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Abstract: Let o be an algebraic number of degree d > 3 and let K be the algebraic number
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1. The conjecture and the main result

Let o be an algebraic number of degree d > 3 over Q. We denote by K the algebraic
number field Q(c), by f € Z[X] the irreducible polynomial of « over Z, by Zj
the group of units of K and by r the rank of the abelian group Zj;. For any unit
€ € Zjx such that the degree § = [Q(ae) : Q] be > 3, we denote by f.(X) € Z[X]
the irreducible polynomial of ae over Z (uniquely defined upon requiring that
the leading coefficient be > 0) and by F. the irreducible binary form defined by
F.(X,Y)=Y%f.(X/Y) € Z[X,Y].

The purpose of this paper is to investigate the following conjecture.
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CoNJECTURE 1. There exists an effectively computable constant x; > 0, depending
only upon «, such that, for any m > 2, each solution (z, y, €) € 72 x Zjy of the
inequation |F.(z,y)| < m with zy # 0 and [Q(ae) : Q] > 3 verifies

max{|z|, |yl, eh(aa>} <m™.

We noted h the absolute logarithmic height (see (1) below).

To prove this conjecture, it suffices to restrict ourselves to units € of K such
that Q(ae) = K: as a matter of fact, the field K has but a finite number of subfields.
An equivalent formulation of the conjecture 1 is then the following one: if zy # 0
and Q(ae) = K, then

INg/o(z — aey)| > & max{|z], |y, "9}

with effectively computable positive constants Kk, and ks, depending only upon o.

The finiteness of the set of solutions (z,y,e) € Z> x Z} of the inequation
|Fe(z, y)| < m with zy # 0 and [Q(ae) : Q] = 3 follows from Corollary 3.6 of [1]
(which deals with Thue—Mahler equations, while in this paper we restrict ourselves
to Thue equations). The proof in [1] rests on Schmidt’s subspace theorem; it allows
to exhibit explicitly an upper bound for the number of solutions as a function of m, d
and the height of «, but it does not allow to give an upper bound for the solutions.
The particular case of the conjecture 1, in which the form F' is of degree 3 and
the rank of the unit group of the cubic field Q(«) is 1, was taken care of in [2].
In [3], we considered a slightly more general case, namely when the number of real
embeddings of K into C is 0 or 1, while restricting to units & such that Q(ae) = K.
In this paper, we prove that the conjecture is true at least for a subset aa) of units,
the definition of which is given in the following.

Denote by ® = {01, ..., 04} the set of embeddings of K into C and by [7]
the house of an algebraic number <, defined to be the maximum of the moduli of
the Galois conjugates of v in C. In symbols, for v € K,

[7]= max los (V).

1<i<

The absolute logarithmic height is noted h and involves the Mahler measure M:

h(a) = é logM(e) with M(a) = ay H max{l, |o;()|}, (1)
1<i<d
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ay being the leading coefficient of the irreducible polynomial of « over Z.
The set

£ ={e € Z; | Qae) = K}

depends only upon «a; (we have supposed Q(a) = K). When v is a real number in
the interval |0, 1|, we denote by 5,@ the set of units € € £@ for which there exist
two distinct elements ¢, and ¢, of ® such that

lpi(ae)| =[ae] and |py(ae)| =[ac]”.

We also denote by g,(,a) the set of units € € Eia) such that ! € S,Sl/a).
Let us state our main result.

THEOREM 1. Let v €]0, 1. There exist two effectively positive constants ky, ks, de-
pending only upon o and v, which have the following properties:
(a) For any m > 2, each solution (z,y,€) € 7> X £ of the inequation

|Fe(z, y)| < m with 0 < |z| < |y| satisfies

max{ly|, "} < m"™.

(b) For any m > 2, each solution (z,y,€) € 7*? X &) of the inequation

|Fe(z, y)| < m with zy # 0 satisfies
max{|al, [yl, "7} <m".

Proposition 1, stated below and proved in § 13, means that A,(,a) for d > 4 has
a positive density in the set £ . Since the case of a non-totally real cubic field has
been taken care of in [2], it is only in the case of a totally real cubic field that our
main result provides no effective bound for an infinite family of Thue equations.
When N is a real positive number and F is a subset of Z%, we define

F(N)={eeF | [ae]< N} and |F(N)| = CardF(N),

SO

F(N) = Z¥(N)N F.
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ProposITION 1. (a) The limit

ZX
1z
N-oo (log N)"

exists and is positive.

