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Arithmetical results

on certain q-series, III

Peter Bundschuh (Köln), Keijo Väänänen (Oulu)

Abstract: As in Parts I and II, entire transcendental solutions f of functional equations of type

f(qmz) = R0 (z)f(z) + R1 (z) with polynomial coefficients R0 , R1 are arithmetically investigated.

The values of those solutions and of their derivatives up to a given order at m successive powers of q

are considered. The purpose of this paper is to produce lower bounds for the dimension of the K-vector

space generated by 1 and the values mentioned above, where K is the rational or an imaginary quadratic

field. In some cases, we can prove linear independence, even in a quantitative version.
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1. Introduction and results

Let K be the field of rational numbers or an imaginary quadratic field. Let us denote

by OK its ring of integers.

The main aim of the present paper is to generalize earlier linear independence

results on the values of entire functions satisfying a functional equation of the form

f(qmz) = R0 (z)f(z) + R1 (z), (1)

where m 2 N := f1, 2, . . .g, R0 , R1 2 K[z] and q 2 K. It is shown in [5] that f(z)

can be expressed as a linear combination of 1 and certain basic hypergeometric series.
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In [2] and [5], estimates for the dimension of the K-vector space spanned by 1 and

f(αq�µ) , 0 6 µ < m, with α 2 K
� were obtained, and in [9] the corresponding

dimension estimate was presented for 1 and f
(σ) (α) , 0 6 σ < k, in the case

m = 1 . Further, there are several papers considering in particular the special cases

deg R0 = 1 or 2 , see the references in [2] and [9]. Note also that a p-adic analogue

of [5] is given in [4]. The main result of the present paper is the following theorem.

Theorem 1. Assume that q2K with jqj>1 is the quotient u/v of u,v2O�K :=OK nf0g,
and let η := (log jvj)/(log juj). Suppose that f is an entire transcendental solution

of the functional equation (1) with R0 , R1 2 K[z], deg R0 =: ℓ 2 N, with f(0) = 1 if

R1 (0) = 0, and with R0 (0) = q�t, t 2 N, if R1 (0) 6= 0. Let α 2 K� satisfy the condi-

tions R0 (αq�j) 6= 0 for every rational integer j > m. Then we have the dimension

estimate

dimK

�
K +

k�1X
σ=0

m�1X
µ=0

Kf
(σ) (αq�µ)

�
> (1 � η)C(k, ℓ, m),

where C(1, 1, 1) :=
7

4
and

C(k, ℓ, m) :=
km((km+ 1)2 � kℓm) +

p
∆

2kℓm(km+ 2 + 6π�2 (k� 1)m)

for (k, ℓ, m) 6= (1, 1, 1) with

∆ := k2m2 ((km+ 1)2 � kℓm)2
+ 4kℓm(km+ 1)2 (km+ 2 + 6π�2 (k� 1)m).

Remarks.

1) We may always suppose tacitly that u, v have only units from O�K as common

divisors, cf. the beginning of Section 2.

2) The case k = 1, η = 0 gives us the Main Theorem of [5].

3) In the case m = 1 , Theorem 1 improves upon Töpfer’s Theorems 1, 2 and 3

in [10], see Section 6.

4) We shall also show that

C(k, ℓ, m) >
km

ℓ(1 + 6π�2 (1 � 1/k))
� 1.
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In the case of homogeneity of (1) , i. e. for R1 = 0 , we obtain

Theorem 2. Within the assumptions of Theorem 1, suppose that R1 = 0. Then we have

dimK

� k�1X
σ=0

m�1X
µ=0

Kf(σ) (αq�µ)

�
> (1 � η)eC(k, ℓ, m),

where eC(k, ℓ, m) =
k2m� kℓ+

p
(k2m� kℓ)2 + 4kℓ(k+ 6π�2 (k� 1))

2ℓ(k+ 6π�2 (k� 1))
.

Remarks.

5) In the case m = 1 , Theorem 2 improves the homogeneous parts of Theorems 1

and 2 in [9].

6) We also have eC(k, ℓ, m) >
km

ℓ(1 + 6π�2 (1 � 1/k))
� 1.

7) If in the homogeneous case we have k = ℓ = 1 and η = 0 , then the preceding

remark combined with Theorem 2 gives linear independence over K of the m

numbers f(αq�µ) , 0 6 µ < m. We also notice that the second-named author

with the help of a different method obtained in [11] the K-linear independence

of the m+ 1 numbers 1 and f(αq�µ) , 0 6 µ < m, in the general case of (1)

with k, ℓ, η as before.

8) Since eC(2, 1, 1) = 1,339 . . ., we can deduce from Theorem 2 (a bit more

than) Borwein’s [1] famous result on the irrationality of the q-logarithmic

function Lq(z) :=

1X
n=0

1/(qn + z) at every non-zero rational point α /2 �qN0 ,

N0 := N [ f0g, if we assume q 2 Z, jqj > 1 . The reason is that Lq is simply

the logarithmic derivative of the q-exponential function

Eq(z) :=
Y
n2N0

(1 + zq
�n).

The main tool we use when proving Theorems 1 and 2 will be Nesterenko’s dimen-

sion estimate [8] and its generalization to arbitrary number fields due to Töpfer [10]

(and others later on). Whereas these dimension estimates led only to qualitative
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results, Töpfer and the first-named author showed in [3], [10] the following. Essen-

tially, every time one can deduce from Nesterenko-type estimates linear indepen-

dence of numbers over the algebraic number field under consideration, one can write

down, with not much additional expense, measures of this linear independence. The

corresponding two sufficient criteria, qualitative and quantitative, will be quoted in

Section 2 as Lemmas 2 and 3, respectively.

