Q) = %6\2[ for @ € Q and 0 for non-
0g

squarefree Q. Let u’; be the distribution on R induced by ny on (Q(N), uf,). For
x>0,

1 (@) 1 (@)
t
0,z = = = — 1.10

We will be particularly interested in the above expression for negative integer t’s
and its asymptotics in the limit N — 0o. To get some idea of what the limiting object
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might be, one can investigate the limit of the characteristic functions associated with
the random variables ny. The following theorem provides some clue.

THEOREM 1.2 (CONVERGENCE OF THE CHARACTERISTIC FUNCTIONS). Lett € R. If
t = —qo for some prime number qo, then we consider the restricted ensemble (g N
(see (1.2)). As N — oo, we have

I
. . d
Ene™ —s exp t/ (e“\s - l) Rl P'(N).

S
0

We shall call the distributions in Theorem 1.2 the generalized Dickman—de
Bruijn distributions. As it turns out, for negative integers t, these distributions are
in general tempered distributions which are no longer finite Radon measures. For
example, for t = —2 we have ¢(~?()\) ~ A2 as A\ — oo which corresponds to the
second order derivative of a Dirac function. More precise information is contained
in the following theorem.

THEOREM 1.3 (STRUCTURE OF DICKMAN—DE BRUIIN DISTRIBUTION). Lett € Z~
(the set of negative integers). Then the density ptDB of the generalized Dickman—de
Bruijn distribution with parameter t admits the following representation:

pps(z) = pelz) + pi(),

where pt is a continuous and bounded function on R. The notation p, denotes the
singular part of the density which takes the form

em,y [t]4+1 |t +1-k )
Pi(x) =5 Z Z sgn(m)(:c -k)- (—l)ltm* T Prjtiti-k-m |, (1.11)
k=0 m=0

where vy is the Euler—Mascheroni constant and the coefficients Py s are given by

Pegi= Y, jildl... gk, if k> 1andm > 0.

Jit+. . Fjr=m,
Ji>0,¥ 1<i<k

In the case k =0, Pyog =1 and Py =0 for m > 0.
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In (1.11) sgn(z) is the usual sign function defined as

I, x>0;
sgn(z) = 0, zz=0;

-1, z<0.

The notation sgn'™ denotes the m'™" derivative of the sign function in the distributional

sense.

Remark. The formula (1.11) gives a full description of the singularities in the
generalized Dickman—de Bruijn distribution. The singularities only occur at z =
0,1,...,[t| (we do not regard sgn(z) itself as a singularity when we describe the
density). The “worst” singularity takes place at z = 0 where it contains the tempered
distribution 6(*)(z). For = I, the most singular part is of the form 6(*=9(z — I).

Theorem 1.3 quantifies the fact that the generalized Dickman—de Bruijn
distributions are in general tempered distributions. For example, for ¢ = —2 we have

1 _ 1
s 7 by (@) = 58"(@) +8'(2 1) ~ 6(z — 1) + sgn(e — 1) + b(z — 2)-

—sgn(z —2) + % sen(z — 3) + pS 2 (). (1.12)

Due to the singular terms ¢”(z) and §'(z — 1), pg;)

cannot be the limiting
density of the cumulative distribution functions p’; as defined in (1.10). The correct

form of the limiting distribution is given by the following theorem.

THEOREM 1.4 (LIMITING DISTRIBUTION FUNCTION FOR 7y). Consider the sum

o))
Sn(y) = Z L,uz(n). Then, for N — o0,
n<NY,
pln=2<p<N
0 (e‘cvyl"gN), for0<y<1,
Sn(y) =
C

(G(y) +on(1)), fory>1.
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Fig. 1. The density of the generalized Dickman—de Bruijn distribution for ¢ = -2

1
Here ¢ > 0 is a sufficiently small (absolute) constant, C; =4 ] (1 - W)
p>2 p=
p 18 prime

and G(y) has singularities at y = 1, 2; more precisely,

G(y) =Gi(y) — H(y— 1) + H(y — 2) + Ga(y)

where

H(y) = Gi(y) = — - Im

s,
-1
1, fory>0; e~ 27 / —20f—et dt +ys g
e —_—
1, fory <0; o !

S

Here ~ is the Euler—Mascheroni constant and T' is the right half unit circle on C
including the points s = *+i. G, is a continuous and bounded function in y.
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Remark. From Theorem 1.4 we can compute the limiting distribution and the
density. Denote ph([0, z]) — ui ([0, z]).

In the case t = —2, we have ,ugz)[o, z] = ¥ - G(x)

coeee®®

1

Fig. 2. The limiting distribution of ny for t = -2
56

The density of this distribution can be calculated to be

20 = —§(z — 1) +sgn(z — 1) + 6(z — 2)—

—sgn(z —2) + 3 sen(z — 3) + pL ()

Or, in terms of pgé) (see (1.12) and Fig. 1), we have
i

This shows that ps

de Bruijn distribution.

=¥ (6" (x) +28'(z — 1)) + pG?
(-2)

collects all the non-tempered part of the generalized Dickman—
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Remark. In a recent paper [5], F. Cellarosi considered a situation different from the
one considered in Theorem 1.4 and proved the limiting theorems for smooth test
functions. For example, for negative ¢ he proved that

Exf(ny) = / Fdubs (1.13)

-~

for a class of smooth functions whose Fourier transform f(\) has sufficiently fast
decay as |A| — 0o. Note that for negative t (e.g., t = —2) the Fourier transform of
p% g grows like |)\|‘t| at infinity. By the Parseval equality we have

[ fauts = [ Fospsniar

Obviously in order for the above integral to converge, we must impose at least
IF(A)]-|A|Y € L which requires f to decay sufficiently fast as |A| — oo. This is the
main reason why smoothness of functions played an important role in the analysis
therein. On the other hand, in our situation the limiting density is p’, which differs
from p%B exactly by a part corresponding to a genuine tempered distribution. In
yet other words for f = x[o, (indicator function of the interval [0, z]) (1.13) no
longer holds and we have to replace the measure utD p by a different measure uto.
This shows the surprising change of behavior in the signed distributions.