(b) One has
L ED)]
lim inf >0
N=oo  |Zg(N)|
(¢) For 0 < v < 1/2, one has
()
& (N
tim inf 1&g,
N-oo (log N)"

(d) For 0 <v <1 and d > 4, one has

ola)
8T
f— = .
111131_& (log N)" >0

Let us write the irreducible polynomial f of a over Z as
FX) =aoX" + i X"+ g X + ag € ZIX],
whereupon
d
F(X) = a0 [ [(X = oi(e)
i=1

and its associated irreducible binary form F' is

F(X,Y) =Y f(X/Y) = aeX* + 0, XT'Y + -+ + ag_ XY + agV".

For € € Z} verifying Q(ae) = K, we have

d
F.(X,Y) =ao [[(X - 0i(ae)Y) € Z[ X, Y].

i=1

Given (z,y, ) € Z* x L}, we define

B =2x— acy.



122 Claude Levesque (Québec), Michel Waldschmidt (Paris) [358

Therefore
Fe(z,y) = ago1(B) -+~ 0a(B). )

Dirichlet’s unit theorem provides the existence of units €;, ..., €, in K, the
classes modulo K5, of which form a basis of the free abelian group Zjy /K.
Effective versions (see for instance [4]) provide bounds for the heights of these units
as a function of h(a) and d.

Steps of the proof. In §2 we quote useful lemmas, the most powerful being
a proposition of [5] involving transcendence methods and giving lower bounds for
the distance between 1 and a product of powers of algebraic numbers. Each time we
will use that proposition, we will write that we are using a diophantine argument.
After introducing some parameters A and B in § 3, we eliminate z and y between
the equations ¢(8) = z — ¢(ag)y, ¢ € ®. In §5 we introduce four privileged
embeddings, denoted by o, 03, T, T, and four useful sets of embeddings ,(v),
Yy (v), Tu(v), Ty(v), depending on a parameter v. Applying some results from [3],
we show in § 6 that we may suppose A and B sufficiently large, namely > & log m,
via a diophantine argument. In § 7 and in § 8, we prove that A is bounded from
above by kB and that B is bounded from above by k’A. In § 9 we prove that 7, is
unique. In § 10 we give an upper bound for |7,(ce)|. In § 11 we deduce that o, is
unique. In § 12 we complete the proof of Theorem 1. In § 13 we give the proof of
Proposition 1.

2. Tools

This chapter contains the auxiliary lemmas we shall need. The details of the proofs
are in [3]. We start with an equivalence of norms (Lemma 1). Then we state
Lemma 2, which appeared as Lemma 2 of [2] and also as Lemma 6 of [3]. Next we
quote Proposition 2 (which is Corollary 9 of [3]) involving a lower bound of a linear
form in logarithms of algebraic numbers.

2.1. Equivalence of norms

Let K be an algebraic number field of degree d over Q. Let us recall that
€1, ..., € denote the elements of a basis of the unit group of K modulo K and
that we are supposing r > 1.
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There exists an effectively computable positive constant k¢, depending only

upon €y, ..., €., such that, if ¢|, ..., ¢, are rational integers and if we let
C=max{leil,...lelh, v =€ el
then
e < p(y)] < "¢ )

for each embedding ¢ of K into C.
The following lemma (see Lemma 5 of [3]) shows that the two inequalities
of (3) are optimal.

LEMMA 1. There exists an effectively computable positive constant k7, which depends
only upon €y, ..., €., with the following property. If c, ..., c, are rational integers
and if we let

C:max{‘cl|>""|c7‘|}> 7:6? "'6?5

then there exist two embeddings o and T of K into C such that
o(7)] = €7 and |r(y)| < e

Remark. Under the hypotheses of Lemma 1, if «y, is a nonzero element of K and
if we let y; = o7y, one deduces

e ~eC—dh(m) < min |o(11)] < e~ F7C+dn(y)
pED

and

ef7C=dn() < mag lo(m)| < eCdh(y)
e

2.2. On the norm

The following lemma is a consequence of Lemma A.15 of [4] (see also Lemma 2
of [2] and Lemma 6 of [3]).

LEMMA 2. Let K be a field of algebraic numbers of degree d over QQ with regulator R.
There exists an effectively computable positive constant kg, depending only on d and R,
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such that, if vy is an element of Ly, the norm of which has an absolute value < m
with m > 2, then there exists a unit € € ZIX{ such that

(e)] < m™. 4
max, |loj(ev)| <m (4)

2.3. Diophantine tool

We will use the particular case of Theorem 9.1 of [5] (stated in Corollary 9
of [3]). Such estimates (known as lower bounds for linear forms in logarithms of
algebraic numbers) first occurred in the work of A. O. Gel’fond, then in the work of
A. Baker — a historical survey is given in [3].