To give here at least one quantitative statement, we claim the following.

Theorem 3. Within the assumptions of Theorem 1, let us suppose that deg R0 = 1,

R1 = 0, q 2 OK , m > 2. Then for every ε 2 R+ there is a constant C 2 R+

depending at most on q, m, R00 (0), α, ε, such that for every Λ := (λ0 , . . ., λm�1 ) 2 OmK
with jΛj := max(jλ0j, . . ., jλm�1j) > C the following inequality holds���� m�1X

µ=0

λµf(αq�µ)

���� > jΛj�(ψ(m)+ε) ,

ψ(m) :=
1

2
(m�1)

�q
(m�1)2 + 4+m�1

�
.

Remarks.

9) If the hypothesis of Theorem 3 holds and if, moreover, m = 2 , then the quotient

f(α)/f(α/q) is not contained in K, and has irrationality exponent not greater

than 1 + ψ(2) = (3 +

p
5)/2 = 2,618 . . . .

10) Recently Matala-aho [7] obtained very strong quantitative linear independence

results for three special functions. The third one (for

1Y
n=0

(1 � tq
n) within

the notation of Theorem 1 loc.cit.) gives a measure for 1 and the Eqm (αq�µ) ,

µ = 0, . . ., m� 1 , for our q-exponential function E and every α 2 K�n(�qN0 ) .

Here not only the number 1 is included, in contrast to our result given above,

but also our exponent ψ(m) is asymptotically m
2 , whereas Matala-aho’s one

is linear in m.

Finally, to give some examples of functions of our type f, we first introduce

those studied in [2], namely the infinite product

f0 (z) :=

1Y
j=0

P (zq�jm)

01-bundschuh.tex



87] Arithmetical results on certain q-series, III 7

and the series

fh(z) :=

1X
j=0

q
�hmj j�1Y

i=0

P (zq�im) (h 2 N),

where P 2 K[z] is of exact degree ℓ and P (0) = 1 . These functions are special

cases of (1), with R0 (z) = q
�hm

P (qmz) and R1 (z) = 1 � δh,0 , where δ denotes

the Kronecker symbol. Notice that if deg P = 1 , then f0 is actually the q-exponential

function we encountered already in Remark 8. More precisely, f0 (z) = Eqm (cz) , if

P (z) = 1 + cz with c 6= 0 .

More generally, every solution f of the functional equation (1) satisfies

f(z) = f(zq�λm)

λY
κ=1

R0 (zq�κm) +

λX
κ=1

R1 (zq�κm)

κ�1Y
ι=1

R0 (zq�ιm) (2)

for any 1) λ 2 N0 . This is easily proved by induction on λ. To construct more

examples, different than f0 , f1 , . . . given above, we take an arbitrary polynomial

R1 (z) =

rX
j=0

bjz
j 2 K[z] and consider the cases b0 6= 0 and b0 = 0 separately.

If b0 6= 0 , we use the assumptions of Theorem 1 and define the polynomial

P 2 K[z] with P (0) = 1 by the equation R0 (z) = q
�t
P (zqm) . Using (2) and letting

λ!1 we get

f(z) =

rX
j=0

bj(zq�m)jFj,t(z),

where

Fj,t(z) =

1X
κ=0

q
�κ(mj+t)

κ�1Y
ι=0

P (zq�ιm).

Theorem 1 applies to all transcendental functions f of this type, and in particular,

the choice t = hm gives a linear combination

f(z) =

rX
j=0

bj(zq�m)jfj+h(z).

1) As usual, empty products and sums are always to be interpreted as 1 or 0, respectively.

01-bundschuh.tex
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If b0 = 0 , then we have to provide the equality R0 (0) = 1 . Defining the polynomial

P (z) by the equation R0 (z) = P (zqm) and using (2) as above we obtain

f(z) = f0 (z) +

rX
j=1

bj(zq�m)jfj(z).

In the case b0 = . . . = br = 0 the latter equality gives f(z) = f0 (z) , and Theorem 2

also applies.

Finally, considering the q-exponential function Eq mentioned above, we put

Eq,m,v(z) := Eqm (zq�v), v 2 f0, 1, . . ., m� 1g,

and for v := (v1 , . . ., vℓ) 2 f0, 1, . . ., m� 1gℓ we define

Eq,m,v(z) =

ℓY
j=1

Eq,m,vj (z).

Then the following functional equation holds:

Eq,m,v(qmz) = Eq,m,v(z)

ℓY
j=1

(1 + zq
m�vj ),

and we would like to point out that our Theorems 1 and 2 give improvements on

the results of [9] concerning these functions.

For the convenience of the reader, we shall quote in the following section some

lemmas needed in our proofs. Then we describe the main steps of our argument,

which follow the work [5], but now with a more complicated integral construction

in Section 3.

2. Some preliminaries

First of all, we explain why we may always suppose the assumptions on u, v made in

Remark 1 (after Theorem 1) are satisfied, even if this is not needed for our proofs.

Indeed, if we have u0 = wu, v0 = wv with a non-unit w 2 O�K , and if we put

η0 := (log jv0j)/(log ju0j) , then 1 > η0 > η > 0 , whence 1 � η > 1 � η0 . Thus, our

lower bounds for the dimensions in Theorems 1 and 2 become unnecessarily worse.

With the convention that u, v have only units as common divisors, we have η = 0

if and only if q 2 OK (under the general hypothesis on q).