We now list some notations and conventions used in this paper.

Notations and Conventions

e For any two quantities X and Y, we denote X < Y if X < CY for some
harmless constant C' > 0. Similarly, X 2 Y if X > CY for some C > 0. We
denote X ~Y if X <Y and Y < X.

o We will use the “big O” and “little 0” notations. Let n be a positive integer
which tends to infinity. We shall write f < g or f = O(g) if |f(n)| < Ag(n) for
some constant A independent of n. We write f(n) = O(g(n)) if f(n) < g(n).
We will write f(n) = o(g(n)) if f(n)/g(n) — 0 as n — oo. To stress the
dummy variable n we sometimes write f = 0,(g). For example, the notation
X = oy(1) means that X — 0 as N — o0.
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e For any complex number X, we denote by Re(X) and Im(X) the real and
imaginary parts of X respectively.

e For any natural number n, w(n) denotes the number of distinct prime divisors

o0
of n. {(s) = > n~* denotes the Riemann zeta function.
n=1

2. Proof of Theorem 1.2

We will frequently use the following

LEMMA 2.1 (PARTIAL SUMMATION). Let {a,}3° | be a sequence of complex numbers.

Let 0 < a < b < 00 and suppose f is a continuously differentiable function the interval
[a, b]. Set

At) =) an.

n<t

Then

b

S ) = ADS®) - A@f@ - [ A0S O

a<n<b a
ProOOF OF LEMMA 2.1. The proof is a standard exercise in calculus. See Theorem 1
of Chapter 1.0 in [16] for a textbook proof. O

Throughout the rest of this paper, we shall not make explicit reference to
Lemma 2.1 and simply mention it as partial summation (formula) wherever it is
used.

We first take py sufficiently large such that py > 2|t|+2. Obviously, as N — oo,
for any real A, we have

t t ) lozg
|| <1+— || 14+ —e"loeN | — 1,
q<po, 1 q<po,
q is prime and q # qo q is prime and q # qo
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Therefore we only need to consider
—1

¢ t g loeg
11 <1+—> 11 (1+—e”logN>_
q

Do<g<N, Do<g<N, q
q 1S prime q 1S prime
t ;yloza t
= exp Z log (1 + —e“logN) - Z log (1 + —) =
Po<g<N q Po<g<N q

=:exp (en(A) — on(0)) .

We analyze ¢n(A) — ¢n(0) as N — 0o. By using partial summation, we have

t .
on(A) = m(N) log (1 + Ne”‘) - (2.1)
t gy loem
— m(po) log (1 +—e 10%N) - (2.2)
Do
N p |
toin =i
— | m(q)— (log <1 + —e 10%N>> dg. (2.3)
/ dq q
Po
Here 7(N) is the usual prime-counting function: 7(z) = >, 1.
Pz,
P 1s prime

For (2.1), note that by using the Prime Number Theorem,

(N)1 i+ 2o (Y o(L) S0 asno
T og Ne = log N N as 0.

log po
log

t
—7(po) log (1 + —) as N — oo. This constant will cancel with the corresponding
Po

For (2.2), note that

— 0 as N — oo. Therefore, (2.2) converges to

constant in the expression for @y(0).
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For (2.3), we compute

Thus,

en(A) — on(0)

Let us analyze the above integral denoting it by I . Consider first the regime
po < q < log N. In this case we have

] i\
log N
., logg
1 4 —¢ioeN
q

1
* ~Torg
1+ —eiogN

q

1
<
<0(iay) +0

N ; 1
P RS
q qqlog N
(2.3) = —/ﬂ(q) apraTT dq =
1 + e " logN
Do q
N i
t  logN 2L
N /W(q)T ¢ .glogq e le N dg
Po 1 1+ _el)‘logN
q
N _ L |
t log N in24
=owll) + / ﬂ-(q)_Z t ‘glogq e loeN — —— | dg.
Po 1 1+ —CZAIOgN

14 -
q q

L ; L
omr || e
t|~ logN AL
1+ - 1+ —elogN
q
., loggq 1 1
(el)\logN _1) + logg s
1+—el)‘m 14+ -
q q

log log N
logN |
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Therefore,
o log log N - log log log N
t loglog N oglo - log log lo
Iy| < / BB g < oI,
qlogq log N log N
Po
as N — oo.

It remains to consider the regime log N < g < N. First, observe that

log q

N AN rry A N |
t
/ logN e 0 S0y / glogq 1 =
o N 1+ eA“’gN log N
o(1) Al loglog N — 0 N —
< oz NV og log as 0.

Hence we only need to consider the integral

N ; 1 z/\logq 1
[ et | o | e
@ |14 Ze N 1+ -
log N q q
N | |
t .\ logg
= / 95— (eml‘“ )dq+
log N e 1+(_]
N
1 1
t - Net ) )
+/7T(Q)q—2 1+Eei/\ll(;)gg§7 1+£ e leNdg=:I +1Iy.
log N q q

We first estimate I . Obviously,

L L | on)ogg
\Jogg < — .
14+ —e"logN 1+ - qg logN
q q
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Therefore,

N
O(1 1 1 O(1

‘Iﬁ)‘</ (1) oeq o W
qlogqg q log N log N

log N

as N — 00.
Finally, we deal with IJ(\}). We further decompose it as

o logg
/ Q)= (e o N _ )dq+ (2.4)

log N

N
t {1 i lozg )
— -1 logN — 1} d 2.5
Rl <1+5 )( . (9
g N

Then

11 1
25|<01)/ 1 logg , O
qlogq q logN log N

log N

as N — oo.
On the other hand, by using Prime Number Theorem (see, e.g., [16], Chap-

ter 11.4), we have

(g) _ lj_d3+0( 1ogq)2/5)

q q./) log
2

and

SO
W(q):LJrO(})JrO( 1ogq>2/5)‘
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Plugging the above asymptotics into (2.4), we have
N

11 [ gloee
R i G e P
logg ¢

log N

Gl

The second integral above approaches 0 as N — oo, thus

(2.4) —>t/] (e"“ - 1) %.