PROPOSITION 2. Let s and D two positive integers. There exists an effectively com-
putable positive constant kg, depending only upon s and D, with the following property.
Let 7y, ...,7s be nonzero algebraic numbers generating a number field of degree < D.
Let cy, ..., cs be rational integers and let Hy, ..., Hg be real numbers > 1 satisfying
H; < H for 1 <j<sand

Let C be a real number subject to

c>2, C> HJ'| |
22, 0> max g glelp
Suppose also ;' -+ 5" # 1. Then

- ye = 1] > exp{—koH, --- Hy log C}.

3. Introduction of the parameters A A B B

From now on, we fix a solution (z,y,¢) € Z* x Zy of the Thue inequation
|Fe(z, y)| < m with zy # 0 and Q(ae) = K. Up to § 11 inclusively, we suppose

1< Jz[ < Jyl.

Let
A= max{1, h(ag)}.
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Write

5:(6(1“ ...egr

with ¢ € Kps and a; € Z for 1 < i < r and define
A =max{l,|ai, ..., |ar|}.
Thanks to (3) and to Lemma 1, we have
K10A < A < KA.

Next define
B = max{1, h(B)}.

Since |F.(z, y)| < m, it follows from (4) and (2) that there exists p € Zg verifying
h(p) < K1z logm (5)

with k1, > 0 such that n = (/p is a unit of Zg of the form

17 — ell)] vee GgT
with rational integers by, ..., b,; define
B=max{l, |bi],]bs] ..., |b]}.

Because of the relation 3 = pn, we deduce from (3),
Bg k13(B + logm)

and from Lemma 1,

B < fc14(§ + logm).
Since zy # 0 and Q(ae) = K, we deduce that for ¢ and o in @, we have
p =0 = plae) =o(ae) <= ¢(f) = o(8) < a(ae)p(f) = a(B)p(ae).

Here is an example of application of Proposition 2. The following lemma will
be used in the proof of Lemma 9.
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LEMMA 3. There exists an effectively computable positive constant ks with the following
property. Let o1, ©a, @3, 04 be elements of  with ¢\ (ae),(8) # p3(ae)ps(B). Then

p3(0e)pa(B) log m
PROOE. Write
pi1(ae)pa(B)
p3(ae)pa(B)
as 7| -+ with s =27+ 1, and
_ ei(ey) pa(€))

Yj Cj =aj,  Yr+j ey =b; (G=1,....7),

psle)’ palej)’

.y, = 21a0@:(p)
T es@Qealp)’

We have h(vs) < k16 log m, thanks to the upper bound (5) for the height of p. Write

c, = 1.

A+ B
Hy=.-=Hy=r37 Hs=kylogm, C=2+ :
log m
The hypothesis
HJ’| |<C
1Sies Hy S
of Proposition 2 is satisfied. Lemma 3 follows from this proposition. U

4. Elimination

4.1. Expressions of x and y in terms of ae and 8

Let ¢y, ¢, be two distinct elements of ®, namely two distinct embeddings of K
into C. We eliminate z (resp. y) between the two equations

e1(B) =z —pi(ag)y and y(8) =z — pa(ae)y,

to obtain

y= 2B e o @(ae)ei(B) —¢i(ac)eh) ©)
pa(ae) = pi(e)’ pa(ae) = pi(ae)
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4.2. The unit equation
Let @1, 2, 3 be embeddings of K into C. Let

U; = (pi(CME), v = QOl(ﬁ) (Z =12, 3)

We eliminate z and y between the three equations

e1(B) =z — pi(ag)y
2(B) = = — pa(ag)y
@3(B) = z — p3(ae)y

by writing that the determinant of this nonhomogeneous system of three equations
in two unknowns, which is equal to

1 pi(ae) v1(B) T up vy
L ga(ae) p2(B)| = |1 w2 v2| >
1 p3(ae) p3(B) 1 u3 vs

is 0, and this leads to

ULV — UIV3 + UpU3 — Uy + U3V — U3y = 0. (7)

5. Four sets of privileged embeddings

We denote by o, (resp. 0;) an embedding of K into C such that |o,(ae)| (resp.
|oy(6)]) be maximal among the elements |@(ag)| (resp. among the elements |p(8)|)
for ¢ € ®. Therefore

|oa(ae)| =[ag] and |oy(B)] =[B].

