
Print from



Moscow Journal

of Combinatorics

and Number Theory

2014, vol. 4, iss. 1,

pp. 3–51

Scale = .7

PS: ./fig-eps/Logo-MJCNT.eps

New limiting distributions
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1. Introduction

The Möbius function is defined on the set of natural numbers by

µ(n) =

8>>>>><>>>>>:1 if n = 1,

(�1)k if n is the product of k different prime factors,

0 if n is not square-free.

(1.1)
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In recent works [6–8], Cellarosi and Sinai studied several problems related to the

distribution of µ2(n), the binary correlations and some ergodic properties. For this

purpose they consider a probabilistic model for square-free numbers, and provide

limit theorems for several random variables defined on the ensemble. To fix the

notations, we take any integer N � 2 and denote by Ω(N) the ensemble whose

elements are ξ = fq1, . . . , qsg with 1 < q1 < . . . < qs < N , qj are prime. There

exists a natural bijection between Ω(N) and the set of square-free numbers Q whose

prime factors are less than N , namely for any Q = q1 � . . . � qs we identify it with

ξ = fq1, . . . , qsg and vice versa. For later purposes we also introduce the restricted

ensemble defined by

Ωq0,N(N)=
�
ξ=fq1,. . .,qsg:1<q1<. . .<qs<N, qj are prime and qj 6=q0	. (1.2)

Here q0 is a prime number. In other words we just remove the prime q0 from the

ensemble.

Define a measure fu1N (we use the superscript 1 here so as not to confuse with

the notations later on) on Ω(N) so thatfu1N(ξ) =
1

q1 � . . . � qs . (1.3)

Equivalently, we can also writefu1N(Q) =
1

Q
, Q = q1 � . . . � qs, qi < N.

The total mass of the measure fu1N has the form

ZN =

X
Q2Q: qi<N

1

Q
=

Y
q<N

�
1 +

1

q

�
=

eγ

ζ(2)
logN + o(logN), (1.4)

where in the last equality γ is the Euler—Mascheroni constant and log denotes the

natural logarithm. Here we have used the classical Mertens product formula [14].

Define the normalized measure u1N by

u1N(ξ) =
1

ZN

fu1N(ξ), ξ 2 Ω(N).
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For any random variable f : Ω(N)! R, introduce the expectation

ENf =

X
ξ2Ω(N)

f(ξ)u1N(ξ)

and the characteristic function

ϕf(λ) = ENe
iλf .

Consider random variables:

ηN(ξ) =

8>>><>>>: sX
j=1

log qj
logN

, ξ = fq1, . . . , qsg;
0, otherwise.

Equivalently, we can define ηN(Q) :=
logQ

logN
for Q 2 Q and 0 for not square-free Q.

Let PN be the distribution on R corresponding to ηN on
�
Ω(N), u1N

�
. We

recall the following result proven in [6]:

Theorem 1.1 (Cellarosi—Sinai [6]). As N ! 1 the probability distribution PN

converges weakly to a probability distribution P whose characteristic function ϕ(λ) has

the form

ϕ(λ) = exp

8<: 1Z
0

eiλv � 1

v
dv

9=; .

The distribution in Theorem 1.1 is known as the Dickman—de Bruijn distri-

bution and it first appeared in the theory of smooth numbers (cf. [2–4, 9]). For

some computational aspects of the smooth numbers one can refer to the recent

survey article by Granville [10] (see also Hildebrand and Tenenbaum [12]). In a

series of papers, Tenenbaum and Wu [17–19] (see also Hanrot, Tenenbaum and

Wu [11]) investigated the partial sums of general positive-mean-valued multiplicative

arithmetic functions over certain smooth numbers.

The purpose of this paper is to establish some analogues of Theorem 1.1 when

the measures in (1.3) are replaced by some special signed measures. This problem
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originates from our study of the Möbius function and the Mertens function. Recall

that the Mertens function is the partial sum of the Möbius function given by

M(N) =

X
n�N µ(n).

Our analysis is based on the following Euler-type product for µ(n)

µ(n) =

Y
p�2,

p is prime

(1� 2χp(n) + χp2(n)). (1.5)

Here χp and χp2 are indicator functions defined by:

χp(n) =

8>><>>:1, if pjn,
0, otherwise;

χp2(n) =

8>><>>:1, if p2jn,
0, otherwise.

It is easy to check that the definition (1.5) coincides with the standard definition (1.1).

Alternatively, one can think of (1.5) as expressing (1.1) through an inclusion-

exclusion principle. Note that for any given n the product in formula (1.5) extends

over only finitely many primes so there is no issue of convergence.

Opening the brackets in (1.5), we have

µ(n) =

X
P ,Q

P\Q=∅

(�2)ω(Q)χP 2Q(n) =

= 1 +

X
Q6=∅

(�2)ω(Q)χQ(n) +

X
P 6=∅,
P\Q6=∅

(�2)ω(Q)χP 2Q(n). (1.6)

Here P , Q 2 Q. For Q = q1 �. . .�qs , ω(Q) = s denotes the number of distinct prime

factors of Q. The notation P \Q 6= ∅ means that P and Q have no common prime

factors. Similarly, P 6= ∅ simply means P 6= 1 or P has at least one prime in it.
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Our notation here is consistent with the identification map which was mentioned

earlier, namely for any Q = q1 � . . . � qs we write (by a slight abuse of notation)

Q = ξ = fq1, . . . , qsg. The indicator function χP 2Q(n) is defined as

χP 2Q(n) =

8>><>>:1, if P2Qjn,
0, otherwise.

The notation χQ is similarly defined.

By using the decomposition (1.6) for µ(n), we then have the following expres-

sion for the Mertens function M(N) =
P
n�N µ(n):

M(N)

N
=

1

N

X
n�N µ(n) = 1 +

1

N

X
n�N XQ6=∅

(�2)ω(Q)χQ(n) + terms involving P =

= 1 +
1

N

X
Q6=∅,
Q�N (�2)ω(Q) �N

Q

�
+ terms involving P =

= 1 +

X
Q6=∅,
Q�N (�2)ω(Q)

Q
+ other terms. (1.7)

Here in the last equality we have replaced the integer part of N/Q by N/Q�fN/Qg
and put the fractional part fN/Qg into “other terms”. The main part of (1.7) is the

series

1 +

X
Q6=∅,
Q�N (�2)ω(Q)

Q
. (1.8)

It is important to understand the series (1.8) from a probabilistic point of view.

In terms of the ensemble Ω(N) (or the set of square-free numbers Q) introduced

earlier, we replace (1.3) by a new generalized signed measure defined asfutN(ξ) =
ts

q1 � . . . � qs , or equivalently, futN(Q) =
tω(Q)

Q
. (1.9)
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Here t 2 R is a general real parameter. We are especially interested in the case

t = �n where n � 1 is an integer. The case t = �2 would correspond to the

series (1.8). The normalization factor (partition function) ZtN is given by

ZtN :=
X

Q2Q: qi�N tω(Q)Q
=

Y
prime q�N �1 +

t

q

�
=

= const �(logN)t � (1 + oN(1)), as N !1.

Note that if t = �p0 and p0 is a prime number, then ZtN could vanish identically.

In this case we need to consider the set of primes with p0 removed. For example,

in the case t = �2 we will just consider odd square-free numbers. In this way we

can make sure that ZtN always stays nonzero.

We shall normalize futN and consider the normalized measure

u
t
N(Q) =

1

ZtN

futN (Q).
The properties of the measures utN change drastically as we vary the parameter t

from positive to negative values. Heuristically this can be seen from the value of the

normalization factor ZtN . For example, if t = 1 then ZtN � const � logN . In this

case we can afford O(1) (or even bigger) error terms since we will be dividing by a

large factor O(logN). On the other hand, if t = �2 then ZtN � const � 1

log2 N
. In

this case we have to carry out a more refined analysis and control the error terms

within precision o
�
1/log2 N

�
.

Now recall the random variable ηN(Q) =
logQ

logN
for Q 2 Q and 0 for non-

squarefree Q. Let µtN be the distribution on R induced by ηN on (Ωt(N), utN). For

x � 0,

µ
t
N[0, x] =

1

ZtN

X
qi�N,

0� logQ
logN �x tω(Q)Q

=
1

ZtN

X
qi�N,
Q�Nx

tω(Q)

Q
. (1.10)

We will be particularly interested in the above expression for negative integer t’s

and its asymptotics in the limit N !1. To get some idea of what the limiting object
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might be, one can investigate the limit of the characteristic functions associated with

the random variables ηN . The following theorem provides some clue.