Collecting the estimates, we have

Mlogq
e logN — 1‘ dq

I
; d
on(A) — on(0) — t/ (e”s - 1) ?S, as N — o00.

0

Theorem 1.2 is proved.

3. Proof of Theorem 1.3 (analysis of the DB distribution)

Throughout this section we assume t € Z~ .

In this section we prove Theorem 1.3. We begin with a simple lemma which is

needed later.

LEMMA 3.1. For any integer L > 2 and any X > 1, we have

[ lePtds = — MZ (‘l) (n— 1)1+ 0\ "),

ProOOF OF LEMMA 3.1. For each n > 1, define

00

In:/s_"eisds.

A
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By using integration by parts, easy to check
Li=i- A" 4+ n-(=i) L. (3.1)
Clearly, then
(=)™ (n— D, =i (=9)" X" (n— D)l + (=)™ - nl- L.

Summing over n =1, ..., L, we get

L NN
—i)I; =ie™ ) (—%) (n— 1)+ (=9)" - Lt 1.
n=1

Note that, since I} = O (A™'), by (3.1), I = O(A~E+Y). The desired identity
then follows. O

By Fourier inversion, we have

|
Pop(z) = hm —/exp t/ e MaN,
0

-R
First note that by a simple change of variable A — —\,
R 1

: - ds |
Ppp(T) = hm — Re /exp t/ (e”‘s— 1) S\ ide gy

—00 T S
0 0

Let ¢<;(X) be an even smooth cut-off function on R such that ¢<;(A) = 1
for [A| <1 and ¢<;(A) =0 for [A| > 2. Denote ¢-1(A) =1— d<i(N).

Now write
R I
1 (2] ds —i\z
php(z) = llngo;Re exp ]t (e - 1) ~ d<i(A)edX | + (3.2)
0 0
R I

R—oo T

1 ; d ;
+ lim — Re /exp t/ (e’)‘s - 1) & o1 (Ve Mdr | . (3.3)
s

0 0
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Note that
1 1 d
3 S —iA\T
(3-2)=%/exp t/ (e 1) = Foae M
—00 0

Lo ds
This is due to the fact that the function ¥)(A) = exp {t J (e —1) —} belongs
0 s

to C™ which gives rise to a smooth (and fast-decaying in ) density, thanks to the

cut-off ¢<;(A).
We now only need to deal with (3.3). Note that in this case A is localized to

the regime A > 1.
For A > 1, we write

I J A | Lo | A
/(e”s—l)—sz‘/e — ds:/e _ ds—/
s s s
0 0 0 |

@ | —

A
e’LS
ds+/—ds:
s
1

1 0o 00

eis —1 els eis
:/ ds—log)\—i—/—ds—/—ds.
s s s
0 1 A
Recall the trigonometric integrals (see [20]),
[ cost— 1 I cost
Ci(x) =v+logz +/ COST_ dt, Ci(z) =ci(z) = - / % dt,

T

0

where -y is the Euler—Mascheroni constant.
Evaluating the above identity at x = 1, we get

. . ) . ®sint T
Using this and the identity f Tdt = 3 we have
0

1 00

is_l is
/e ds+/e—ds:—’y+zi.
S S 2

0 1
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Thus,
oIt Y T gis |
(3.3) = — - lim Re | e™2 /)\_ exp t/— s ¢ ds1(A)e N ) =
s R—x S
0 A
elth . 7 . Ooeis o
= — . lim Re | ¢! /)\ exp —t/ —ds p ds1(N) e “dA
s R—x S
0 A
Yila)

We analyze in detail the structure of ¥ g. By Lemma 3.1,
o0
e i (Y o]
? Z By -nl+ \i+2 )
4 n=0

Plugging this into ¥g(z), we obtain:

Pr(z) =
v r i iet (L nt (=7)" 1 e
=1 O/)\ exp ||t ) ; )\n +O(W) ds1(N)e HdA =
R [t]+1 P It] _an ‘
:/<)\It S e t+ (Z n!()\nl) ) 1o (A2)>¢>1(>\)€md)\~
0 k=0 n=0

~ o~

Pt
Denote for k> 1 and m > 0

Pomi= > Jilil... gkl (3.4)

Jit. . +jk=m,
0<5; <[]

We suppress the dependence on ¢ for simplicity. For kK = 0 we denote Py = 1 and
Py, =0 form > 0.
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Observe
lt+1 [t]+1-k —i\™
H=")" Mg lHhyli-h 3= (T) Py +O(A7?) =
k=0 m=0
[t[+1 |t|+1—k

_ Z iAk Z ’L)\ [t|—k— m l)mPk,m—f—O()\_z)

Plugging the above into the expression for ¥r, we get

[t]+1 [tI+1-k

Ze—mz k) Z —i)) It|—k— (1) Py | ds1(N)dA+

o\:u

O - du1(N)e 7 d\ =

+
~—x

0
B f1t]+1 It/ +1-k
_ / ¢~NeH) Z _inyEmymp, ) - (3.5)
0 k=0
[t|+1 [t|+1-k

Zeﬂ” k) Z —iNTF )P | d<i(V)dA+ (3.6)

+ [ OAY) - psi (Ve odA. (3.7)

S t~—x O\m

Obviously, (3.7) will only contribute to the bounded continuous part of the density.
For (3.6) one may worry about the singularity at A = 0 when m = |t| + 1 — k. But
it turns out that the real part of this term is

R
in\(z—k
/const-%qﬁgl()\)d)\

0

which also gives rise to a bounded continuous density.

We only need to analyze the real part of (3.5).
Recall for z € R,
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7r .
o \ 5, z>0;
/sm}\ Zd/\zgsgn(z): 0, 2=0;
0
-, <0.
5 z

Since the multiplier —¢\ corresponds to differentiation in x, we get

o el
1%1_1}130 — Re((3.9)) =
e %Mi_k (1m0 ) (1Y P, | —
S E X (@B ()" P | =
elthy [tI+1 [t[+1-k - b
= kz_% n;) sgn(z — k) - (—1) Pt/ +1-k-m

Now note that for k > 1, we have |t|+1—k—m < |t|. Therefore the condition
Ji < |t] in (3.4) can be dropped. This concludes the proof of Theorem 1.3.