Next we denote by 7, (resp. 7,) an embedding of K into C such that |7,(ag)|
(resp. |m(5)]) be minimal among the elements |¢(ag)| (resp. among the elements
lo(B)|) for ¢ € ®. Therefore

()| -

L by
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Since there are at least three distinct embeddings of K into C, we may suppose
Ty # oy and T, # 0,. By definition of ,, 03, 7, and 7, for any ¢ € ® we have

I7a(e)] < lp(ae)| < loa(ae)l and | (B)] < [0 (B)] < lov(B)I-

Let v be a real number in the open interval |0, 1[. Let us denote by %,(v),
Yp(v), To(v), Ty(v) the sets of embeddings of K into C defined by the following
conditions:

Sa(v) = {p € @ |oa(ae)|” < |p(ae)| < |oa(ae)l},

() ={p €2 |low(B)" < lp(B)l < lov(B)} .

To(v) = {p € @ |Ira(ae)| < lp(ae)| < |Ta(ee)['},

L Tv(v) ={p €@ [|n(B)] < leB) < I (B)} -
Of course, we have
0, € X4(v), oy €5(v), T4, E€Tu(v), € ThH(v).

We will see in § 6 that we have

1 1
loa(ee)l > 2, |op(B)] > 2, |Ta(ae)l < >’ ITe(B)] < 2
from which we will deduce

T,(v)NZ,(v) =2, T(r)NZ(v) =a.

6. Lower bounds for A and B

Thanks to Lemma 15 in § 7.2 of [3] and to Lemma 17 in § 7.3 of [3], we may suppose,
without loss of generality, that A and B have a lower bound given by kg logm
for a sufficiently large effectively computable positive constant xg, depending only
on a:

A>rKiglogm, B> kglogm. (8)



365] Solving effectively some families of Thue Diophantine equations

129

In particular, we deduce that A, B, |o,(ae)| and |oy(0)| are sufficiently large and
also that |7,(ae)| and |1(8)| are sufficiently small.
By using Lemma [ with the estimates (3), we deduce that there exist some ef-

fectively computable positive constants k9 and k,, depending only on «, such that

Therefore we have

\

e

e

e < Jp(B)l

KyvB

—K9A

.
e < loa(ae)| < efh,
e Lo(B) < e™F,

e < |7a(ce)| < e oA

e < In(B)] <™.

( A A
e < p(ae)| < €™ for ¢ € Za(v),

<lp(@ <e™? for pET),
< lplae) <P for g € Tu(v),
<e™™B for € Ty(v).

7. Upper bounds for A, |z|, |y| in terms of B

From the relation (6) we deduce in an elementary way the following upper bounds.

Recall the assumption 1 < |z| < |y| made in § 3.

LEMMA 4. One has

A

<knB and |z| <yl < ™5

PrROOF. There is no restriction in supposing that A and B are larger than a constant

times log m. From the inequality |o,(ae)| > 2|7,(ce)|, we deduce

|oa(ae) — ()| > %|aa(as)|.

Then we use (6) with ¢, = 0, and ¢ = 7,:

y(oa(ae) - Ta(a‘f)) = 74(B) = 04(B)-
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From the upper bound

|00 (8) = 7a(B)| < 2|00(B)],

we deduce
lyoa(ae)| < 4loy(B)]. (10)

With the help of (9), one obtains the inequalities
™ <oa(ae)l < lyoulac)] < 4loy(B)] < 4e™”

which imply A < k7 B. From (10) and because |o,(ag)| > 2, we get the upper
bound log |y| < k2 B. We can conclude the proof by using the hypothesis |z| < |y|
(cf. § 3). O
8. Upper bound of B in terms of A

We use the unit equation (7) of § 4.2 with three different embeddings 73, o3, and ¢,
where ¢ is an element of ® different from 7, and oy.

LEMMA 5. One has
B < 523A.

PROOFE. Let ¢ € ® with ¢ # o3, and ¢ # 7,. We take advantage of the relation (7)
with ¢ = 03, 2 = @, @3 = T, written in the form

©(8) (ov(ae) = m(ae)) — o4(B) (p(ee) — ni(e)) + 1 (B) ((ae) — av(ae)) =0

and we divide by o3(8) (¢(ae) — Tp(ae)) (which is different from 0):

¢(B) oslac) —m(ac) | m(h)  ¢lae) —aplae) (1)
o(B)  plae) - my(ae) o(B)  plag) — my(ae)

The right side of (11) is different from 0. Let us show that an upper bound of its

modulus is given by

er@,Aeﬂﬁsz.