Theorem 1.2 (Convergence of the characteristic functions). Let t 2 R. If

t = �q0 for some prime number q0 , then we consider the restricted ensemble Ωq0,N

(see (1.2)). As N !1, we have

ENe
iληN �! exp

0�t 1Z
0

�
eiλs � 1

� ds
s

1A =: φt(λ).

We shall call the distributions in Theorem 1.2 the generalized Dickman—de

Bruijn distributions. As it turns out, for negative integers t, these distributions are

in general tempered distributions which are no longer finite Radon measures. For

example, for t = �2 we have φ(�2)(λ) � λ2 as λ ! 1 which corresponds to the

second order derivative of a Dirac function. More precise information is contained

in the following theorem.

Theorem 1.3 (Structure of Dickman—de Bruijn distribution). Let t 2 Z�
(the set of negative integers). Then the density ρtDB of the generalized Dickman—de

Bruijn distribution with parameter t admits the following representation:

ρtDB(x) = ρtc(x)+ ρts(x),

where ρtc is a continuous and bounded function on R. The notation ρts denotes the

singular part of the density which takes the form

ρts(x) =
ejtjγ
2

0�jtj+1X
k=0

jtj+1�kX
m=0

sgn(m)(x� k) � (�1)jtj+1�k�mPk,jtj+1�k�m1A , (1.11)

where γ is the Euler—Mascheroni constant and the coefficients Pk,em are given by

Pk,em :=
X

j1+. . .+jk=em,
ji�0, 8 1�i�k j1! j2! . . . jk!, if k � 1 and em � 0.

In the case k = 0, P0,0 = 1 and P0,em = 0 for em > 0.
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In (1.11) sgn(x) is the usual sign function defined as

sgn(x) =

8>>>><>>>>:1, x > 0;

0, x = 0;�1, x < 0.

The notation sgn(m) denotes the mth derivative of the sign function in the distributional

sense.

Remark. The formula (1.11) gives a full description of the singularities in the

generalized Dickman—de Bruijn distribution. The singularities only occur at x =

0, 1, . . . , jtj (we do not regard sgn(x) itself as a singularity when we describe the

density). The “worst” singularity takes place at x = 0 where it contains the tempered

distribution δ(jtj)(x). For x = l, the most singular part is of the form δ(jtj�l)(x� l).
Theorem 1.3 quantifies the fact that the generalized Dickman—de Bruijn

distributions are in general tempered distributions. For example, for t = �2 we have

1

2
e
�2γ � ρ(�2)

DB (x) =
1

2
δ
00(x) + δ

0(x� 1)� δ(x� 1) + sgn(x� 1) + δ(x� 2)�� sgn(x� 2) +
1

3
sgn(x� 3)+ ρ

(�2)
c (x). (1.12)

Due to the singular terms δ00(x) and δ0(x � 1), ρ
(�2)
DB cannot be the limiting

density of the cumulative distribution functions µtN as defined in (1.10). The correct

form of the limiting distribution is given by the following theorem.

Theorem 1.4 (Limiting distribution function for ηN ). Consider the sum

SN (y) =

X
n<Ny,

pjn)2<p�N (�2)ω(n)
n

µ
2(n). Then, for N !1,

SN(y) =

8>>>><>>>>:O �e�cpy logN
�
, for 0 < y � 1,

C1

(logN)2
(G(y)+ oN(1)) , for y > 1.
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Fig. 1. The density of the generalized Dickman—de Bruijn distribution for t = �2
Here c > 0 is a sufficiently small (absolute) constant, C1 = 4

Q
p>2

p is prime

�
1� 1

(p� 1)2

�
and G(y) has singularities at y = 1, 2; more precisely,

G(y) = G1(y)�H(y� 1) +H(y� 2) +G2(y)

where

H(y) =

8><>:1, for y > 0;�1, for y � 0;
G1(y) =

e�2γ

2π
� Im0BB�Z

Γ

e
�2

�sR
0

et�1
t
dt+ ys ds

s

1CCA .

Here γ is the Euler—Mascheroni constant and Γ is the right half unit circle on C

including the points s = �i. G2 is a continuous and bounded function in y.
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Remark. From Theorem 1.4 we can compute the limiting distribution and the

density. Denote µtN([0, x])! µt1([0, x]).

In the case t = �2, we have µ
(�2)1 [0, x] = e2γ �G(x):

Scale = 1.1796

PS: ./fig-eps/image.eps

Fig. 2. The limiting distribution of ηN for t = �2
The density of this distribution can be calculated to be

1

2
e
�2γ
ρ
(�2)1 = �δ(x� 1) + sgn(x� 1) + δ(x� 2)�� sgn(x� 2) +

1

3
sgn(x� 3) + ρ(�2)

c (x).

Or, in terms of ρ
(�2)
DB (see (1.12) and Fig. 1), we have

ρ
(�2)
DB = e

2γ �
δ
00(x) + 2δ0(x� 1)

�
+ ρ

(�2)1 .

This shows that ρ
(�2)1 collects all the non-tempered part of the generalized Dickman–

de Bruijn distribution.
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Remark. In a recent paper [5], F. Cellarosi considered a situation different from the

one considered in Theorem 1.4 and proved the limiting theorems for smooth test

functions. For example, for negative t he proved that

ENf(ηN)! Z
fdµ

t
DB (1.13)

for a class of smooth functions whose Fourier transform bf(λ) has sufficiently fast

decay as jλj ! 1. Note that for negative t (e.g., t = �2) the Fourier transform of

ρtDB grows like jλjjtj at infinity. By the Parseval equality we haveZ
fdµtDB =

Z bf(λ)dρtDB(λ)dλ.
Obviously in order for the above integral to converge, we must impose at leastjbf(λ)j � jλjjtj 2 L1 which requires bf to decay sufficiently fast as jλj ! 1. This is the

main reason why smoothness of functions played an important role in the analysis

therein. On the other hand, in our situation the limiting density is ρt1 which differs

from ρtDB exactly by a part corresponding to a genuine tempered distribution. In

yet other words for f = χ[0,x] (indicator function of the interval [0, x]) (1.13) no

longer holds and we have to replace the measure µtDB by a different measure µt1 .

This shows the surprising change of behavior in the signed distributions.

We now list some notations and conventions used in this paper.

Notations and Conventions� For any two quantities X and Y , we denote X . Y if X � CY for some

harmless constant C > 0. Similarly, X & Y if X � CY for some C > 0. We

denote X � Y if X . Y and Y . X.� We will use the “big O” and “little o” notations. Let n be a positive integer

which tends to infinity. We shall write f � g or f = O(g) if jf(n)j � Ag(n) for

some constant A independent of n. We write f(n) = O(g(n)) if f(n)� g(n).

We will write f(n) = o(g(n)) if f(n)/g(n) ! 0 as n ! 1. To stress the

dummy variable n we sometimes write f = on(g). For example, the notation

X = oN(1) means that X! 0 as N !1.
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imaginary parts of X respectively.� For any natural number n, ω(n) denotes the number of distinct prime divisors

of n. ζ(s) =

1P
n=1

n�s denotes the Riemann zeta function.

2. Proof of Theorem 1.2

We will frequently use the following

Lemma 2.1 (Partial summation). Let fang1n=1 be a sequence of complex numbers.

Let 0 < a < b <1 and suppose f is a continuously differentiable function the interval

[a, b]. Set

A(t) =

X
n�t an.

Then X
a<n�b anf(n) = A(b)f(b)� A(a)f(a)� bZ

a

A(t)f 0(t)dt,
Proof of Lemma 2.1. The proof is a standard exercise in calculus. See Theorem 1

of Chapter I.0 in [16] for a textbook proof. �

Throughout the rest of this paper, we shall not make explicit reference to

Lemma 2.1 and simply mention it as partial summation (formula) wherever it is

used.