4. Proof of Theorem 1.4

We will consider two different regimes for the variable y:

e The regime 0 < y < 1 will be handled by the Selberg— Delange method and
the proof for this case can be found in Sec. 4.2.

e For the regime y > 1 we will use Hildebrand—Tenenbaum type of analysis —
see Sec. 4.3.

In the proof we will need to recall several standard lemmas.

4.1. Useful lemmas
Define

I, ifx>1;

1
mr) =4 -, ifx=1;
(z) :

0, ifo<z<l.
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For any ¢ > 0, it is easy to show

c+iR
mS
n(z) = lim —ds.
R—+00 S
c—iR

The following truncated version is most useful.

LEMMA 4.1. Forany k>0, T > 0,

. 1
k41T K. .
' minql, —— ifx # 1
L ) < et
K

—iT = if ¢ =1.
K—1 T lf

PROOF OF LEMMA 4.1 . See Theorem 4.1.4 in [15] for a textbook proof. O

Lemma 4.1 is the key to the following well-known Perron’s formula. One can
prove it directly or see Theorem 2 (p. 132) of Chapter I1.2 in [16] for details.

o0
LEMMA 4.2 (PERRON’S FORMULA). Suppose f(s) = > ™ is a Dirichlet series which
n=I

converges for any Re(s) > oy > 0. Extend the definition of the function n — a,, by
setting ay = 0 if x € R\ N. Then for any & > 0o, T > 1, x > 1 (z is a real
number), we have

+iT

| f(s)z? NN |an]
Za"+§az_% / s ds +0 (; (5) 1+T|10g(:c/n)|>' (1)

n<x k—iT

We need the following bounds on the Riemann zeta function.

LEMMA 4.3. Let s = o + it. There exists oy > 0 such that for |T| > 3 and
o> 1—o01/log|7|, we have
¢'(s)/¢(s) < log |7,
1
@ < log |7/,
[ log ¢(s)| < log, |7] + O(1).
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PROOF OF LEMMA 4.3. See Theorem 16 on p. 158 of [16]. O

The following lemma gives bounds on higher derivatives of the zeta function.

LEMMA 4.4. For any ¢ > 0 and any integer k > 0,

C(k)(s) < (log |7'|)k+1, s=o+ir, |11>2,0>1- ¢

log |7|"
PROOF OF LEMMA 4.4. See Corollary 7.1 on p. 147 of [16]. O
To control certain remainder terms later, we need the following

LEMMA 4.5 (MERTENS FORMULA). There are constants A; > 0, Ay € R, such that
forany x > 2,

Z 2“0 = Azlogz + Aye + AP (z), and AP(z) =0 ($1/2 log m)
1<n<z
PROOF OF LEMMA 4.5. See Mertens [13, 14]. We shall not need the precise val-

1
ues of the constants A; and A,. Mertens computed Ay = —— and A, =

qe)
(—22 (;)1 - 2{5 ((22))) It is also conjectured that A@(z) = O(2?+%) with § = %

The best known result is due to Baker [1] who proved 6 < 1 assuming the Riemann
Hypothesis. ]

4.2. Selberg—Delange method: 0 < y <1
Note that for 0 < y < 1, we have NY < N and therefore

(-2 (-2
sw= Y -y
n<NY, n<NY,
p|ln=>2<p<N n is odd
We will prove the following estimates:
(_2)w(n) 2 log z)'/?

5 2 iy o (e ) (42

n

n<zx
n is odd
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> (=2)t) ) =0 (eaz(log@i) : (4.3)

n
n<x

where a; > 0 and o, > 0 are some constants.

Note that it suffices for us to show (4.2), the bound for Sy(y) is obtained by
taking z = NY. The estimate (4.3) follows from (4.2) by breaking the sum into odd
and even n respectively.

Here and below we shall always assume z is sufficiently large. Note that in
both (4.2) and (4.3), the restriction n < x can be replaced by n < z since for any
z = N> 1 we have w(N) = o(log N) and

2AN)
N

1
= exp{o(log N) —log N} < exp{—i log N}. (4.4)

By the same reason, when we apply Perron’s formula (see (4.1)) to the sequence
an = (—2)“™ p?(n)/n later, we can neglect the boundary term a, when z = NV is
an integer since the error is of order O(exp{— %y log N}).

We shall use Perron’s formula (Lemma 4.2) for a, = (=2)“™u?(n)/n and
T — lloen)”

choose kK =1+ . We begin with a simple tail estimate.

logz’

LEMMA 4.6 (TAIL ESTIMATE). Let z > 2 and R = exp {cl(log m)cz} with ¢; > 0
and c; > 0. Then

—~ wn) (T 1+@ 1 _ ~12
;2 (ﬁ) .1+R|10g(x/n)|_0(w'R )

ProoF oF LEMMA 4.6. We divide the summation into several regimes. Denote

c=1+

and note that z¢ = O(z).
ogzT

5
Case 1: n > Z:v In this case we have ’10g (E) ‘ = ‘log (ﬁ)‘ 2> 1. Therefore,
n T
T\¢ 1 z 1
§ " yw(n) (_) < § " qw(n) =~ <
- n/ 1+ R|log(z/n)| = “ n°R "~
HZZZ nZZZ
X w(n) 1
< 7 g 2 vl (4.5)
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By Lemma 4.5 and partial summation,

o0

1
4.5) £ O(log x) + / slogs: 51+cd3 <

N
=l
2
<)
oQ
&
_|_
—

By a change of variable s — sx, we have

1 1 log = )
< =0 (log m)
(c=1)2 -1
x
Plugging the above estimate into (4.6), we obtain (4.5) < E(log x)2 < z/VR.