As a matter of fact, on the one hand, from (9) we have

(@) <e™ and |oy(B)| > €7
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on the other hand, the height of the number

5 o(ae) — op(ae)
p(ae) — my(ae)

is bounded from above by e"*4. From this upper bound for the height we derive the
upper bound for the modulus |§|, namely |§] < 4, hence

eh}27A

B

a(B) ‘ S B

Let us write the term
o(B) ob(ae) — my(ae)
au(B)  plae) — Ty(ae)

appearing on the left side of (11) in the form 7{' ---~5 with s =7+ | and

o(e) .
= , ¢i=0b; =1,...,7),
Vi a(€;) j i (J )

a(ae) — m(ae) ~ p(p)
p(ae) —my(ae)  ai(p)’

Vs = cs = 1.

Thanks to (5) and (8), we have
h(7s) < ks A + 2h(p) < KA.
Define

B
Hy=---=H, = k3, Hs;=rx34, C:2+f'
31

We check that the hypothesis

of Proposition 2 is satisfied. We deduce from this proposition that a lower bound for
the modulus of the left member of (11) is given by exp{—£3,H; log C}. Consequently,

h}sz < KQ4A + I§32Hs IOg C.
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Hence C < k33 log C, which allows to conclude that C < k34, and this secures the
inequality B < ky3A we wanted to prove. J
9. Unicity of 7,

We want to prove that no other embedding plays the same role as 7. This will be
achieved by proving the next lemma, which exhibits a contradiction to (8).

LEMMA 6. Suppose Ty(v) # {7p}. Then B < K35 log m.

PROOF. Let ¢ € Ty(v). Suppose ¢ # 5. Let us use (6) with ¢, = ¢, ¢y = T3, in
the form

Tp(ae) ymp(ae)

ploc) | (H) -,

From the inequality
1
|z — m(ae)yl = Imp(B)] < 3

obtained from (9), we deduce

1
Irae)yl > lal - 5 >

N =

Since |7(8)| < |¢(B)|, we also have

2lo(8)|
|

\menmmzbwm—mmm

Consequently,

lp(B)] < 4e™™"".

p(ae) 2|p(B)
niaz) %ﬁnmam<4

The left side is not 0 since ¢ # 73,. Let us write

plae) o
Tp(e) = s
with s =r + 1, and
) «
%:W(el c—an (i=1.....1). _ p(af) 6= 1.

T (ac)

Tb(Ei) ’
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From Proposition 2 with
H]:"':HS:K':’SGa CZA:

we deduce B < k37log A. Then we use the upper bound A < kB of Lemma 4
to get B < kyglog B and A < K39 log A. We use (9) to conclude the proof of
Lemma 6. O

Therefore Lemma 6 now allows us to suppose that for any ¢ € @ different
from 73, we have |p(8)| > |7(0)|”. In particular, the embedding 7 is then real.
This is the end of the proof in the totally imaginary case, cf. [3].

From now on, we suppose Ty(v) = {73}.

10. Upper bound for |7(ae)|
An upper bound for |7;,(ce)| is exhibited.
LEMMA 7. One has |1y(ce)| < 2.

PrOOFE. We have
1
2 = )yl = In(B)| < 5 < lal,

wherupon we deduce

Iy (ae)y| < 2lz| < 2y,

since |z| < |y|. O

11. Unicity of o,

Since |7,(0)| is very small, z is close to 7,(ae)y. Now, for any ¢ € ®, we have
p(B) =z — p(ae)y.

Consequently, if |p(ae)| is smaller than |7,(ce)|, then ¢(B) is close to z, while if

|o(ae)]| is larger than |7,(ce)|, then ¢(B) is close to —p(ae)y. Let us justify these
claims.
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LEMMA 8. Let ¢ € .
(a) Let X\ be a real number in the interval 0, 1[. If |p(ag)| < A|my(e)]|, then

lp(B) — x| < Alz| + xe™™".

(b) Let p be a real number > 1. If |p(ag)| > p|mp(ag)|, then

lo(B) + p(ae)y| < %\w(ag)y‘ LB

PrOOF. We have |7,(8)] < e B, namely

& — 7y (ae)y| < e

We also have
¢(B) =z — p(ae)y.

Because of the hypothesis (a) we get
lo(8) — z| = lp(ae)yl < Almp(ae)yl < Ala| + Ae ™.