We first take p0 sufficiently large such that p0 > 2jtj+2. Obviously, as N !1,

for any real λ, we have2664 Y
q�p0,

q is prime and q 6= q0

�
1 +

t

q

�3775�1 Y
q�p0,

q is prime and q 6= q0

�
1 +

t

q
e
iλ

log q
logN

� �! 1.
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Therefore we only need to consider264 Y
p0<q�N,
q is prime

�
1 +

t

q

�375�1 Y
p0<q�N,
q is prime

�
1 +

t

q
e
iλ

log q
logN

�
=

= exp

8<: X
p0<q�N log

�
1 +

t

q
e
iλ

log q
logN

�� X
p0<q�N log

�
1 +

t

q

�9=; =:

=: exp (ϕN(λ)� ϕN(0)) .
We analyze ϕN(λ)� ϕN(0) as N !1. By using partial summation, we have

ϕN(λ) = π(N) log

�
1 +

t

N
eiλ
�� (2.1)� π(p0) log�1 +

t

p0
e
iλ

log p0
logN

�� (2.2)� NZ
p0

π(q)
d

dq

�
log

�
1 +

t

q
e
iλ

log q
logN

��
dq. (2.3)

Here π(N) is the usual prime-counting function: π(x) =
P
p�x,

p is prime

1.

For (2.1), note that by using the Prime Number Theorem,

π(N) log

�
1 +

t

N
e
iλ

�
= O

�
N

logN

� � O� 1

N

� �! 0 as N !1.

For (2.2), note that
log p0

logN
! 0 as N ! 1. Therefore, (2.2) converges to�π(p0) log�1 +

t

p0

�
as N !1. This constant will cancel with the corresponding

constant in the expression for ϕN(0).
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For (2.3), we compute

(2.3) = � NZ
p0

π(q)

� t

q2
e
iλ

log q
logN +

t

q

iλ

q logN
e
iλ

log q
logN

1 +
t
q
eiλ

log q
logN

dq =

=

NZ
p0

π(q)
t

q2

1� iλ

logN

1 +
t

q
e
iλ

log q
log N

e
iλ

log q
logN dq.

Thus,

ϕN(λ)� ϕN(0) = oN(1) +

NZ
p0

π(q)
t

q2

2664 1� iλ

logN

1 +
t

q
e
iλ

log q
logN

e
iλ

log q
log N � 1

1 +
t

q

3775 dq.
Let us analyze the above integral denoting it by IN . Consider first the regime

p0 < q � logN . In this case we have�������� 1� iλ

logN

1 +
t

q
e
iλ

log q
log N

e
iλ

log q
logN � 1

1 +
t

q

�������� � 1

logN

�������� iλ

1 +
t

q
e
iλ

log q
logN

e
iλ

log q
logN

��������+
+

�������� 1

1 +
t

q
e
iλ

log q
logN

�
e
iλ

log q
logN � 1

���������+ �������� 1

1 +
t

q
e
iλ

log q
logN

� 1

1 +
t

q

�������� �� O

�
1

logN

�
+O

�
log logN

logN

�
.
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Therefore,jIN j � ������ logNZ
p0

t

q log q

log logN

logN
dq

������ � jtj log logN � log log logN
logN

�! 0,

as N !1.

It remains to consider the regime logN � q � N . First, observe that�������� NZ
logN

π(q)
t

q2

λ

logN
e
iλ

log q
logN

1 +
t

q
e
iλ

log q
log N

dq

�������� � O(1) � λjtj
logN

NZ
logN

1

q log q
dq �� O(1) � λjtj

logN
log logN �! 0 as N !1.

Hence we only need to consider the integral

NZ
logN

π(q)
t

q2

264 1

1 +
t

q
e
iλ

log q
logN

e
iλ

log q
logN � 1

1 +
t

q

375 dq =

=

NZ
logN

π(q)
t

q2
1

1 +
t

q

�
e
iλ

log q
logN � 1

�
dq+

+

NZ
logN

π(q)
t

q2

264 1

1 +
t

q
e
iλ

log q
logN

� 1

1 +
t

q

375 eiλ log q
logN dq =: I

(1)
N + I

(2)
N .

We first estimate I
(2)
N . Obviously,������� 1

1 +
t

q
e
iλ

log q
log N

� 1

1 +
t

q

������� � O(1)

q

log q

logN
.
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Therefore, ���I(2)N ��� � NZ
log N

O(1)

q log q
� 1
q
� log q

logN
dq � O(1)

logN
�! 0,

as N !1.

Finally, we deal with I
(1)
N . We further decompose it as

I
(1)
N =

NZ
logN

π(q)
t

q2

�
e
iλ

log q
logN � 1

�
dq+ (2.4)

+

NZ
logN

π(q)
t

q2

 
1

1 +
t
q

� 1

!�
e
iλ

log q
logN � 1

�
dq. (2.5)

Then j(2.5)j � O(1)

NZ
logN

1

q log q
� 1
q
� log q

logN
dq � O(1)

logN
�! 0,

as N !1.

On the other hand, by using Prime Number Theorem (see, e.g., [16], Chap-

ter II.4), we have

π(q)

q
=

1

q

qZ
2

1

log s
ds+O

�
e
�(log q)2/5

�
and

qZ
2

1

log s
ds =

s

log s

����q
2

+

qZ
2

1

(log s)2
� 1
s
ds =

q

log q
+ O(1)+

1

log q
,

so
π(q)

q
=

1

log q
+O

�
1

q

�
+O

�
e
�(log q)2/5

�
.
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Plugging the above asymptotics into (2.4), we have

(2.4) =

NZ
logN

t � 1

log q
� 1
q

�
e
iλ

log q
logN � 1

�
dq+

+

NZ
logN

�
O

�
1

q2

�
+O

�
1

q
e
�(log q)2/5

�� ����eiλ log q
logN � 1

���� dq
The second integral above approaches 0 as N !1, thus

(2.4) �! t

1Z
0

�
e
iλs � 1

� ds
s
.

Collecting the estimates, we have

ϕN(λ)� ϕN(0) �! t

1Z
0

�
e
iλs � 1

� ds
s
, as N !1.

Theorem 1.2 is proved.

3. Proof of Theorem 1.3 (analysis of the DB distribution)

Throughout this section we assume t 2 Z� .
In this section we prove Theorem 1.3. We begin with a simple lemma which is

needed later.

Lemma 3.1. For any integer L � 2 and any λ � 1, we have1Z
λ

s
�1
e
is
ds = �eiλ LX

n=1

��i
λ

�n � (n� 1)! + O(λ�(L+1)).

Proof of Lemma 3.1. For each n � 1, define

In =

1Z
λ

s�neisds.
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By using integration by parts, easy to check

In = i � λ�neiλ + n � (�i) � In+1. (3.1)

Clearly, then

(�i)n(n� 1)!In = i � (�i)nλ�n � (n� 1)! � eiλ + (�i)n+1 � n! � In+1.

Summing over n = 1, . . . , L, we get

(�i)I1 = ie
iλ

LX
n=1

�� i

λ

�n
(n� 1)! + (�i)L+1 � L! � IL+1.

Note that, since I1 = O (λ�1), by (3.1), IL+1 = O(λ�(L+1)). The desired identity

then follows. �

By Fourier inversion, we have

ρ
t
DB(x) = lim

R!1 1

2π

RZ�R exp

8<: t

1Z
0

�
e
iλs � 1

� ds
s

9=; e
�iλx

dλ.

First note that by a simple change of variable λ 7! �λ,
ρ
t
DB(x) = lim

R!1 1

π
Re

0� RZ
0

exp

8<:t 1Z
0

�
e
iλs � 1

� ds
s

9=; e
�iλx

dλ

1A .

Let φ�1(λ) be an even smooth cut-off function on R such that φ�1(λ) = 1

for jλj � 1 and φ�1(λ) = 0 for jλj � 2. Denote φ>1(λ) = 1� φ�1(λ).

Now write

ρtDB(x) = lim
R!1 1

π
Re

0� RZ
0

exp

8<:t 1Z
0

�
eiλs � 1

� ds
s

9=; φ�1(λ)e
�iλxdλ1A+ (3.2)

+ lim
R!1 1

π
Re

0� RZ
0

exp

8<:t 1Z
0

�
e
iλs � 1

� ds
s

9=; φ>1(λ)e
�iλx

dλ

1A . (3.3)
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Note that

(3.2) =
1

2π

1Z�1 exp

8<:t 1Z
0

�
eiλs � 1

� ds
s

9=; φ�1(λ)e
�iλxdλ.