5
This settles the case n > —z.

2 1. Therefore, by

~

3
Case 2: n < Zw Note that ‘log (E)‘ >
n

()

Mertens formula (Lemma 4.5) and summation by parts,

wln) (E) ! .z w(n.i
Zz n/ 1+ R |log (£ RZz s

3
ngzx ”SZ

3
S

g%[o( (log x) )+/tlogt—dt
1
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[logaz + log m] < z/VR.

:UIH

Hence this case is settled.
Case 3: Zm <n< Zm This regime requires careful analysis. Observe that

1 1
In —z| < -z or ‘E—l‘ < —. Therefore ‘log (E)‘ = ‘log (1+£—1)‘ ~
4 T 4 n n

n
‘— - 1‘. Therefore

Z
w(n) (E)C 1 < wn) s —1 <
2, ) TRy <, 2, T\ MR ) ¢

%xﬁnﬁ%x %zgng%x
Xz
g 2“0 min : (4.7)
"Rin—a|
4x<n<4x

To estimate (4.7), we need to consider several subcases.

x
Subcase 3a: n > x and ﬁ > 1. This is equivalent to the condition
n—x

X

rz<n< , —
- Rin — z|

z. In this subcase we have min <1 > = 1. Therefore by

Mertens formula (see Lemma 4.5),

Z 2w(n) min ( R|n — x|) Z 2w(n) Z 2w n)

o<n< R+lm n< R+1 n<z

=

R+1 R+1
:A1< i a:log( ;— x)—xlogm)+

R+1
+A2< R :c—a:) —i—O(xmlogm) =

1 R+1 1
= A (Exlogac—l— R xlog(1+ﬁ))+A2R+O(1/210gg;):

=0 (% log a:) + 0 (mm log ac) < z/vVR.



30 M. Avdeeva (Princeton), D.Li (Vancouver), Ya. G. Sinai (Princeton, Moscow)

We are done with this subcase.

Subcase 3b: n > r and ——— < 1. This is equivalent to n >
R|n — z|

z. Note
T T
that in this subcase min { 1, = . Then
Rin — x| Rin — x|
¢ 1
Z @) (E) min (1, L) < d Z 2+ =:1.
S n R|n — x| R .., S n-—x
R+lx<n<4x ; z<n§zz

We now analyze I in detail. By using Mertens formula (see Lemma 4.5) and
partial summation again, we get

5 5 1 5 1
I:Al-leog(zx> + Ay —-x-

3 3 +0 (:vl/zlog:v) IL—
1T — X 4 -2 7

R+1 R+1 1 R+1 1 1

_Al.%xlog( ;_ x)z—Az + xz—l—O(xl/zlogm)z

R R R

% d % d
/ (A;slog s+ Ays) - 78 / 1/2 log s) s
(s —z)? s

R CC

= O(log z)

1
—A(R+1)logz — Ay(R+ 1)+ O ( ogac> R+

x

% 1 1
/ 5083 ds+A2 / ;ds—i-O (:cm loga:7>
(s —z)? (s —z)? 5

e e

Al

=0 (log z) —

1
ARlogz — AR+ A z o8 s

=
*

Now we shall show that I, = Rlog z+ O ((log z)?) and I; = R+ O ((log z)?).
These two estimates will settle Subcase 3b.
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Estimate of I,. Rescaling, we get

5
Z i
s log s:c) s log(s) / s ‘
/ G- 1) 5= 1) >ds + (log z) ds;
R+l
R

(s—1)?
R+l

\A|m

=
*
s

g
=

5 5
b slog(s) | 3 P
slog(s
ds = — slog s —(1+logs)ds =
/(s—l)2 s—1 & R++/s—1(+ es)
Rl Rl
R R
5
4
O(1)+ O [ RI 1+1 +/ ! ds+
0 — s
g R s—1
R+l
R

+log(s —1)- logs il
R

NI
|
\A|m
—
o
[0S}
_
»
|
—
N
QU
»
I

O(1) + O(log R) = O(log R);
s
R

1
= O(log R) — 1|
R

lwn

4

ds+ / s—1)2
Btl
R

\-Plux
||

m\i’

= O(log R) + R.

By the last two estimates, we have
I, = O(log R) + (log z) - (O(log R) + R) = Rlog z + O ((log x)z) .

In a similar fashion I3 = R —|— O ((log z)?).

Subcase 3c: n < x and R| | < 1. This is similar to Subcase 3a. We omit
n—=
the details.

Subcase 3d: n < x and | | > 1. This is similar to Subcase 3b. We omit
n—zx
the details.

After collecting all the estimates, we have proved Lemma 4.6. ]
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By using Perron’s formula (see Lemma 4.2), the tail estimate we just derived

1
and the discussion after the estimate (4.4), we see that for z > 1, ¢ = on g’ and
og

R = exp{(log z)'/*},

c+iR
_9\w(n) s 1
Z ( 2) HZ(n) _ % / f(S)IL‘ d3+0 (e—§CI(Ing)I/2) ,
n T S
n?ségdd c-ilt
where
(-2
fo)= 3 Sl k).
n Tilszoldd

It remains to estimate the contour integral.
First we simplify the expression of f(s):

o= 3 e - T (155

n>1,n is odd p>2
p is prime

Since 1 =2z = (1 —z)> — 2> = (1 — z)? (1 - (ﬁf) , We can write

1 2

2 1 \?2 plts
o pl+s = o pl+s - 1
- pl+s
Hence
1\? 1 1
f(s) = (1 - —) (1 = —) = 5——9(5),
11 b e 1) | T )
p is prime

where ((s) is the Riemann zeta function while

B | (HL

p>2
p 1S prime
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1
Note that g(s) converges absolutely for Re(s) > —=.