01-bundschuh.tex



89] Arithmetical results on certain q-series, III 9

Next, we quote from [5] two simplifications we can make for our proofs

of Theorems 1 through 3. The first one is merely notational:

it is enough to consider the case α = 1 .

More essential (compare, e. g., (20) below, where deg R1 enters via the definition

of R1,λ in (5)) is the second one saying that, without loss of generality,

it is enough to prove Theorem 1 under the extra condition deg R1 6 ℓ = deg R0 .

Before formulating our first lemma, we briefly discuss our assumptions on f,

namely, f(0) = 1 if R1 (0) = 0 , and R0 (0) = q
�t, t 2 N, if R1 (0) 6= 0 . In view

of (1) the first part implies R0 (0) = 1 , whence we always have R0 (0) = q�t with

t 2 N0 , and t = 0 if and only if R1 (0) = 0 .

Next, writing (1) in the form

f(Qz) = R0 (z)f(z) + R1 (z) with Q := qm, R0 (z) =

ℓX
j=0

ajz
j, R1 (z) =

ℓX
j=0

bjz
j,

we note that aℓ 6= 0 , and a0 = R0 (0) = q�t with t 2 N0 as we saw a moment ago.

Entering now with the Taylor series

f(z) =

1X
n=0

cnz
n

into (1) as above, we obtain by comparing coefficients

cn(Qn � a0 ) =

X
16j6min(ℓ,n)

ajcn�j + bn (n 2 N)

with bn := 0 for any n > ℓ. Since Qn 6= a0 for any n 2 N, we see that all

the cn (n > 0) are uniquely determined by c0 , where c0 = 1 if b0 = 0 and

c0 = b0 /(1 � a0 ) if b0 6= 0 (notice that a0 = q
�t with t > 0 in this case). Thus,

under the hypothesis of Theorem 1, all the Taylor coefficients cn of f belong to K, and

the following lemma gives us information on the denominators of these coefficients.

Lemma 1. Let q and f satisfy the hypothesis of Theorem 1, let Q := qm , and let

s 2 O�K be such that sR0 , sR1 2 OK[z]. Then, for every n 2 N0 , one has

cj
Y

06ν6n

�
s(Qν � R0 (0)) 2 OK[Q] for j = 0, 1, . . ., n,

01-bundschuh.tex
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and the degrees of these polynomials with respect to Q are bounded above by n(n+1)/2.

Here
Y�

means the product without the factor corresponding ν = 0 if R0 (0) = 1 ,, R1 (0) = 0.

Proof. This is Lemma 1 in [4]. �

The next Lemma prepares directly the dimension estimates as stated in our

Theorems 1 and 2.

Lemma 2. Let E be R or C in accordance with K being Q or an imaginary quadratic

field. Further, let d 2 N n f1g and ω = (ω1 , . . ., ωd) 2 Ed n f0g. Finally, assume that
there exist N0 2 N, τ 2 R+ , an unbounded increasing function F : N ! R+ , and

a sequence (ΛN)N>N0
of linear forms over OK in d variables, such that

(i) lim sup
N!1 F(N + 1)/F(N) 6 1,

(ii) log kΛNk 6 F(N) for every N > N0 ,

(iii) log jΛN (ω)j = �(τ + o(1))F(N) for every large N > N0 ,

where kΛNk denotes the euclidean (or l2) norm of the coefficient vector of the linear

form ΛN . Then the following dimension estimate holds

dimK Kω1 + . . .+Kωd > 1 + τ .

Proof. In the case K = Q, i. e. E = R, this result belongs to Nesterenko [8]. If K

is imaginary quadratic, it is Töpfer’s Korollar 2 in [10] combined with his remark

after Korollar 7 that, in case of such particular algebraic number fields, one may

replace the field degree [K : Q] = 2 by 1. �

Remark. Very recently Fischler and Zudilin [6] gave a new proof, which even refined

in certain cases Nesterenko’s main result from [8].

Our proof of Theorem 3 will be prepared by the following quantitative version

of Lemma 2, which is taken from [10], Korollar 6. Notice that for K = Q it can

already be found in [3], Korollar 2.

Lemma 3. Let E, d and ω be as in Lemma 2. Assume that there exist N0 , N1 2 N with

N0 < N1 , unbounded and monotonically increasing functions B�, G, G�, H� : N ! R+ ,

and, for every N 2 fN0 , . . ., N1g, a linear form ΛN over OK in d variables such that

the following conditions hold for all N = N0 , . . ., N1 :

(i) H�(N) 6 � log jΛN (ω)j 6 G�(N),

01-bundschuh.tex



91] Arithmetical results on certain q-series, III 11

(ii) G
�(N) + log kΛNk 6 G(N),

(iii) max
�

log kΛNk, G(N + 1) �H
�(N) + log 2d

�
6 B

�(N).

If Λ is a non-trivial linear form over OK in d variables, then the following additional

condition

(iv) G(N1 +1) > (d�2)B�(N1 )+max
�
G(N0 ), B�(N1 )

�
+log kΛk+max(0, � log kωk)

implies the inequality jΛ(ω)j > 1

2
kΛk exp(�G(N1 + 1)).

3. Construction of linear forms

Let again f(z) =

1X
n=0

cnz
n be our entire transcendental solution of (1). For the proof

of our results, we construct linear forms in 1 and f
(σ) (q�µ) with 0 6 σ < k,

0 6 µ < m using the integral

I(N) :=
1

2πi

I
Γ(N)

f(qGz)dz

zL
QM+βN+1

j=0 (z� qj)kj
, (3)

where L > 0, M > 0 and G are integers depending on an integer parameter N, βN
is a suitable integer satisfying 0 6 βN < ℓ, kj = k for 06 j 6 M, kj = 1 for j > M,

and Γ(N) is a positively oriented circle: jzj = R > jqj eM with eM := M + βN + 1 .