This is due to the fact that the function ψ(λ) = exp

(
t
1R
0

�
eiλs � 1

� ds
s

)
belongs

to C1 which gives rise to a smooth (and fast-decaying in x) density, thanks to the

cut-off φ�1(λ).

We now only need to deal with (3.3). Note that in this case λ is localized to

the regime λ � 1.

For λ � 1, we write

1Z
0

�
e
iλs � 1

� ds
s

=

λZ
0

eis � 1

s
ds =

1Z
0

eis � 1

s
ds� λZ

1

1

s
ds+

λZ
1

eis

s
ds =

=

1Z
0

eis � 1

s
ds� log λ+

1Z
1

eis

s
ds� 1Z

λ

eis

s
ds.

Recall the trigonometric integrals (see [20]),

Ci(x) = γ+ log x+

xZ
0

cos t� 1

t
dt, Ci(x) = ci(x) = � 1Z

x

cos t

t
dt,

where γ is the Euler—Mascheroni constant.

Evaluating the above identity at x = 1, we get

1Z
0

cos t� 1

t
dt+

1Z
1

cos t

t
dt = �γ.

Using this and the identity
1R
0

sin t

t
dt =

π

2
, we have

1Z
0

eis � 1

s
ds+

1Z
1

eis

s
ds = �γ+

π

2
i.
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Thus,

(3.3) =
ejtjγ
π

� lim
R!1Re

0�et�i π2 RZ
0

λ
�t exp

8<:�t 1Z
λ

eis

s
ds

9=; φ>1(λ) e
�iλx

dλ

1A =

=
ejtjγ
π

� lim
R!1Re

0�i�jtj RZ
0

λ�t exp

8<:�t 1Z
λ

eis

s
ds

9=; φ>1(λ) e
�iλxdλ1A| {z }

ψR(x)

.

We analyze in detail the structure of ψR . By Lemma 3.1,1Z
λ

eis

s
ds = e

iλ � i
λ

jtjX
n=0

��i
λ

�n � n! +O

�
1

λjtj+2

�
.

Plugging this into ψR(x), we obtain:

ψR(x) =

= i
�jtj RZ

0

λ
jtj exp 24jtj0� ieiλ

λ

jtjX
n=0

n! (�i)n
λn

1A+O

�
1

λjtj+2

�35 φ>1(λ)e�iλxdλ =

=

RZ
0

 
λ
jtj jtj+1X

k=0

e
iλk i

�jtj+k
λk

� jtjX
n=0

n!(�i)n
λn

�k| {z }
H

+O

�
1

λ2

�!
φ>1(λ)e

�iλx
dλ.

Denote for k � 1 and m � 0

Pk,m :=
X

j1+. . .+jk=m,
0�ji�jtj j1! j2! . . . jk!. (3.4)

We suppress the dependence on t for simplicity. For k = 0 we denote P0,0 = 1 and

P0,m = 0 for m > 0.
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Observe

H =

jtj+1X
k=0

e
iλk
i
�jtj+k

λ
jtj�k jtj+1�kX

m=0

��i
λ

�m
Pk,m + O(λ�2) =

=

jtj+1X
k=0

eiλk
jtj+1�kX
m=0

(�iλ)jtj�k�m(�1)mPk,m +O(λ�2).

Plugging the above into the expression for ψR, we get

ψR(x) =

RZ
0

0�jtj+1X
k=0

e
�iλ(x�k) jtj+1�kX

m=0

(�iλ)jtj�k�m(�1)mPk,m1A φ>1(λ)dλ+

+

RZ
0

O(λ�2) � φ>1(λ)e�iλxdλ =

=

RZ
0

0�jtj+1X
k=0

e
�iλ(x�k) jtj+1�kX

m=0

(�iλ)jtj�k�m(�1)mPk,m1A dλ� (3.5)� RZ
0

0�jtj+1X
k=0

e
�iλ(x�k) jtj+1�kX

m=0

(�iλ)jtj�k�m(�1)mPk,m1A φ�1(λ)dλ+ (3.6)

+

RZ
0

O(λ�2) � φ>1(λ)e�iλxdλ. (3.7)

Obviously, (3.7) will only contribute to the bounded continuous part of the density.

For (3.6) one may worry about the singularity at λ = 0 when m = jtj+ 1� k. But
it turns out that the real part of this term is

RZ
0

const � sin λ(x� k)
λ

φ�1(λ)dλ

which also gives rise to a bounded continuous density.

We only need to analyze the real part of (3.5).

Recall for z 2 R,
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0

sin λz

λ
dλ =

π

2
sgn(z) =

8>>>>><>>>>>:π

2
, z > 0;

0, z = 0;�π
2
, z < 0.

Since the multiplier �iλ corresponds to differentiation in x, we get

lim
R!1 ejtjγ

π
Re((3.5)) =

=
ejtjγ
2

0�jtj+1X
k=0

jtj+1�kX
m=0

sgn(jtj+1�k�m)(x� k) � (�1)mPk,m1A =

=
ejtjγ
2

0�jtj+1X
k=0

jtj+1�kX
m=0

sgn(m)(x� k) � (�1)jtj+1�k�mPk,jtj+1�k�m1A .

Now note that for k � 1, we have jtj+1�k�m � jtj. Therefore the condition
ji � jtj in (3.4) can be dropped. This concludes the proof of Theorem 1.3.

4. Proof of Theorem 1.4

We will consider two different regimes for the variable y:� The regime 0 < y � 1 will be handled by the Selberg—Delange method and

the proof for this case can be found in Sec. 4.2.� For the regime y > 1 we will use Hildebrand—Tenenbaum type of analysis –

see Sec. 4.3.

In the proof we will need to recall several standard lemmas.

4.1. Useful lemmas

Define

η(x) :=

8>>>>><>>>>>:1, if x > 1;

1

2
, if x = 1;

0, if 0 < x < 1.
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For any c > 0, it is easy to show

η(x) = lim
R!+1 c+iRZ

c�iR xs

s
ds.

The following truncated version is most useful.

Lemma 4.1. For any κ > 0, T > 0,������ 1

2πi

κ+iTZ
κ�iT xs

s
ds� η(x)������ <8>><>>:xκ min

�
1,

1

T jlog xj� if x 6= 1

κ

T
if x = 1.

Proof of Lemma 4.1 . See Theorem 4.1.4 in [15] for a textbook proof. �

Lemma 4.1 is the key to the following well-known Perron’s formula. One can

prove it directly or see Theorem 2 (p. 132) of Chapter II.2 in [16] for details.

Lemma 4.2 (Perron’s formula). Suppose f(s) =

1P
n=1

an
ns

is a Dirichlet series which

converges for any Re(s) > σ0 > 0. Extend the definition of the function n ! an by

setting ax = 0 if x 2 R n N. Then for any κ > σ0 , T � 1, x � 1 (x is a real

number), we haveX
n<x

an +
1

2
ax =

1

2πi

κ+iTZ
κ�iT f(s)xs

s
ds+O

 1X
n=1

�x
n

�κ janj
1 + T j log(x/n)j! . (4.1)

We need the following bounds on the Riemann zeta function.

Lemma 4.3. Let s = σ + iτ . There exists σ1 > 0 such that for jτj � 3 and

σ � 1� σ1/ log jτj, we have

ζ
0(s)/ζ(s)� log jτj,
1

ζ(s)
� log jτj,j log ζ(s)j � log2 jτj+O(1).
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Proof of Lemma 4.3. See Theorem 16 on p. 158 of [16]. �

The following lemma gives bounds on higher derivatives of the zeta function.

Lemma 4.4. For any c > 0 and any integer k � 0,

ζ(k)(s)� (log jτj)k+1, s = σ+ iτ, jτj � 2, σ � 1� c

log jτj .
Proof of Lemma 4.4. See Corollary 7.1 on p. 147 of [16]. �

To control certain remainder terms later, we need the following

Lemma 4.5 (Mertens formula). There are constants A1 > 0, A2 2 R, such that

for any x � 2,X
1�n�x 2ω(n) = A1x log x+A2x+ ∆(2)(x), and ∆(2)(x) = O

�
x
1/2 log x

�
.