Because of the hypothesis (b), we have
_ 1 _
l(8) + plac)yl = lal <Im(achyl +e” ™7 < lp(achyl +e” ™7 O

LEMMA 9. Let ¢ € © with ¢ # 0,. Then

|‘p(ﬁ)| < 2|z] exp {ﬁ40(10g m) log (2 + ﬂ) }

logm
and

3 A+ B
|o(ae)| < max {§|Tb(a€)| , 8m exp {mo(log m) log (2 + IL) }} .

|yl ogm

ProoF. From the relation (6) with ¢; = o, and ¢, = ¢ we deduce

,_ #ac)7u(8) = au(a)e(9)
plac) - aifac)
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hence
p(ac)ou(B) | _ plac) ~ au(ae)
oa(ae)p(B) oa(ae)e(B)

The member of the right side is nonzero, and its modulus is bounded from above
by 2|z|/|p(B)] since |p(ae)| < |o4(ag)|. The upper bound of |p(S)| follows from

Lemma 3 with ¢ = ¢4 = ¢ and p; = @3 = 0,.
To establish the upper bound given in Lemma 9 for |¢(ae)|, we may suppose

lplac)| > Snac),

otherwise the conclusion is trivial. Then we may use Lemma 8 (b) with p = 3/2 to
deduce

kB

[plae)ul = [p(5) < 0(8) + plachyl < 3lolachyl +e ™7,

hence
p(ee)yl < 3lp(B)] + 3e™ ™ < 4max{lp(B)], 1}.

We can conclude by using the upper bound of |¢(8)| which we just established. [J
From Lemma 9 we deduce the following.
COROLLARY 1. Assuming (8), we have ¥,(v) = {o,}.

PROOF. Let us remind that |z| < |y|. Since |75(ae)| < 2 (Lemma 7), with ¢ €
Y, (v), we have

3
lo(ae)| > Sin(ae)].
If there were o € X,(v) with o # o,, by using Lemma 9 with ¢ = o, we would

deduce A < k41 logm and thanks to (8) we could conclude that o, is the only
element of 3,(v). O
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12. Proof of the main result
Let us concentrate on the

PROOF OF THEOREM 1. For the part (a) of Theorem 1, we take ¢ € 5,(,”); by
definition of 5,5‘1), there exists p € ®, ¢ # g,, with

lo(ae)] = loa(ae)l”,

namely ¢ € £,(v). Since X,(v) contains more than one element, Corollary 1 shows
that the inequalities (8) are not satisfied. This completes the proof of part (a) of
Theorem 1.

To prove the part (b), we will use the reciprocal polynomial of f., defined by

d
Y(1/Y) = aiY' + -+ ag = aq [ [ (Y - 0il@")),
i=1

1

with o' = a~! and ¢ = ¢! and we will write the binary form F. as

XY)—adHY oi(a'e) )

The part (a) of Theorem 1 not only indicates that any solution (z, y, €) € Z> x S,Ea)
of the inequation |F.(z, y)| < m with 0 < |z| < |y| verifies

max{|y|, eh(a&‘)} < mlm(a)’

but also shows that any solution (z, y, €) € sz&fa) of the inequation |F.(z, y)| < m
with 0 < |y| < |z| verifies

max{|z|, @} < m™.

Since h(a’e’') = h(ae) and since £ is the set of € € £ such that ¢ € S(QI), it
follows that each solution of the inequation |F.(z, y)| < m with zy # 0 verifies

max{|z|, |y, eh(as)} <m™. O
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13. Proof of Proposition 1

Let us index the elements of ® in such a way that oy, ..., 0,, are the real embeddings
and oy 41, ..., 04 are the non-real embeddings, with oy, 1 = Gy 4r4j (1<F<T2).
We have d = r| + 2r, and » = r; + 1, — 1. The logarithmic embedding of K is the
group homomorphism ) of K* into R™! defined by

A(Y) =(8loglo1(YI, .- -, 6rp1 Tog o1 (D),

where

1 fori=1,...,7,
2 fori=r +1,...,r +17).

Its kernel is the finite subgroup K. of torsion elements of K*, which are the
roots of unity belonging to K. By Dirichlet’s theorem, the image of Zj under A is
a lattice of the hyperplane H of equation

ti+---+ty =0 (12)
in R™!. For M > 0, define
HM) = {(t1,... . tr1) €H | max{7't,..., 6, 1t} < M}
For all elements (ty, ..., t.1) of H(M) we have

max t; < 2M.
1<i<r+1

Further, the inequality

ty+-- 4+t < min ¢t +7r max t;
1<i<r+1 1<i<r+1

together with the equation of # implies

max —t;=— min t; <r max t; <2rM,
1<i<r—+1 1<i<r+1 1<i<r+1
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hence this set H(M) is bounded: namely, for (¢, ...,t 1) € H(M),

max |t;| < 2rM.
1<i<r+1

The r-dimension volume of H(M) is the product of the volume of #(1) by M"
while the volume of #(1) is an effectively computable positive constant, depending
only upon | and 7.