2
c+iR
. 1 f(s)z? .
Now we estimate Imi ds by deformation of contour. By Lemma 4.3,
m ]
c—iR
we have
L <ol pir, |23, 0> -2 43)
— ogl|r|, s=o+ir, |1|>3,02>— . .
(s =% log 7]
1
Recall ¢ = oo and R = exp(y/log x). Choose
ogzT
. a1 2
~ logR  logz'
Integrating over the contour on the Fig. 3 and T
using the fact that f is analytic in the integration ) Ri
region !, we get T
[ [ /
271
c—iR (4 (B
Let us estimate these three integrals.
Horizontal pieces: f and f . a c
(4) (B) g
Clearly,
c+iR
S
/ = / M:csds < (C)
]
(4) +iR
c+iR | T ( )
S B
S/L)'z._.mﬂdss R >
C(L+9)> R !
a+iR
Fig. 3
7 1 log x
< [ (logR)? - = - 2ds < )
< / (log R)"- — S g
a
1
1) . . _ . .
Note the function (1 + s) has a simple pole at s = 0 and hence 742(1 o) is analytic in the

region depicted in Fig. 3.
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The estimate of f is done similarly.
(B)
Vertical piece: f .
(©)
Note that for | Im(s)| < 3, Re(s) = a = —o/y/log z and z sufficiently large,
s will be in the region {s € C: [s| < 10}. Recall that the Riemann zeta function
) gls)
((1+5)%s
bounded by an absolute constant in the region {s, |s| < 10}. Therefore we only
need to consider the piece | Im(s)| > 3 for which (4.8) can be used.

has a simple pole at 1. Clearly, the function is smooth and

Thus
a+iR d
/ f(s)e® ——ds| <1+ / (log R)2a;a—s| <
s S
a—iR s€la—iR,a+iR],
| Im(s)|>1
R
_a 2 ds 10gmL 3
<1+ z ek - (log R) /— Viegz . (Jog R)".
s
3
Hence we obtain
a+iR
/ —f(s)msds =0 <e 2”1(10gm)1/2> )
s

a—iR
so we are done with the case 0 < y < 1.

4.3. Hildebrand—Tenenbaum method: y > 1

By Lemma 4.1, we have for any ¢ > 0 and R > 0,

_9)w(n)
sw= 3 2 -

n<NY,
pln=2<p<N

Ly O ()

pln=2<p<N
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—2)w(n) 1 cHiR (NY/n)*
= E (=2) pi(n) - — / id.s + error,
n 2w S
pln=2<p<N c—iR

where
2UJ

0 gw(n) NY\ ¢ 1
< 2 — ) min31l, ——— .
e Z‘l n # ( n) mm{ " Rllog (Ny/n>|}

We shall take ¢ =

3
, R = BN’ Ghere 0 < 6 < = is some sufficiently
log N 5

small constant to be chosen later. By Lemma 4.6,

0 zw(n) NY 1/log N 1
< i R S N O]
error _Z n (n> mm{ R‘log(%)‘}

n=1

Therefore the error term can be safely neglected.
Now, neglecting the (controllable) error terms, we write

c+iR

(=2)“™ 1 / N¥* ds
S g . — —_— =
~(y) Z n p(n) i s
pln=2<p<N c—iR
c+iR
o L H 1 — 2 . eys log N @
- 2mi plts s
c—iR 2<PN
Now write
2 ) 1
H 1- = “gn(8),
2<p<N ( p'*e [Cn(1+ s)]
where

(i +s) =] (1 - p11+5>_] ;

p<N

-2 I )]

2<p<N
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Note that in the above expression for (y, the prime p = 2 is included in the product.

We need the following lemma which is (after some notational changes) Lem-
ma 9.1 from [16]. It allows us to replace the truncated Riemann zeta function by
the full zeta function with a very small error term.

3
LEMMA 4.7. Let 0 < € < % and denote L.(N) = exp <(log N)§_6>. There exists

2
Ny = No(e) > 1 such that for any N > Ny, s = o + 47 with 0 > 1 — (log N)™57°,
|| < Le(N), we have

) = €6)- (s~ 1o N -pi(s —oe M) (140 (1)) @9
where

pls) =1,

S

I(s):/et_ldt (s € C). (4.10)

t
0

Here v denotes Euler’s constant.

Remark. In (4.9), the function p(s) is connected with the Laplace transform of the
Dickman—de Bruijn density p(t), i.e.

A(s) = / eo(t)dt, Re(s) > 0.
0

An alternative expression for p(s) is given by

where

T et
J(E'):/§+tdt, for s> 0,
0
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—S8

t
—1
J(E):—y—logg—/e —di, for 5 € C\ (-0, 0]

0

More discussions on this and the Dickman—de Bruijn function can be found on
p. 370 of [16].

3
Specializing to our case, we take € = = — § and L.(y) = R = 2N’ and get

1
fors=oc+ir,0>c=——, |71| <R,
2= o 7l <

(v(1+ ) =¢(1+s)-(slogN) - p(slog N) - <1+0 (l)) —

R
— C(1+3) .e—J(s]ogN) . (1 +0 (%)) )

Using the above formula, we write

ct+iR
: : 1 ds
Sn(y) = -— / gn(8) 7 g2J(slogN)  oyslogN - ®
T (-0 ()

1
We first get rid of the O (E) term. To do this, we estimate

| .
log—N-i-lR J
1 2|J(slog N)| slog N 1 S
error = lgn(8)|———= € ¢ -‘ey ¢ ‘-O — ] —.
/ G &) s
log_N_iR
Since
‘eySlogN‘ _ ey(logﬁ"'”) log N

= 0(1),

1
Ss=slogN=|——+ir)logN =1+14rlogN,
log N
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< log R ~ (log N)‘s,

we get

R
1
error <O< ) logN /—
S
1

< et (log N)* - (log N)’ <

=0 <e%(1°gN)6> .

Hence we only need to treat

log N +iR
y) / 2J (slog N)+yslog N dS
2mi C 1 —|— s)? s
10g N —iR

Recall

-8

1) = -t - [

0

1 e

2w oy T

Therefore we have Sy (y) =

1 .
logN—HR (—slog N)

e t—1
/ <1+s)2—exp -2 / ; dt + yslog N

[ S 0
logN —iR

2 The factor e 27 will cancel with another ¢27 in one of the main terms later, see (4. 1 1).
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Now make a change of variable s — and get
og
. ]
1+iRlog N ( ) -8
gn logN e t—1
S, =1Im 7,5 3 OXP -2 ; dt+ys
1—iRlog N C(l + logN) (—logN) 0

Since we chose R = (¢ Ny’ for some small 6 > 0, we have
1N < Rlog N < =N’ N 1.