Proof of Lemma 4.5. See Mertens [13, 14]. We shall not need the precise val-

ues of the constants A1 and A2 . Mertens computed A1 =
1

ζ(2)
and A2 =�

2γ� 1

ζ(2)
� 2ζ0(2)
ζ2(2)

�
. It is also conjectured that ∆(2)(x) = O(xθ+ε) with θ =

1

4
.

The best known result is due to Baker [1] who proved θ � 4

11
assuming the Riemann

Hypothesis. �

4.2. Selberg—Delange method: 0 < y � 1

Note that for 0 < y � 1, we have Ny � N and therefore

SN(y) =

X
n<Ny,

pjn)2<p�N (�2)ω(n)
n

µ2(n) =

X
n<Ny,
n is odd

(�2)ω(n)
n

µ2(n).

We will prove the following estimates:X
n�x

n is odd

(�2)ω(n)
n

µ2(n) = O
�
e�α1(log x)

1/2
�
, (4.2)
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n�x (�2)ω(n)

n
µ2(n) = O

�
e�α2(log x)

1
2

�
; (4.3)

where α1 > 0 and α2 > 0 are some constants.

Note that it suffices for us to show (4.2), the bound for SN(y) is obtained by

taking x = Ny . The estimate (4.3) follows from (4.2) by breaking the sum into odd

and even n respectively.

Here and below we shall always assume x is sufficiently large. Note that in

both (4.2) and (4.3), the restriction n � x can be replaced by n < x since for any

x = N � 1 we have ω(N) = o(logN) and

2ω(N)

N
= expfo(logN)� logNg � expf�1

2
logNg. (4.4)

By the same reason, when we apply Perron’s formula (see (4.1)) to the sequence

an = (�2)ω(n)µ2(n)/n later, we can neglect the boundary term ax when x = Ny is

an integer since the error is of order O(expf� 1
2y logNg).

We shall use Perron’s formula (Lemma 4.2) for an = (�2)ω(n)µ2(n)/n and

choose κ = 1 +
1

log x
, T = e

(log x)1/2 . We begin with a simple tail estimate.

Lemma 4.6 (Tail Estimate). Let x � 2 and R = exp
�
c1(log x)

c2
	

with c1 > 0

and c2 > 0. Then1X
n=1

2ω(n) � �x
n

�1+
1

log x � 1

1 + Rj log(x/n)j = O
�
x � R�1/2

�
.

Proof of Lemma 4.6. We divide the summation into several regimes. Denote

c = 1 +
1

log x
and note that xc = O(x).

Case 1: n � 5

4
x. In this case we have

���log �x
n

���� = ���log �n
x

���� & 1. Therefore,X
n� 5

4 x

2ω(n)
�x
n

�c 1

1 +Rj log(x/n)j . X
n� 5

4 x

2ω(n)
x

nc
1

R
.. x

R

X
n� 5

4 x

2ω(n)
1

nc
. (4.5)
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By Lemma 4.5 and partial summation,

(4.5) . x

R

2664O(log x) +

1Z
5
4 x

s log s � 1

s1+c
ds

3775 .. x

R

2664O(log x) +

1Z
5
4 x

log s

sc
ds

3775 . (4.6)

By a change of variable s! sx, we have1Z
5
4x

log s

sc
ds =

1

xc�1

1Z
5
4

log s+ log x

sc
ds .. 1Z

5
4

log s

sc
dt+ log x � 1

c� 1
.. 1

c� 1
+

1

(c� 1)2
+

log x

c� 1
= O

�
log2 x

�
Plugging the above estimate into (4.6), we obtain (4.5) . x

R
(log x)2 � x/

p
R.

This settles the case n � 5

4
x.

Case 2: n � 3

4
x. Note that

���log �x
n

���� � ����log�4

3

����� & 1. Therefore, by

Mertens formula (Lemma 4.5) and summation by parts,X
n� 3

4x

2ω(n)
�x
n

�c 1

1 +R
��log � x

n

��� . x

R

X
n� 3

4x

2ω(n) � 1

nc
.. x

R

h
O

�
x(log x)

1

xc

�
+

3
4 xZ
1

t log t
1

tc+1
dt
i .
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R

h
log x+ log2 x

i� x/
p
R.

Hence this case is settled.

Case 3:
3

4
x � n � 5

4
x. This regime requires careful analysis. Observe thatjn � xj � 1

4
x or

���n
x
� 1
��� � 1

4
. Therefore

���log �x
n

���� =

���log �1 +
x

n
� 1
���� ����n

x
� 1
���. ThereforeX

3
4x�n� 5

4x

2ω(n)
�x
n

�c 1

1 +R
��log � x

n

��� . X
3
4 x�n�5

4 x

2ω(n) min

 
1,

1

R
��n
x
� 1
��! .. X

3
4 x�n� 5

4x

2ω(n) min

�
1,

x

R jn� xj� . (4.7)

To estimate (4.7), we need to consider several subcases.

Subcase 3a: n > x and
x

Rjn� xj � 1. This is equivalent to the condition

x < n � R+ 1

R
x. In this subcase we have min

�
1,

x

Rjn� xj� = 1. Therefore by

Mertens formula (see Lemma 4.5),X
x<n�R+1

R
x

2ω(n) min

�
1,

x

Rjn� xj� =

X
n�R+1

R
x

2ω(n) �X
n�x 2ω(n) =

= A1

�
R+ 1

R
x log

�
R+ 1

R
x

�� x log x

�
+

+A2

�
R+ 1

R
x� x�+ O

�
x
1/2 log x

�
=

= A1

�
1

R
x log x+

R+ 1

R
x log

�
1 +

1

R

��
+ A2

x

R
+O

�
x
1/2 log x

�
=

= O
� x
R

log x
�

+ O
�
x
1/2 log x

�� x/
p
R.
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We are done with this subcase.

Subcase 3b: n > x and
x

Rjn� xj < 1. This is equivalent to n >
R+ 1

R
x. Note

that in this subcase min

�
1,

x

Rjn� xj� =
x

Rjn� xj . ThenX
R+1
R x<n� 5

4 x

2ω(n)
�x
n

�c
min

�
1,

x

Rjn� xj� . x

R

X
R+1
R

x<n� 5
4 x

2ω(n)
1

n� x =: I.

We now analyze I in detail. By using Mertens formula (see Lemma 4.5) and

partial summation again, we get

I = A1 � 5
4
x log

�
5

4
x

�
1

5
4x� x +A2 � 5

4
x � 1

5
4x� x +O

�
x
1/2 log x

� 1
1
4x
�� A1 � R+ 1

R
x log

�
R+ 1

R
x

�
1
x
R

� A2
R+ 1

R
x

1
x
R

+O
�
x
1/2 log x

� 1
x
R

�� 5
4 xZ

R+1
R

x

(A1s log s+A2s) ��� ds

(s� x)2�+

5
4 xZ

R+1
R

x

O
�
s1/2 log s

� ds

(s� x)2 =

= O(log x)� A1(R+ 1) log x� A2(R+ 1) +O

�
log x

x1/2

� � R+

+ A1

5
4 xZ

R+1
R

x

s log s

(s� x)2 ds+A2

5
4 xZ

R+1
R

x

s

(s� x)2 ds+O

�
x
1/2 log x

1
x
R

�
=

= O (log x)� A1R log x� A2R+ A1

5
4 xZ

R+1
R

x

s log s

(s� x)2 ds| {z }
I2

+A2

5
4xZ

R+1
R

x

s

(s� x)2 ds| {z }
I3

.

Now we shall show that I2 = R log x+O ((log x)2) and I3 = R+O ((log x)2).

These two estimates will settle Subcase 3b.
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Estimate of I2 . Rescaling, we get

I2 =

5
4Z

R+1
R

s log(sx)

(s� 1)2
ds =

5
4Z

R+1
R

s log(s)

(s� 1)2
ds+ (log x)

5
4Z

R+1
R

s

(s� 1)2
ds;

5
4Z

R+1
R

s log(s)

(s� 1)2
ds = � 1

s� 1
s log s

���� 54R+1
R

+

5
4Z

R+1
R

1

s� 1
(1 + log s)ds =

= O(1) +O

�
R log

�
1 +

1

R

��
+

5
4Z

R+1
R

1

s� 1
ds+

+ log(s� 1) � log s

���� 54R+1
R

� 5
4Z

R+1
R

log(s� 1)

s
ds =

= O(1) +O(logR) = O(logR);

5
4Z

R+1
R

s

(s� 1)2
ds =

5
4Z

R+1
R

1

s� 1
ds+

5
4Z

R+1
R

1

(s� 1)2
ds =

= O(logR)� 1

s� 1

���� 54R+1
R

= O(logR) +R.