All these objects will be specified in detail later. Using the residue theorem we get

I(N) =

X
σ+σ0+. . .+σ eM=L�1

(�1)k(M+1)+ eM�M
cσq

Gσ� eMP
j=0

j(kj+σj) MY
j=0

 
k�1 +σj

σj

!
+

+

MX
j=0

X
σ+σ0+. . .
+σ eM=k�1

q
Gσj

f(σj) (qG+j)

σj!qj(L+σ)
(�1)σ

 
L�1+σ

σ

! eMY
i=0
i6=j

 
ki�1+σi

σi

!
(�1)σi

(qj�qi)ki+σi
+

+

eMX
j=M+1

f(qG+j)q�jL eMY
i=0
i6=j

(qj�qi)�ki , (4)

where the multiple sums are over all the non-negative σ’s satisfying the given

conditions.

01-bundschuh.tex



12 Peter Bundschuh (Köln), Keijo Väänänen (Oulu) [92

Now iteration of the functional equation (1) with Q = q
m gives for every λ 2 N0

f(Qλ
z) = f(z)

λ�1Y
κ=0

R0 (Qκ
z) +

λ�1X
κ=0

R1 (Qκ
z)

λ�1Y
ν=κ+1

R0 (Qν
z) =:

=: R0,λ(z)f(z) + R1,λ(z), (5)

and

f(Q�λz) =
f(z) � R1,λ(Q�λz)

R0,λ(Q�λz)
. (6)

These equalities imply

Q
λσ
f

(σ) (Qλ
z) =

σX
τ=0

�
σ

τ

�
R

(σ�τ)
0,λ (z)f(τ) (z) + R

(σ)
1,λ(z),

Q
�λσ

f
(σ) (Q�λz) =

σX
τ=0

�
σ

τ

�
f

(τ) (z)

�
1

R0,λ(Q�λz)

�(σ�τ) ��R1,λ(Q�λz)

R0,λ(Q�λz)

�(σ)

.

If G+ j = λm� µ > 0 , 0 6 µ 6 m� 1 , then

f(σ) (qλm�µ) = q�λmσ σX
τ=0

�
σ

τ

�
R

(σ�τ)
0,λ (q�µ)f(τ) (q�µ) + q�λmσR(σ)

1,λ(q�µ), (7)

and if G+ j = �λm� µ 6 0 , then

q
�λmσ

f
(σ) (q�λm�µ) =

=

σX
τ=0

�
σ

τ

�
f(τ) (q�µ)

�
1

R0,λ(q�λmz)

�(σ�τ)����
z=q�µ ��R1,λ(q�λmz)

R0,λ(q�λmz)

�(σ)����
z=q�µ . (8)

If we now replace f
(σj) (qG+j) in (4) by the above expressions it becomes clear

that I(N) is a linear form in 1 and f
(σ) (q�µ) , 0 6 σ < k, 0 6 µ < m, with

coefficients from K.

Remark. It should be pointed out that for L = 0 the first sum on the right-hand side

of (4) vanishes, whereas in case L > 0 it does not vanish in general independently

of R1 6= 0 or R1 = 0 . Only if L = 0 and R1 = 0 , then I(N) is a linear form solely

in the numbers f(σ) (q�µ) with 0 6 σ < k, 0 6 µ < m.

01-bundschuh.tex



93] Arithmetical results on certain q-series, III 13

4. Asymptotic evaluation of the integral

According to Lemma 1 in [2], we have the asymptotic equation

log jfjR = ρ1 log2
R+ ρ2 log R+ O(1) (9)

for every large R, where

ρ1 =
ℓ

2m log jqj , ρ2 =
log jaℓj
m log jqj � ℓ

2
. (10)

Furthermore, Lemma 3 in [2] provides that among ℓ successive Taylor coefficients

of f (with large indices) there is at least one satisfying the asymptotic equation

log jcnj = � n2

4ρ1
+
ρ2n

2ρ1
+ O(1), (11)

where O(1) is independent of n.

We now consider the integral (3), where we assume that

L = [hN], M = mN, G = [�gM] (12)

with a large integer parameter N and real numbers g, h satisfying 0 6 g, h 6 1 .

Further, we assume βN to be chosen in such a way that n = H := L+(M+1)k+βN

satisfies equation (11) (hence cH 6= 0 ) with O(1) independent of N. With this, we

define

J(N) := q
�GH

I(N) =
q�GH

2πi

Ijzj=R

f(qGz)dz

zH+1
Q eM

j=0 (1 � qj

z
)kj

,

where R is to satisfy R > jqj eM . This leads us to

J(N) = cH +
q�GH

2πi

Ijzj=R

f(qGz)dz

zH+1
� 1 �Q eM

j=0 (1 � qj

z
)kjQ eM

j=0 (1 � qj

z
)kj

implying ����J(N)

cH
� 1

���� = ���� q�GH2πi cH

Ijzj=R

f(qGz)dz

zH+1
� 1 �Q eM

j=0 (1 � qj

z
)kjQ eM

j=0 (1 � qj

z
)kj

����. (13)
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14 Peter Bundschuh (Köln), Keijo Väänänen (Oulu) [94