PROOF OF THE PART (a) OF PROPOSITION 1. Since A(Zy) is a lattice of the hyper-
plane #, the limit

. 1 x
lim - AZ5) NHO)|

exists and is a positive number.
The image of € € Z) by A is

Ae)=(tr, ... trry)  with ¢, =d;logloi(e)] (E=1,....7+1).
If on the one hand ¢ € Zj(N), then
67't; < log N — log loi(a)] (1<i<r+1);
therefore

max 5;lti <log N +log|la™!|.
1<i<r+1

Consequently, if we define
M, = 10gN+10g’F’ >
we have () € H(M,). On the other hand, we have
log |o;(ae)| = 67 't; + log |oi(a)| < 67 't; + log[a].

If we define
M_ =log N — log[a],

then for any A(e) € A(Zj) NH(M-) we have & € Zj,(N). Therefore,

AZk) n#H(M-) C MZE(N)) € MZk) N H(M).
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Now we can conclude that the part (a) of Proposition 1 is proved. O

Recall that a CM field is a totally imaginary number field which is a quadratic
extension of its maximal totally real subfield. Let us prove that for a non CM field
the number of elements € of Z}(N) such that Q(ae) # K is negligible with respect
to the number of elements & of Z%(N) such that Q(ae) = K. Denote by F(@ the
complement of £ in Z}:

F ={eezx | Qae) #K}.

LeEMMA 10. Assume K is not a CM field. Then

lim sup

msup o A W))| < oo

PrOOE. The set of subfields L of K is finite. Since K is not a CM field, the rank o
of the unit group of such a subfield L strictly contained in K is smaller than 7.
Therefore the number of € € Zy such that Q(ae) = L and A(a) € H(M) is
bounded by a constant times M?. The proof of Lemma 10 is then secured. J

PROOF OF THE PART (b) OF ProposITION 1. If K is not a CM field, the stronger
estimate
E@(N
o, T -

follows from the part (a) and from Lemma 10.

Assume now that K is a CM field with maximal totally real subfield L,. Since
K = Q(a), for any € € Zj , we have Q(ag) # Lo. As we have seen, for each
subfield L of K different from K and from Ly, the set of € € Zj such that
Q(ae) = L and A(a) € H(M) is bounded by a constant times M"~!. The other
elements € € Zy with A(a) € H(M) verify Q(ae) = K. This completes the proof
of the part (b) of Proposition 1. O

Before completing the proof of Proposition 1, one introduces a change of
variables t; = §;x;: we call H the hyperplane of R™t! of equation

0z 4+ 0 1% =0
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and for M > 0, we consider
HM) ={(z1,...,z41) €H | max{z),..., 241} < M}.

PROOF OF THE PART (c) OF PROPOSITION 1. Let v be a real number in the interval
10, 1]. Let us take M = log N. Define some subsets D, (M) and D, (M) of H(M)
the following way:

D,(M) = {(z1,...,2r1) € HM) |

there exists ¢, j with ¢ # j and 1 <4, j < r; such that z; > vM and z; > I/M}
and

D,(M)={(z1,...,z,4+1) € HM) |

there exists ¢ with ry < 4% < r+ 1, such that x; > l/M}}

If D,(M) is not empty, then r; > 2 while if D} (M) is not empty, then 7, > 1.
We show that if 71 > 2 and 0 < v < d,,1/2, then D, (1) has a positive volume while
if r, > 1and 0 < v < 4,/2, then D) (1) has a positive volume. This will show that,
for a number field of degree > 3 and for 0 < v < 1/2, at least one of the two sets
D,(1) and D),(1) has a positive volume.

Assume 7 > 2, hence §; = 0, = 1, and 0 < v < §,41/2. Let a, b, c be
positive real numbers with v < a < b < 0,41/2, ¢ < 1 and ¢ < d,.1 — 2b. Then
D, (1) contains the set of (z, Zs, ..., Z,y1) € H verifying

—C C

a<z,2,<b, <<
b si(r—2) ST Gi(r—2)

(3<igr),

because these bounds and the equation §,z; + 0,2y + -+ + §,1 1% = 0 of H,
imply

-1 < Ty < 1.

This shows that D, (1) has positive volume.

') Notice that one does not divide by 0: if 7 = 2 the last conditions for 3 < ¢ < r disappear.
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Next assume 7, > 1, hence §,.; = 2, and 0 < v < §,/2. Let a, b, ¢ be
positive real numbers with v < a < b < 4,/2 and ¢ < 6, —2b. Then D),(1) contains
the set of (zy, ), ..., Z41) € H verifying

—C C

<z <b, ———— <3 <
@S Tril Sir—1) TS 5r— 1)

(1<ig<r—1),

because these bounds, together with the equation 6z + 0,23 + -+ + 61 Zpp =0
of H, imply

-1 <z, <1

This shows that D’,(1) has positive volume.