By the last two estimates, we have

I2 = O(logR)+ (log x) � (O(logR) +R) = R log x+ O
�
(log x)2

�
.

In a similar fashion I3 = R+O ((log x)2).

Subcase 3c: n < x and
x

Rjn� xj � 1. This is similar to Subcase 3a. We omit

the details.

Subcase 3d: n < x and
x

Rjn� xj > 1. This is similar to Subcase 3b. We omit

the details.

After collecting all the estimates, we have proved Lemma 4.6. �
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By using Perron’s formula (see Lemma 4.2), the tail estimate we just derived

and the discussion after the estimate (4.4), we see that for x � 1, c =
1

log x
, and

R = exp
�
(log x)1/2

	
,X

n�x
n is odd

(�2)ω(n)
n

µ2(n) =
1

2πi

c+iRZ
c�iR f(s)xs

s
ds+O

�
e� 1

2 c1(log x)
1/2

�
,

where

f(s) =

X
n�1

n is odd

(�2)ω(n)
n1+s

µ2(n).

It remains to estimate the contour integral.

First we simplify the expression of f(s):

f(s) =

X
n�1,n is odd

(�2)ω(n)µ2(n)
1

n1+s
=

Y
p>2

p is prime

�
1� 2

p1+s

�
.

Since 1� 2x = (1� x)2 � x2 = (1� x)2 �1� � x
1�x�2�, we can write

1� 2

p1+s
=

�
1� 1

p1+s

�2

0BBB�1�0BB� 1

p1+s

1� 1

p1+s

1CCA2
1CCCA .

Hence

f(s) =

Y
p>2

p is prime

"�
1� 1

p1+s

�2 �
1� 1

(p1+s � 1)2

�#
=

1

ζ2(1 + s)
g(s),

where ζ(s) is the Riemann zeta function while

g(s) = (1� 2�(1+s))�2
Y
p>2

p is prime

�
1� 1

(p1+s � 1)2

�
.
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Note that g(s) converges absolutely for Re(s) > �1

2
.

Now we estimate
1

2πi

c+iRZ
c�iR f(s)xs

s
ds by deformation of contour. By Lemma 4.3,

we have
1

ζ(1 + s)
� log jτj, s = σ+ iτ, jτj � 3, σ � � σ1

log jτj . (4.8)

Recall c =
1

log x
and R = exp(

p
log x). Choose

PS: ./fig-eps/Avdeeva-Li-Sinai-03.eps

Fig. 3

a = � σ1

logR
= � σ1p

log x
.

Integrating over the contour on the Fig. 3 and

using the fact that f is analytic in the integration

region 1), we get� 1

2πi

c+iRZ
c�iR f(s)xs

s
ds =

Z
(A)

+

Z
(B)

+

Z
(C)

.

Let us estimate these three integrals.

Horizontal pieces:
R
(A)

and
R
(B)

.

Clearly,������� Z(A) ������� = ������ c+iRZa+iR f(s)

s
x
s
ds

������ .. c+iRZ
a+iR

jg(s)jjζ(1 + s)j2 � 1R � jxsjds .. cZ
a

(logR)2 � 1
R
� xcds . log x

R
.

1) Note the function ζ(1 + s) has a simple pole at s = 0 and hence
1

ζ2(1+ s)s
is analytic in the

region depicted in Fig. 3.
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The estimate of
R
(B)

is done similarly.

Vertical piece:
R
(C)

.

Note that for j Im(s)j � 3, Re(s) = a = �σ1/
p
log x and x sufficiently large,

s will be in the region fs 2 C : jsj � 10g. Recall that the Riemann zeta function

has a simple pole at 1. Clearly, the function
f(s)

s
=

g(s)

ζ(1 + s)2s
is smooth and

bounded by an absolute constant in the region fs, jsj � 10g. Therefore we only

need to consider the piece j Im(s)j > 3 for which (4.8) can be used.

Thus������ a+iRZ
a�iR f(s)xs

s
ds

������ . 1 +

Z
s2[a�iR,a+iR],j Im(s)j>1 (logR)2xa

dsjsj .. 1 + x
� σ1
log R � (logR)2 � RZ

3

ds

s
. 1 + e

� log x� σ1p
log x � (logR)3.

Hence we obtain������ a+iRZ
a�iR f(s)xs

s
ds

������ = O

�
e� 1

2σ1(log x)
1/2

�
.

so we are done with the case 0 < y � 1.

4.3. Hildebrand—Tenenbaum method: y > 1

By Lemma 4.1, we have for any c > 0 and R > 0,

SN(y) =

X
n<Ny,

pjn)2<p�N (�2)ω(n)
n

µ
2(n) =

=

X
pjn)2<p�N (�2)ω(n)

n
µ2(n) η

�
Ny

n

�
=
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=

X
pjn)2<p�N (�2)ω(n)

n
µ
2(n) � 1

2πi

c+iRZ
c�iR (Ny/n)s

s
ds+ error,

where

error � 1X
n=1

2ω(n)

n
µ
2(n)

�
Ny

n

�c
min

�
1,

1

R jlog (Ny/n)j� .

We shall take c =
1

logN
, R = e

(logN)δ where 0 < δ <
3

5
is some sufficiently

small constant to be chosen later. By Lemma 4.6,

error � 1X
n=1

2ω(n)

n

�
Ny

n

�1/logN

min

(
1,

1

R
��log �Ny

n

���) = O
�
R
�1/2
�
.

Therefore the error term can be safely neglected.

Now, neglecting the (controllable) error terms, we write

SN (y) =

X
pjn)2<p�N (�2)ω(n)

n
µ
2(n) � 1

2πi

c+iRZ
c�iR Nys

ns
ds

s
=

=
1

2πi

c+iRZ
c�iR Y

2<p�N �1� 2

p1+s

� � eys logN ds

s
.

Now write Y
2<p�N �1� 2

p1+s

�
=

1

[ζN(1 + s)]2
� gN (s),

where

ζN(1 + s) =

Y
p�N �1� 1

p1+s

��1

;

gN (s) =

�
1� 2�1�s��2 Y

2<p�N "1�� 1

p1+s � 1

�2
#
.
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Note that in the above expression for ζN , the prime p = 2 is included in the product.

We need the following lemma which is (after some notational changes) Lem-

ma 9.1 from [16]. It allows us to replace the truncated Riemann zeta function by

the full zeta function with a very small error term.

Lemma 4.7. Let 0 < ǫ < 3
5 and denote Lǫ(N) = exp

�
(logN)

3
5�ǫ�. There exists

N0 = N0(ǫ) � 1 such that for any N � N0 , s = σ+ iτ with σ � 1� (logN)� 2
5�ε ,jτj � Lǫ(N), we have

ζN(s) = ζ(s) � (s� 1) logN � bρ((s� 1) logN) ��1 +O

�
1

Lǫ(N)

��
, (4.9)

where bρ(s) = e
γ+I(�s),

I(s) =

sZ
0

et � 1

t
dt (s 2 C). (4.10)

Here γ denotes Euler’s constant.

Remark. In (4.9), the function bρ(s) is connected with the Laplace transform of the

Dickman—de Bruijn density ρ(t), i.e.bρ(s) =

1Z
0

e
�st
ρ(t)dt, Re(s) > 0.

An alternative expression for bρ(s) is given by

sbρ(s) = e
�J(s),

where

J(es) =

1Z
0

e�es�tes+ t
dt, for es > 0,
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J(es) = �γ � log es� �esZ
0

et � 1

t
dt, for es 2 C n (�1, 0].

More discussions on this and the Dickman—de Bruijn function can be found on

p. 370 of [16].

Specializing to our case, we take ǫ =
3

5
� δ and Lǫ(y) = R = e(logN)δ and get

for s = σ+ iτ , σ � c =
1

logN
, jτj � R,

ζN(1 + s) = ζ(1 + s) � (s logN) � bρ(s logN) ��1 +O

�
1

R

��
=

= ζ(1 + s) � e�J(s logN) ��1 + O

�
1

R

��
.