As it is easily seen, we obtain on jzj = ReMY
j=0

����1 � qj

z

���� > eM+1Y
j=1

(1 � jqj�j) >

1Y
j=1

(1 � jqj�j) =: γ2

assuming R > jqj eM+1 , whence, for the same z, we get the inequalityeMY
j=0

����1 � qj

z

����kj > γ
k

2

for the denominator of the integrand in (13). To prepare a good estimate for

the numerator in this integrand, we note first thateMY
j=0

�
1 +

jqjj
R

�
6

eM+1Y
j=1

(1 + jqj�j) <

1Y
j=1

(1 + jqj�j) < γ
�1

2

under the latter assumption on R. Furthermore, using the inequality����Y
ι

(1 + wι) � 1

���� 6Y
ι

(1 + jwιj) � 1

valid for finite sets of complex numbers wι we establish the inequality����1� eMY
j=0

�
1� qj

z

�kj
����6 eMY

j=0

�
1+

jqjj
R

�k�1=

� eMY
j=0

�
1+

jqjj
R

��1

� k�1X
κ=0

eMY
j=0

�
1+

jqjj
R

�κ

on jzj = R. As we just saw, the latter sum is bounded from above by γ3 :=

k�1X
κ=0

γ
�κ

2

if jzj = R > jqj eM+1 . On the other hand, according to Lemma 5(i) in [2], we find

0 <

eMY
j=0

�
1 +

jqjj
R

�� 1 <
γ1jqj eM
R

if R > γ1jqj eM , where γ1 := 2jqj/(jqj � 1) .
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95] Arithmetical results on certain q-series, III 15

Suppose from now on that R > max(jqj, γ1 )jqj eM . Then, in view of (13),����J(N)

cH
� 1

���� 6 2πR

2πRjcH j � jfjjqjGR
(jqjGR)H

� γ1γ3jqj eM
γk2R

. (14)

Supposing furthermore that R is large enough, so that jqjGR is also large and we

can apply (9) to bound jfjjqjGR from above in (14), we deduce from (14) and (11) that

log

����J(N)

cH
� 1

���� 6 H2

4ρ1
� ρ2H

2ρ1
+ O(1) + ρ1 log2 (jqjGR) + ρ2 log(jqjGR) ��H log(jqjGR) + eM log jqj � log R. (15)

Since the latter expression is

ρ1

�
log(jqjGR) � H

2ρ1

�2

+ ρ2

�
log(jqjGR) � H

2ρ1

�
+ eM log jqj � log R+ O(1),

we derive from (15), by putting

R := jqj�G exp

�
H

2ρ1

�
, (16)

our final inequality

log

����J(N)

cH
� 1

���� 6 (M+G) log jqj � H

2ρ1
+ O(1) =

�
M +G� m

ℓ
H

�
log jqj+ O(1).

(17)

By our choices of L, M and G in (12) and by the hypothesis (1� g)ℓ < h+mk we

shall introduce in Lemma 4 below, we see that the right-hand side of (17) tends to�1 as N !1.

Note that jqjGR is large if N is large, cf. (16). Note also that our choice of R

in (16) guarantees also that R > max(jqj, γ1 )jqj eM , since (1 � g)ℓ < h+mk. Thus

taking (17) into account we get

J(N) = (1 + o(1))cH ,

and applying (11) gives us the following asymptotic evaluation of our integral.
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16 Peter Bundschuh (Köln), Keijo Väänänen (Oulu) [96

Lemma 4. Choose L, M and G as above and assume that (1 � g)ℓ < h+mk. Then

the following asymptotic equation holds:jI(N)j = jqj��m
2ℓ (h+mk)2

+gm(h+mk)
�
N2

+O(N) . (18)

5. Denominators

Above we saw that

I(N) 2 K +

k�1X
σ=0

m�1X
µ=0

Kf
(σ) (q�µ).

Our next aim is to find an Ω(N) 2 O�K such that

ΛN := Ω(N)I(N) 2 OK +

k�1X
σ=0

m�1X
µ=0

OKf
(σ) (q�µ). (19)

To this effect we first construct eΩ(N) in such a way that eΩ(N)I(N) has coefficients

in OK[q] , and after that, we multiply away the denominators of the powers of q. As

in [5], our eΩ(N) will be of the form Ω1 (N)Ω2 (N)Ω3 (N) , where Ω1 (N) takes care

of the terms coming from the f
(σ) (qG+j), Ω2 (N) of pure powers of q, and Ω3 (N)

of all the others.

To begin with Ω1 (N) , let s be as in Lemma 1. Because of (8), we are interested in

R0,λ(Q�λz) = R0,λ(q�λmz) =

λ�1Y
κ=0

R0 (q(κ�λ)mz) =

λY
κ=1

R0 (q�κmz).

Clearly,

s
λ

� λY
κ=1

q
ℓκm

�
R0,λ(Q�λz) =: eR0,λ(z)

is a polynomial in q and z with integer coefficients, and the same holds for

s
λ

� λY
κ=1

q
ℓκm

�
R1,λ(Q�λz) =: eR1,λ(z). (20)
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97] Arithmetical results on certain q-series, III 17

Since �
1

R0,λ(Q�λz)

�(σ�τ)����
z=q�µ = s

λ

� λY
κ=1

q
ℓκm

��
1eR0,λ(z)

�(σ�τ)����
z=q�µ ,�

R1,λ(Q�λz)

R0,λ(Q�λz)

�(σ)����
z=q�µ =

� eR1,λ(z)eR0,λ(z)

�(σ)����
z=q�µ ,

it follows that �
qµℓλeR0,λ(q�µ)

�σ+1

works as a denominator for f(σ) (qG+j) with G + j = �λm � µ 6 0 . Since here

λ 6 gN + 1/m, the product Ω1 (N)f(σ) (qG+j) is, for all possible G + j, a linear

form in 1 and the f
(σ) (q�µ) with coefficients from OK[q] if we choose

Ω1 (N) =

8>>><>>>: sO(N)qO(N) , if g = 0,

s
O(N)

q
O(N)

m�1Y
µ=0

gN+O(1)Y
κ=1

R
k
0 (q�κm�µ)qℓκmk, if 0 < g 6 1.