Abusing slightly the notation, we regard R log N as R and write

. S
1+iR -8
gN( ) 1 et —1
S, =1Im / log N 5 5 €Xp —2/ dt + ys
s s t
1—iR C(] + logN) <logN) 0

Denote
gn(s
o Ep— L
((1+s)"s?
Then we write S| more compactly as
1+iR -5
S =1 /F i 2/et_1dt+ ds
=1Im —— Jexp{ — s p —
! N log N P t y S
—iR 0

Consider the contour depicted on the right (Fig. 4).

The integrand in S| is holomorphic in this region. Therefore

5
s—m (> [].
j=1 17]

ds
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T Onflwehave:s:oJriR,OSoSl,and
Iy
Ri

Y

—0—iR
e

1
1 ” dt| < O(1) + |log R| =

—0(1)+0 ((log N)‘5) -
=0 ((log N)‘s) ;
[e¥*| = O(1).

~ Also, for s =0 +iR, 0 <o <1, by (4.8),

L S
7 s i (mg N)
Fy - 2 3| S
log N s s
(1) (mn)
—i log N log N
< R *(log N)™.
Iy Therefore
ds
l / Fy | ——= || |exp dt + ys ﬁ <
s
I
_Ri ¢ Iz S log N) =0 (e—(logN)é) .
Fig. 4 A similar estimate holds for T.

Now consider fg, Observe that on the arc of E, we have s ~ O(1). Therefore
we can take N — oo and get

i P s 5 / et—1 it ds
im exp { — + — =
N—oo N log N P t vs S

i 0

-t d
:F(O)/exp —2/et dt + ys ?S
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where we have denoted

— bm )
F(s):= ]\Loo Fy(s) = e
) 1 2
g(s) = (1-27""° (1 = ) :
(-2 T (1 (=)

It remains to consider the integral on E and 1:; It is not difficult to check that

| /F s 2/et_1dt+ ds
m exp { — sy —| =
N log N P t ¥ S

T 0

I /F s 2/e_t_1dt+ ds

= 1m ex — —
N log N P t ys s
7. 0

Therefore we only need to look at the imaginary part of the expression

s /F 5 2/6_t_1dt+ ds

= —— €X — S —.

N N log N P t y S
7 0

1,

To this end we write

S—/ZF s 2/Set—1d]th ds

T N log N P t ys s
—iR 0
/ i\ Pet 1 dA

1 et —

= [ Fy (- ) dt —idy p — =
[ (i) w2 [ g
R 0

R i\
i et —1 dX
=— [ Fy (- -2 dt — iy p —.
/ N( 10gN> =P / t B Y
1 0

We decompose S; into many pieces each of which will be shown to have a
limit as N — oco.
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Recall the expansion (see the proof of Theorem 1.3) for A > 1:

1 A
S S
0 0
! 18 1 )\l )\ 18
e — [
:/ ds—/—ds+/—d8=
S S S
0 1 1
! X x 8 < i
e’ — e
:/ ds—log)\+/—ds—/—ds:
S
0 1 A

1 . o0,
e — 1 e’ T AR
:/ . ds—log)\+/?ds+<a—ﬁ)e +a(N)
0

I
~yY - 1
where @(A) is smooth and [a(\)| < ’ek Then we have

A
et — 1 2 2 ; »
exp —2/ ; dt 3 = —e" A exp { <—a + ﬁ) e — 2a()\)} =

0

2% ., 2 . 1 2\?
:—627)\2-<1+Xzel)‘+peu+i(—a) 622/\"‘51()\)) =

2%, 2 2 5
= -\ (1 + Xe”\ + =t — et 4 cﬂ(A)) ,

A2 A?

1
where @;(A) is a smooth function and |aj(A)| < e for A > 1.

Plugging the above expression into Sy, we get

i 2 i\ 2 i\ 2 2\ —iA
FN(— ))\<1+Xe +ﬁ€ —ﬁe e yd)\+

N |
Fy (‘ ZN) A@(N) e MdA =1 S + 84 (411)
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iA
log N

Consider first Sj. Since Fy (— ) is uniformly bounded for 1 < A < R and

1
lai(A)] =0 (ﬁ) , we can take N — oo and get
o0
11m Sy =e” . F(0)- / a1(\) e MdA.
1

Clearly, this gives rise to a bounded continuous function.
It remains to consider ). Write

2
2 M (c)

R
P\
“27¢l _ F B ? —iAy
e 'S, / N ( 10gN> Ae Ydi+ (a)
1
R "
v  GiA(I-y)
Fy |- -2
—I-/ N ( logN) ie d\+ (b)

Fy (- (=2 ) Mg
B () () @ (@

1

We recall that we only need to consider the imaginary part of the above
expressions. We shall analyze each term separately.
We have to do several integrations by parts. For this we need a simple lemma.

i 1
LEMMA 4.8.  Consider F(1) = gv(i7) Jfor <1< elloe”

[C(1—ir)T]? log N
Then for k < 100 we have

,51>O.

‘ T)’ log N)c“Sl

for some absolute constant c; .