Using the above formula, we write

SN (y) =
1

2πi

c+iRZ
c�iR gN (s)

1

ζ(1 + s)2
� e2J(s logN) � e ys logN � 1�

1 + O
�

1
R

��2 dss .

We first get rid of the O

�
1

R

�
term. To do this, we estimate

error =

1
logN+iRZ
1

logN �iR jgN(s)j 1jζ(1 + s)j2 � e2jJ(s logN)j � ���e ys logN��� � O� 1

R

�
dsjsj .

Since ���eys logN��� = �����ey� 1
logN+iτ

�
logN

����� = O(1),es = s logN =

�
1

logN
+ iτ

�
logN = 1 + iτ logN,
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0

e�t
1 + t

dt = O(1),���� 1

ζ(1 + s)

���� . logR � (logN)δ,

we get

error . O

�
1

R

� � (logN)2δ
RZ

1

1

s
ds .. e

�(logN)δ � (logN)2δ � (logN)δ .
= O

�
e
� 1
2 (logN)δ

�
.

Hence we only need to treat

SN (y) =
1

2πi

1
log N+iRZ
1

logN �iR gN (s)

ζ(1 + s)2
� e2J(s log N)+ys logN � ds

s
.

Recall

J(es) = �γ� log(es)� �esZ
0

e�t � 1

t
dt.

Therefore we have SN (y) =
1

2π

e�2γ

(logN)2
S1

2), where

S1 = Im

26664 1
logN+iRZ
1

logN �iR gN(s)

ζ(1 + s)2
1

s2
exp

8><>:�2 (�s logN)Z
0

e�t � 1

t
dt + ys logN

9>=>; ds

s

37775 .

2) The factor e�2γ will cancel with another e2γ in one of the main terms later, see (4.11).
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Now make a change of variable s 7! s

logN
and get

S1 = Im

2664 1+iR logNZ
1�iR logN

gN

� s

logN

�
ζ
�
1+

s

logN

�2� s

logN

�2 exp

8<:�2 �sZ
0

e�t� 1

t
dt+ ys

9=; ds

s

3775 .

Since we chose R = e(logN)δ for some small δ > 0, we have

e
(logN)δ � R logN � e

(logN)2δ , N � 1.

Abusing slightly the notation, we regard R logN as R and write

S1 = Im

264 1+iRZ
1�iR gN

� s

logN

�
ζ
�
1 +

s
logN

�2

1�
s

logN

�2
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

375 .

Denote

FN(s) :=
gN (s)

ζ (1 + s)2 s2
.

Then we write S1 more compactly as

S1 = Im

24 1+iRZ
1�iR FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

35 .

Consider the contour depicted on the right (Fig. 4).

The integrand in S1 is holomorphic in this region. Therefore

S1 = Im

0B� 5X
j=1

ZeIj 1CA .



40 M. Avdeeva (Princeton), D. Li (Vancouver), Ya. G. Sinai (Princeton, Moscow)

On eI1 we have s = σ+ iR, 0 � σ � 1, and

PS: ./fig-eps/Avdeeva-Li-Sinai-04.eps

Fig. 4

������ �σ�iRZ
0

e�t � 1

t
dt

������ . O(1) + jlogRj =
= O(1)+ O

�
(logN)δ

�
=

= O
�
(logN)δ

�
;jeysj = O(1).

Also, for s = σ+ iR, 0 � σ � 1, by (4.8),����FN � s

logN

����� = ��������� gN

�
s

logN

�
ζ

�
1 +

s

logN

�2 �
s

logN

�2

��������� .. R�2(logN)10.

ThereforeZeI1 ����FN � s

logN

����� ������exp8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=;������ dsjsj .. R�2(logN)11 = O
�
e�(logN)δ

�
.

A similar estimate holds for eI2 .
Now consider eI3 . Observe that on the arc of eI3 , we have s � O(1). Therefore

we can take N !1 and get

lim
N!1 ZeI3 FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s
=

= F(0)

ZeI3 exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s
,
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where we have denoted

F(s) := lim
N!1 FN(s) =

g(s)

ζ (1 + s)2 s2
;

g(s) =

�
1� 2�1�s��2Y

p>2

 
1�� 1

p1+s � 1

�2
!

.

It remains to consider the integral on eI4 and eI5 . It is not difficult to check that

Im

264ZeI4 FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

375 =

= Im

264ZeI5 FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

375.
Therefore we only need to look at the imaginary part of the expression

S4 :=

ZeI4 FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s
.

To this end we write

S4 =

�iZ�iR FN

�
s

logN

�
exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s
=

=

1Z
R

FN

�� iλ

logN

�
exp

8<:�2 iλZ
0

e�t � 1

t
dt� iλy9=; dλ

λ
=

= � RZ
1

FN

�� iλ

logN

�
exp

8<:�2 iλZ
0

e�t � 1

t
dt� iλy9=; dλ

λ
.

We decompose S4 into many pieces each of which will be shown to have a

limit as N !1.
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Recall the expansion (see the proof of Theorem 1.3) for λ � 1:

1Z
0

�
e
iλs � 1

� ds
s

=

λZ
0

eis � 1

s
ds =

=

1Z
0

eis � 1

s
ds� λZ

1

1

s
ds+

λZ
1

eis

s
ds =

=

1Z
0

eis � 1

s
ds� log λ+

1Z
1

eis

s
ds� 1Z

λ

eis

s
ds =

=

1Z
0

eis � 1

s
ds� log λ+

1Z
1

eis

s
ds+

�
1

iλ
� 1

λ2

�
e
iλ

+ea(λ)
where ea(λ) is smooth and jea(λ)j . 1

λ3
. Then we have

exp

8<:�2 λZ
0

eit � 1

t
dt

9=; = �e2γλ2 exp

��� 2

iλ
+

2

λ2

�
eiλ � 2ea(λ)� =

= �e2γλ2 � 1 +
2i

λ
eiλ +

2

λ2
eiλ +

1

2

�� 2

iλ

�2

e2iλ + ea1(λ)! =

= �e2γλ2 ��1 +
2i

λ
eiλ +

2

λ2
eiλ � 2

λ2
e2iλ + ea1(λ)� ,

where ea1(λ) is a smooth function and jea1(λ)j . 1

λ3
for λ � 1.

Plugging the above expression into S4 , we get

S4 = e
2γ

RZ
1

FN

�� iλ

logN

� � λ�1 +
2i

λ
e
iλ

+
2

λ2
e
iλ � 2

λ2
e
2iλ

�
e
�iλy

dλ+

+ e
2γ

RZ
1

FN

�� iλ

logN

� � λ ea1(λ) e�iλydλ =: S04 + S
00
4 . (4.11)
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Consider first S004 . Since FN �� iλ

logN

�
is uniformly bounded for 1 � λ � R andjea1(λ)j = O

�
1

λ3

�
, we can take N !1 and get

lim
N!1 S004 = e

2γ � F(0) � 1Z
1

λ ea1(λ) e�iλydλ.
Clearly, this gives rise to a bounded continuous function.

It remains to consider S04 . Write

e�2γS04 =

RZ
1

FN

�� iλ

logN

� � λ e�iλydλ+ (a)

+

RZ
1

FN

�� iλ

logN

� � 2i eiλ(1�y)dλ+ (b)

+

RZ
1

FN

�� iλ

logN

� � 2
λ
e
iλ(1�y)

dλ+ (c)

+

RZ
1

FN

�� iλ

logN

� ��� 2

λ

�
e
iλ(2�y)

dλ. (d)

We recall that we only need to consider the imaginary part of the above

expressions. We shall analyze each term separately.

We have to do several integrations by parts. For this we need a simple lemma.

Lemma 4.8. Consider eF(τ) =
gN (�iτ)

[ζ (1� iτ) τ]2 for
1

logN
< τ < e

(logN)δ1
, δ1 > 0.

Then for k � 100 we have ���eF (k)(τ)
��� . 1

1 + τ2
(logN)c1δ1

for some absolute constant c1 .