To study Ω2 (N) and Ω3 (N) , we consider each term in (4). In the first term,

we estimate eMX
j=0

(kj + σj)j 6
k

2
M(M + 1) + eM(L� σ+ ℓ),

and therefore

Gσ � eMX
j=0

(kj + σj)j > �k
2
M(M + 1) �ML+ O(N).

Moreover, by Lemma 1, for all 0 6 σ 6 L, the expression

cσ
Y

06ν6L

�
s(Qν � a0 )

becomes a polynomial in OK[Q] of degree not greater than
1

2
L(L+ 1) after omitting

the factor corresponding to ν = 0 in case a0 = 1 . (We remind that a0 = R0 (0) .)
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18 Peter Bundschuh (Köln), Keijo Väänänen (Oulu) [98

In the second sum on the right-hand side of (4), the following product appearseMY
i=0
i6=j

(qj�qi)ki+σi
= qj(j�1)k/2+(M�j)jk+( eM�M)j �� jY

i=1

(qi�1) �M�jY
i=1

(1�qi)

�k�1�� � jY
i=1

(qi�1) � eM�jY
i=1

(1�qi)

� �� j�1Y
i=0

qiσi (qj�i�1)σi � eMY
i=j+1

qjσi (1�qi�j)σi
�

. (21)

For the pure powers of q, we note that in this case

j

�
L+ σ+

k

2
(j� 1) + k(M � j) + eM �M

�
6 ML+

k

2
M(M + 1) + O(N).

Finally, in the third sum of (4), the following product appearseMY
i=0
i6=j

(qj�qi)ki =q
k�1

2 M(M+1)+ 1
2 j(j�1)+( eM�j)j

jY
i=j�M(qi�1)k�1

� jY
i=1

(qi�1)� eM�jY
i=1

(1�qi)

�
.

(22)

Furthermore, we have the following inequality

j

�
L+

1

2
(j� 1) + eM � j

�
+
k� 1

2
M(M + 1) 6 ML+

k

2
M(M + 1) + O(N).

Note also that the q-binomial coefficient

MY
i=1

(qi � 1)

�� jY
i=1

(qi � 1) � M�jY
i=1

(qi � 1)

�
lies in Z[q] . The preceding considerations and (4) imply that we may finally choose

Ω2 (N) = qML+kM(M+1)/2+O(N) ,

Ω3 (N) = (k� 1)! sO(N) � M+ℓY
i=1

Φi(q)k�1 � M+wY
ρ=1

(qρ � 1)k,

where w := max(t, ℓ) and Φn is the nth cyclotomic polynomial.
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Now eΩ(N)I(N) has coefficients in OK[q] , and next we consider the degree

of these coefficients with respect to q. For this purpose, we note first that the following

estimate holds:

deg eΩ(N) 6
1

2
kℓm

2
g

2
N

2
+M(kM + L) +

3

π2
(k� 1)M2

+ O(N log N).

Moreover, in the first multiple sum on the right-hand side of (4), we obtaineMX
j=0

(kj + σj)j >
k

2
M(M + 1).

For all 0 6 j 6 �G, the denominator in the second term of (4) contains, by (21),

the factor

Dj :=qj(L+kM�(j+1)k/2+ eM�M)

� jY
i=1

(qi�1)

M�jY
i=1

(1�qi)

�k�1� jY
i=1

(qi�1)

eM�jY
i=1

(1�qi)

�
of degree

deg Dj =
k

2
M(M + 1) +

k

2
j(j� 1) + jL+

1

2
( eM �M)( eM +M + 1) >

k

2
M(M + 1).

Finally, we have to estimate the difference of the degrees of the numerator and

denominator of the coefficients in the second and in the third terms on the right-

hand side of (4) in the case when j > �G. We shall show that this difference is also

6 �kM(M + 1)/2 + O(N) .

For the second term of (4) we use (7) and (21), and note that

deg R0,λ(q�µ) � deg Dj 6
ℓ

2m

�
(G+ j)2 �m(G+ j) � µ(µ�m)

��� k

2
M(M + 1) � k

2
j(j� 1) � jL.

By the hypothesis of Lemma 4, we have (1 � g)ℓ < h+ km. Thus, the right-hand

side of the inequality just obtained is decreasing in the interval �G < j 6 M, if N

is sufficiently large. Furthermore, we easily see that

deg R0,λ(q�µ) � deg Dj < �k
2
M(M + 1) + O(N)
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and �k
2
M(M + 1) >

ℓ

2m
(G+M)2 �ML� kM2

+ O(N). (23)

For the third sum in (4) we apply (7) and (22). Let

Ej := qjL+
k�1

2 M(M+1)� 1
2 j(j+1)+ eMj

jY
i=j�M(qi � 1)k�1 �� jY

i=1

(qi � 1) � eM�jY
i=1

(1 � qi)

�
.

Here M < j 6 eM and

deg R0,λ(q�µ) � deg Ej 6
ℓ

2m

�
(G+ j)2�m(G+ j)�µ(µ �m)

��� k� 1

2
M(M + 1) � k

2
j(j+ 1) � jL� 1

2
eM2

+ j.