Once we know that the r-dimension volume of D,(1) (resp. D)(1)) in H
is positive, we deduce that the r-dimension volume of D,(M) (resp. D (M)) is
bounded below by an effectively computable positive constant times M": as a matter
of fact, D,(M) (resp. D} (M)) is equal to the product of M" by the effectively
computable constant D, (1) (resp. D;,(1)). Since A\(a) + A(Zy) is a translate of the
lattice A(Z}), the cardinality of the set

(A@) +A(Zg)) N (Du(M)U D,(M))

is bounded below by an effectively computable positive constant times M".
Let € € Z) be such that A(ae) € D,(M) U D},(M). We have

log lrg;lgd loj(ae)| < M
and there exist two distinct elements ¢, ¢, of ® such that
log |pi(ae)| = vM (i=1,2).
Consequently,

[agl<e”, |pi(ag)l >[agl”,  lpa(ae)] > [ag]”

and finally, since N = e, we conclude ¢ € 5,(,a)(N ). O
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PROOF OF THE PART (d) Suppose d > 4. For M > 0, define

D,(M) ={(z1,...,zr41) € Dy(M) | (@1, ..., —2,41) € D, (M)},
Dy(M) ={(z1,...,%r+1) € Dy(M) | (—z1,..., —2r41) € Dy (M)},
D(M) ={(z1,...,2r41) €EDY(M) | (=z1,...,~Try1) € Dy(M)}.

If D,(M) is not empty, then 7, > 4. If D(M) is not empty, then r; > 2 and
ry > 1. If D}(M) is not empty, then 5 > 2.
Let us show conversely that if 7, > 4, then D, (1) has a positive volume, that if
>2and r, > 1, then D/,(1) has a positive volume and that if r, > 2, then D/,(1)
has a positive volume.
Let a, b, ¢ be three positive numbers such that

v<a<b<l and c+2b<2a-+1.

For instance

l+v 3+v 14+v
= N b: N C = .
2 4 4

Assume 71 > 4, hence §; = 6, = 63 = §; = 1. Then 5,,(1) contains the set of
(z1, 2, ..., x,41) € H verifying

—C C

a<z,2,<b, -b<r3,24<-a, —<;<——
X 41 2 X x 43 IS (si(’l"—4)\ 1\(52‘(7‘—4)

5<igr),

because these bounds, together with the equation 1z + 0,23 + -+ + 61 Zpp =0
of H, imply

-1 < Tpi| < 1.
This shows that 5,,(1) has a positive volume.

Assume 7y > 2 and 7, > 1, hence §; = 6, = | and 6,y = 2. Then 5,,(1)

contains the set of (z, z3, ..., z,y) € H verifying

a<z,r,<b, —b<z < —a, 3<i<r—1),

—C << C
5:(r—3) ST 5,r—3)
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because these bounds and the equation 6,z + 6y + -+ + 612y = 0 of H,
imply

1<z <1

Therefore D!,(1) has a positive volume.
Finally, assume 7, > 2, hence §, = 6, = 2. Then D ',(1) contains the set of
(z1, 22, ..., %,q1) € H verifying

—C Cc

a<z1<b, -b<z, <-a, /<<
*‘ S5i(r—2) 5i(r—2)

2<ig<r-1),

because these bounds, together with the equation 6z + 0,23 + -+ + 61 Zppy =0
of H imply —1 < x; < 1. Hence the r-dimension volume of 5;,(1) is positive.
Since d > 4, in all cases the volume of D, (M) U D(M) U D),(M) is bounded
below by an effectively computable positive constant times M". The number of
elements in the intersection of this set with A(a) + A(Zj) is bounded below by an
effectively computable positive constant times M.
Let € € Z} be such that A(ag) € D,(M) U D',(M) U D!,(M). We have

log lrg]agxd loj(ae)| < M, log 12}211 loj(ae)| > —M
and there exist four distinct elements ¢y, 2, 3, @4 of @ such that
log |pi(ae)] =vM (i=1,2) and logl|p;(ae)| < —vM (j=3,4).
Consequently,
egl<e”, [al” <lpiae) <f@] (i=1,2)
and

(ae) <™. [(ae) ] <lpjlae) <[(ae) | (G=2.3).

whereupon finally ¢ € &1 (eM).

The part (d) of Proposition 1 is then proved. O
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