Proof. If τ < 3 this easily follows from the fact that
1

ζ (1� iτ) τ is smooth (since

ζ(s) has a simple pole at s = 1).
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If τ � 3 then we use Lemma 4.4 to get

ζ
(k)(s)� (log jτj)k+1,

1

ζ(s)
� log jτj, if jτj � 3, σ � 1� c

log jτj .
Note that τ < e

(logN)δ1 implies log τ < (logN)δ1 . The desired result follows

easily. �

Estimate of (a). Since y > 0 we may integrate by parts to get

(a) = FN

�� iλ

logN

� � λ � e�iλy�iy ����R1 � 1�iy RZ
1

�
FN

�� iλ

logN

� � λ�0� e�iλydλ =

= oN(1) + F(0) � e�iy 1
iy

+

+
1

iy

RZ
1

F 0N �� iλ

logN

� ��� iλ

logN

� � e�iλydλ+ (a1)

+
1

iy

RZ
1

FN

�� iλ

logN

� � e�iλydλ. (a2)

For (a1), by Lemma 4.8 and successive integration by parts one can check that

lim
N!1(a1) = 0.

For (a2), we perform integration by parts once and this gives

RZ
1

FN

�� iλ

logN

�
e�iλydλ =

FN

�� iλ
logN

�
e�iλy�iy ������R

1

+O

�
1

logN

�! F(0)
e�iy
iy

.

Collecting the estimates, we get

lim
N!1(a) = F(0)

�
e�iy
iy

+
1

iy

e�iy
iy

�
= F(0)

�
cos y

iy
+
�i sin y�y2 �

+ real parts .

Therefore lim
N!1 Im((a)) = F(0)

��cos y

y
+

sin y

y2

�
= O(y) which gives no

singularity at y = 0.



New distributions for Möbius 45

Estimate of (b). Consider two cases.

Case 1: y = 1. We have

(b) = 2i

RZ
1

FN

�� iλ

logN

�
dλ =

= 2i logN

0BBB� R
logNZ
1

log N

FN(�iλ)dλ1CCCA =

= 2i logN

0BBB� 1Z
0

FN(�iλ)dλ� 1Z
R

logN

FN(�iλ)dλ� 1
logNZ
0

FN(�iλ)dλ1CCCA .

Observe that

Re

0� 1Z
0

FN(�iλ)dλ1A =
1

2

1Z�1 FN(�iλ)dλ =
1

2

1Z�1 gN(�iλ)
ζ (1� iλ)2 (�iλ)2 dλ.

Since the function FN(s) =
gN(s)

ζ (1 + s)
2
s2

is analytic on Re(s) � 0 and has

good decay, one can easily deform the contour and show that
i1R�i1 FN(s)ds = 0.

Therefore Re

�1R
0

FN(�iλ)dλ� = 0. By Lemma 4.3, it is easy to estimate that��������� 1Z
R

logN

FN(�iλ)dλ��������� = O

�
e
� 1
100 (logN)δ

�
and, obviously,

lim
N!10BBB�logN � ��������� 1Z

R
logN

FN(�iλ)dλ���������1CCCA = 0.
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Thus, for y = 1, we have

lim
N!1 Im((b)) = �2 lim

N!10BBB�logN

1
logNZ
0

FN(�iλ)dλ1CCCA = �2F(0).
Case 2: y 6= 1. In this case we may integrate by parts and obtain

(b) = 2i FN

�� iλ

logN

�
eiλ(1�y)
i(1� y) �����R

1

�� 2i

i(1� y) RZ
1

F 0N �� iλ

logN

� � eiλ(1�y) �� i

logN

�
dλ =

= oN(1)� 2iF(0)
eiλ(1�y)
i(1� y) =

= oN(1)� 2iF(0)
sin(1� y)
(1� y) + real parts.

Hence, for y 6= 1, lim
N!1 Im((b)) = �2F(0) sin(1� y)

(1� y) .

Note that the above formula also works for y = 1. Therefore in all cases we get

lim
N!1 Im((b)) = �2F(0) sin(1� y)

(1� y) .

Estimate of (c). We discuss two cases.

Case 1: y = 1. In this case we have

Im((c)) = 2 Im

RZ
1

FN

�� iλ

logN

�
dλ

λ
=

= 2 Im i

RZ
1

FN

�� iλ

logN

�� FN � iλ

logN

�
2i

� dλ
λ

=

=

R
logNZ
1

logN

FN (�iλ)� FN (iλ)

i
� dλ
λ

,
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obviously, the above integral converges absolutely and

lim
N!1 Im((c)) =

1Z
0

F(�iλ)� F(iλ)
i

� dλ
λ

.

In fact, we can simplify the expression A :=
1R
0

F(�iλ)� F(iλ)
i

dλ

λ
further.

Observe that

A = lim
ε!0

2 Im

1Z
ε

F(�iλ)
λ

dλ =

= �2 lim
ε!0

Im

1Z
ε

F(iλ)

λ
dλ =

= �2 lim
ε!0

Im

i1Z
iε

F(s)

s
ds =

= � lim
ε!0

Im

0� �iεZ�i1 F(s)

s
ds+

i1Z
iε

F(s)

s
ds

1A .

Since
F(s)

s
is analytic away from 0, it is easy to see that

A = lim
ε!0

Im

0BB� iεZ�iε F(s)� F(0)s
ds+ F(0) � π

2Z�π2 idθ

1CCA = πF(0).

Case 2: y 6= 1. Integrating by parts, we get

(c) = FN

�� iλ

logN

�
2

λ

eiλ(1�y)
i(1� y) �����R

1

�� 2

i(1� y) RZ
1

F
0
N

�� iλ

logN

� � 1
λ

�� i

logN

�
e
iλ(1�y)

dλ�
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i(1� y) RZ
1

FN

�� iλ

logN

� ��� 1

λ2

�
e
iλ(1�y)

dλ =

= oN(1)� 2F(0)
eiλ(1�y)
i(1� y)+

+
2

i(1� y) RZ
1

FN

�� iλ

logN

� � 1

λ2
e
iλ(1�y)

dλ �!�! 2F(0)
iei(1�y)
(1� y) + F(0)

2

i(1� y) 1Z
1

eiλ(1�y)
λ2

dλ.

From the above computation, we see that FN is essentially taken as the constant

F(0) during the limit process N !1.

Returning to the original expression for (c) and replacing FN

�� iλ

logN

�
by

F(0), we get for y 6= 1,

lim
N!1 Im((c)) = 2F(0) lim

N!10� RZ
1

sin(λ(1� y))
λ

dλ

1A =

= 2F(0) lim
N!10�sgn(1� y) RZ

1

sin(λ jy� 1j)
λ

dλ

1A =

= 2F(0) sgn(1� y) lim
N!10B� Rjy�1jZjy�1j sin λ

λ
dλ

1CA .

Since
1R
0

sin λ

λ
dλ =

π

2
, we get for y 6= 1,

lim
N!1 Im((c)) = 2F(0) sgn(1� y)0B�π

2
� jy�1jZ

0

sin λ

λ
dλ

1CA =

= πF(0) sgn(1� y)� 2F(0) sgn(1� y) jy�1jZ
0

sin λ

λ
dλ.
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Therefore

lim
N!1 Im((c)) =

8>>>>>>>><>>>>>>>>:F(0)
0�π� 2

1�yZ
0

sin λ

λ
dλ

1A , y � 1;

F(0)

0��π+ 2

y�1Z
0

sin λ

λ
dλ

1A , y > 1.

Clearly, the “jump” at y = 1 is �2πF(0).
Similarly, we get

lim
N!1 Im((d)) =

8>>>>>>>><>>>>>>>>:F(0)
0�π� 2

2�yZ
0

sin λ

λ
dλ

1A , y � 2;

F(0)

0��π+ 2

y�2Z
0

sin λ

λ
dλ

1A , y > 2.

Collecting all the above estimates, we obtain

SN (y) =
e�2γ

2π
� 1

(logN)2
� S1 =

=
e�2γ

2π
� 1

(logN)2
�(F(0) Im0B�ZeI3 exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

1CA+

+ e
2γ Im(S04) + oN(1) + continuous part

)
=

=
F(0)

(logN)2

8><>:e�2γ Im

0B�ZeI3 exp

8<:�2 �sZ
0

e�t � 1

t
dt + ys

9=; ds

s

1CA ��H(y� 1) +H(y� 2) + oN(1) + continuous part

)
. (4.12)
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Now note that F(0) = g(0) = 4
Q
p>2

p is prime

�
1� 1

(p� 1)2

�
.

We have obtained the desired form for the limiting distribution G(y).
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