Again, by the inequality (1 � g)ℓ < h + km, the right-hand side is decreasing in

the interval M < j 6 eM, if N is sufficiently large, whence

deg R0,λ(q�µ)�deg Ej 6
ℓ

2m
(G+M)2�ML�kM2

+O(N) < �k
2
M(M+1)+O(N),

where the latter inequality follows from (23).

Combining the above considerations, we establish the following result.

Lemma 5. If (1�g)ℓ < h+km, then eΩ(N)I(N) is a linear form in 1 and f(σ) (q�µ),

0 6 σ < k, 0 6 µ < m, with coefficients in OK[q]. For all N sufficiently large,

the degrees (with respect to q) of these coefficient polynomials are bounded from

above by

D(N) :=
1

2
kℓm

2
g

2
N

2
+
k

2
M

2
+ML+

3

π2
(k� 1)M2

+ O(N log N).

By Lemma 5, we can set in (19)

Ω(N) = v
D(N)eΩ(N).

6. Final proof of Theorems 1 and 2

Within the assumptions of Theorem 1, let us suppose that (1 � g)ℓ < h + km,

in order to be able to use the results of Sections 4 and 5. To apply Nesterenko’s
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101] Arithmetical results on certain q-series, III 21

dimension estimate (Lemma 2) we need an upper bound for kΛNk, the l2 -norm

of the vector of the coefficients of (19), i. e., of

ΛN = Ω(N)I(N) 2 OK +

k�1X
σ=0

m�1X
µ=0

OKf
(σ) (q�µ).

Obviously, the absolute values of the coefficients of f(σ) (q�µ) are bounded from

above by jujD(N)eO(N) . Note that in the second sum in (4) a bound or order O(Nk)

would be enough to take care of summations, binomial coefficients, and derivatives.

By Lemma 4, the same also holds for the ‘constant’ term. Thus, for all sufficiently

large N, we get

log kΛNk 6
m

2ℓ
Γ0N

2 log juj+ O(N log N),

Γ0 := kmℓ
2
g

2
+kmℓ+2hℓ+6π�2 (k�1)mℓ.

(24)

By Lemma 4 and by the definition of eΩ(N) , we also have

log jΛN j = log(jvjD(N)jeΩ(N)I(N)j) = D(N) log jvj+�1

2
kℓm

2
g

2
+

3

π2
(k�1)m2��m

2ℓ
(h+km)2

+(1�g)m(h+km)

�
N2 log jqj+O(N log N)=

= �m
2ℓ

�
(1 � η)

�
(h+ km)2

+ 2ℓg(h+ km) � kmℓ
�� Γ0

�
N

2 log juj+
+ O(N log N). (25)

Now Lemma 2 implies the following dimension estimate

dimK

�
K+

k�1X
σ=0

m�1X
µ=0

Kf
(σ) (q�µ)

�
> (1�η)

(h+ km)2
+ 2ℓg(h+ km) � kmℓ

ℓ(kmℓg2 + km+ 2h+ 6π�2 (k� 1)m)
.

(26)

Here, for all 0 6 g 6 1 , the right-hand side is an increasing function of h in

the interval 0 6 h 6 1 , and therefore we are interested in

(1 + km)2
+ 2ℓg(1 + km) � kmℓ

ℓ(kmℓg2 + km+ 2 + 6π�2 (k� 1)m)
.
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The maximal value of this quotient in the interval 0 6 g 6 1 is C(k, ℓ, m) . Since

C(k, ℓ, m) 6 1 for ℓ > 1 +km, Theorem 1 holds trivially in this case. If ℓ < 1 +km,

then (1� g)ℓ < 1 + km, and we may again use C(k, ℓ, m) as the bound. This proves

Theorem 1.

We note that Remark 3 after Theorem 1 follows immediately from (26), since

the inhomogeneous parts of Theorems 1 through 3 of [9] are obtained by the three

choices h = 0, g = 0; ℓ = 1, h = 0, g = 1; g = 0 , respectively.

As we mentioned at the end of Section 3, to make sure that in the homogeneous

case R1 = 0 of (1) the integral I(N) becomes a linear form in f
(σ) (q�µ) , 0 6 σ < k,

0 6 µ < m, without the ‘constant’ term, we have to choose L = 0 , h = 0

(see (12)). Thus, by (26), in this case

dimK

� k�1X
σ=0

m�1X
µ=0

Kf(σ) (q�µ)

�
> (1 � η)

k2m+ 2ℓgk� kℓ

ℓ(kℓg2 + k+ 6π�2 (k� 1))
, (27)

if (1 � g)ℓ < km. The maximum of the rational function on the right-hand side

in the interval 0 6 g 6 1 equals eC(k, ℓ, m) . If ℓ > km, then eC(k, ℓ, m) 6 1 ,

and Theorem 2 is true, since f(1) 6= 0 by the assumption that R0 (q�j) 6= 0 for

every integer j > m. If ℓ < km, then we also have (1 � g)ℓ < km, and we can

use eC(k, ℓ, m) as a lower bound. Thus, Theorem 2 is proved. We also see that

the homogeneous parts of Theorems 1 and 2 of [9] follow from (27) by setting

m = 1 , g = 0 and m = ℓ = 1 , g = 1 , respectively.

By the above considerations, we clearly have C(k, ℓ, m) > eC(k, ℓ, m) . Further,

after some minor calculations, we see thateC(k, ℓ, m) >
km

ℓ(1+6π�2 (1�1/k))
� 1 if km > ℓ

�
1+6π�2 (1�1/k)

�
,

and the result is trivially true if km6 ℓ(1 + 6π�2 (1�1/k)) . Thus, Remarks 4 and 6 hold.