ProOF. If 7 < 3 this easily follows from the fact that is smooth (since

1
C(l—ir)T

¢(s) has a simple pole at s = 1).
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If 7 > 3 then we use Lemma 4.4 to get

¢M(s) < (log |7))**, Llog|r|,  if|r|>3,0>1-

log ||

L
¢(s)

(log N)*1

Note that 7 < e implies log 7 < (log N)'. The desired result follows

easily. O

Estimate of (a). Since y > 0 we may integrate by parts to get

R
)\ —i/\y R 1 )\ ! )
(a):FN<— ‘ )-A-e, S {FN<— ’ )-A]-e“yd,\:
log N -1y |, —1iy log N
1

— on(1) + F(0) e -t

1y
1 ’ P\ A
i 1 ;
Fy (- - cem M) 1
+7,y N( logN) ( logN) ¢ * (al)
1
R
+ L Fy ce M. (a2)
1y / logN

For (al), by Lemma 4.8 and successive integration by parts one can check that
lim (al) = 0.
N—00

For (a2), we perform integration by parts once and this gives

[a(-

Collecting the estimates, we get

—iy 1 —1iy _
]\}im (a) = F(0) (e. + - 8. ) F(0) <cosy + d smy) + real parts .
— 00

vy oy Y -y’

i

i) FN (_m) 67i/\y R 1 e,iy
“NgN\ = 2 B F(0)—.
N) e - +O< ) — F(0) P

-1y log N

1

cos sin
Therefore lim Im((a)) = F(0) (— Y + _2y) = O(y) which gives no
N—x Yy Yy

singularity at y = 0.
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Estimate of (b). Consider two cases.
Case 1: y = 1. We have

R
Qz/F ( )d)\:
log N
1

R
log N
—2ilog N / Fy(—iNdx | =
I
log N
i
o0 o0 log N
_ilog N / Fy(—i\)d — / Fu(—iA)dA — / Fy(—i))dA
0 R 0
log N
Observe that
r Lf 1 A
Re /FN(—i)\)d)\ - —/FN(—z’)\)d)\:—/ gN(_; )
J 2. 2J (1 =dA) (=ir)?
Sj . _ gn(s) . .
ince the function Fy(s) = ———— is analytic on Re(s) > 0 and has
C(1+s)"s?

100
good decay, one can easily deform the contour and show that f Fy(s)ds =0.
—i00

0
Therefore Re ( [ FN(—i)\)d)\> = 0. By Lemma 4.3, it is easy to estimate that
0

/ —iNdA =0 (aﬁ(bg N’;)
R

and, obviously,

lim | log N =0.
N—oo

Tl — g
|
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Thus, for y = 1, we have

1
log N

lim Im((5)) = ~2 lim | log N / Fy(—iNd) | = —2F(0).

N—oo

0

Case 2: y # 1. In this case we may integrate by parts and obtain

() = 2i Fy (~-2 M
o log N i(l—y)]

R .
/ Fy M (L) ax =
log N log N
1

) eiA(1-y)
= opn(1) 2zF(O)Z(1 = =
= on(1) — 2iF(0) s1(nl(l_— )y) + real parts.

(] —
Hence, for y # 1, Alrim Im((b)) = —2F(0)Slqu(_7y)

Note that the above formula also works for y = 1. Therefore in all cases we get
sin(1 — y)
lim I = -2F(0)———
dim_ Im((b)) 0=

Estimate of (c). We discuss two cases.
Case 1: y = 1. In this case we have

Im((c)) =21 /F @—
m N logN A
i\
N \log N .@_

R Py <_1 ”\N) _
:Zlmi/ 08

21 A
1
R
logN
_/‘ W (—1A) — FN(M) d\
N i A’
1




New distributions for Mobius 47

obviously, the above integral converges absolutely and

/OOF F(i)) dA
lim Im —.
A

0

N—oo

% P(—i)) — F(i)) dA

In fact, we can simplify the expression A := [ - 5N further.
0 1
Observe that
[ F(=i)
A—timaim [ EEN g
e—=0 A
€
F(i)
— timim [ F gy
e—=0 A
€
100
= —2limIm ﬂds =
e—0 S
i€
—ie 7 100 7
= — lim Im / ﬂdéH—/ﬂds
e—=0 S S
100 i€
. F(s) . .
Since ——= is analytic away from 0, it is easy to see that
s
. T
[ F(s) - F(0 /
A = lim Im / d8+F / F(0).
e—=0 S

Case 2: y # 1. Integrating by parts, we get

©_r ( iA )z ey |
TN X (1=,

R
2 A 1 ) .
_ F/ _ - o z/\(l—y)d)\_
i(l—y)/ N( logN) A ( logN) ‘

1
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R
2 i 1\ e
- Fy (- B
i(l—y)/ N( 10gN> ( V) ‘
1

ei’\(l_y)
= on(1) — 2F(0) +
i(1-y)
2 ; A 1
v iM(1-y)
Fy | - dX
+z(1—y)/ N( logN> a € -
I
27 (0) iet(1-y) F(0) 2 v eir(1-y)
— 2F(0) —— + F(0)-
(1-y) -y /N

From the above computation, we see that Fy is essentially taken as the constant
F(0) during the limit process N — 0.

i\
Returning to the original expression for (c) and replacing Fy (— ) by

log N
F(0), we get for y # 1,
R

/ sin(A(1 - y))

3 d\ | =

lim Im((c)) = 2F(0) lim

N—oo N—oo

in \
= 2F(0) sen(1 — y) lim / M2

sin A

Since f 3

d)\:g,wegetfory;é 1,

tim () =26 sent1 ) [ 5 [ Fan| =

ly—1]

wF(0) sgn(l — y) — 2F(0) sgn(1 — y) /

sin A

dA.
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Therefore
( -y \
sin
F(0) 7r—2/ 1)\ ), y<i;
0
lim I =
dim_ Im((c)) -
sin A\
F(0) —7r—|—2/ "], y> 1
\ 0
Clearly, the “jump” at y = 1 is —27F(0).
Similarly, we get
4 z_y ) A
sin
F(0) 7r—2/ ) ax), y<2
0
lim Im((d)) =
Jim Im(d))
sin \
F(0) —7r+2/ X ax\), y>2.
\ 0
Collecting all the above estimates, we obtain
e 1
Sy(y) = — - .8 =
w() ot (logN)? !
—S
e 2 1 FO)1 / 2/ el — 1dt N ds N
= —" . exp { — s p —
2 (log N)2 " P t s
T 0

+ ¢ Im(S}) + on(1) + continuous part} =

]

F “t—1 d
© e Im exp { —2 ¢ dt + ys il
)? t s

8 0

— H(y— 1)+ H(y — 2) + on(1) + continuous part}. (4.12)
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Now note that F(0) = g(0) = 4 1;[2 (1 - ﬁ) .

p 1S prime

We have obtained the desired form for the limiting distribution G(y).
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