7. Proof of Theorem 3

Due to the hypothesis of Theorem 3, we can apply our previous assumptions

concerning the special situation k = ℓ = 1 , R1 = 0 , and u = q, v = 1 , since

q 2 OK . As explained before, we have to choose again h = 0 , whence we get
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that (24) and (25) reduce to

log kΛNk 6
m

2
Γ0N

2 log jqj+ O(N log N) with Γ0 = m(g2
+ 1), (28)�logjΛN (ω)j=m

2
(Γ1�Γ0 )N2 logjqj+O(N logN) with Γ1 =m(m+2g�1). (29)

Here ω denotes the vector
�
f(1), f(q�1 ), . . ., f(q�(m�1) )

� 2 Em , E being as in

Lemma 2. Since we shall be able later to fix g 2 [0, 1] in terms of m in such a way that

Γ1 > (m� 1)Γ0 (30)

(hence Γ1 > Γ0 ), we are now in a position to choose functions G
�, H�, G, B�

satisfying conditions (i), (ii), (iii) in Lemma 3.

By (29), we first define

G�(N) :=
m

2
(Γ1 � Γ0 )N2 log jqj+ θ1N log N,

H�(N) :=
m

2
(Γ1 � Γ0 )N2 log jqj � θ1N log N,

where θ1 > 0 can be suitably fixed, independently of the parameter N. Thus,

the condition (i) is satisfied. Next, from (28) and the preceding definition of G� ,

we can obtain

G�(N) + log kΛNk 6
m

2
Γ1N

2 log jqj+ θ2N log N

if we fix θ2 > θ1 appropriately. Therefore, the choice

G(N) :=
m

2
Γ1N

2 log jqj+ θ2N log N (31)

satisfies the condition (ii). In view of (iii), we first notice that

G(N + 1) �H�(N) + log 2m =
m

2
Γ0N

2 log jqj+ (θ1 + θ2 )N log N + O(N),

and this suggests us to fix θ3 > θ1 + θ2 and to choose then

B�(N) :=
m

2
Γ0N

2 log jqj+ θ3N log N .
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Choosing here θ3 a bit larger if necessary gives log kΛNk 6 B
�(N) , see (28). Hence

the conditions (i), (ii), (iii) of Lemma 3 are satisfied, and we fix N0 so large that

all the four functions G�, H�, G, B� are monotonically increasing for N > N0 .

Given now an arbitrary vector Λ = (λ0 , . . ., λm�1 ) 2 OmK with jΛj, or equiv-

alently, kΛk large enough (note that jΛj 6 kΛk 6
p
m jΛj), we choose N1 as

the smallest integer > N0 satisfying

G(N1 + 1)> (m�1)B�(N1 )+ logkΛk+θ4 , θ4 :=G(N0 )+ max(0,� logkωk). (32)

That this is possible can be easily seen from the inequality

G(N + 1) � (m� 1)B�(N) >
m

2
(Γ1 � (m� 1)Γ0 )N2 log jqj � θ5N log N

deduced from the above definitions of G and B� , where we put θ5 :=(m�1)θ3�θ2 (> 0) .

We remind here that we shall finally provide the inequality (30). From the definition

of N1 in (32) and from the monotonicity of B� we conclude that

G(N1 ) 6 (m� 1)B�(N1 ) + log kΛk+ θ4 ,

which we slightly weaken to

ΓN2
1 log jqj < log kΛk+ θ6N1 log N1 , Γ :=

m

2
(Γ1 � (m� 1)Γ0 ) (33)

with θ6 a bit larger than θ5 . Notice here that N1 becomes large if and only if so

does kΛk.

Now all the conditions of Lemma 3 are satisfied, so we can estimate from

below the absolute value of the linear form

Λ(ω) = λ0f(1) + . . .+ λm�1f(q�(m�1) )

with the given Λ 2 OmK as follows, where we first use (31).

log jΛ(ω)j > �log 2+log kΛk�m
2

Γ1 (N1 + 1)2 log jqj�θ2 (N1 + 1) log(N1 + 1) >

> log kΛk�m
2

Γ1N
2

1 log jqj�θ3N1 log N1>

�
1 � mΓ1

2Γ

�
log kΛk�θ7N1 log N1 .

(34)
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Here we applied (33) for the latter inequality, and we put θ7 :=θ3+θ6 /(1�(m�1)Γ0 /Γ1 ) .

From (33) one can easily deduce that, given any ε 2 R+ , there exists a constant

C 2 R+ such that θ7N1 log N1 6 ε log kΛk, if kΛk > C , whence by (34) and

by the definition of Γ in (33) we get the inequality

log jΛ(ω)j > �� m� 1

(Γ1 /Γ0 ) � (m� 1)
+ ε

�
log kΛk (35)

for such Λ . Clearly, our last aim is to maximize Γ1 /Γ0 = (m + 2g � 1)/(g2
+ 1)

by choosing g 2 [0, 1] suitably. An easy computation shows that this quotient is

maximal in [0, 1] if and only if

g =
1

2

�q
(m� 1)2 + 4 � (m� 1)

�
=

2p
(m� 1)2 + 4 + (m� 1)

,

and, for this g, the quotient under consideration becomes

Γ1

Γ0
=

1

2

�q
(m� 1)2 + 4 + (m� 1)

�
,

so that the validity of (30) is obvious. Inserting this in the right-hand side of (35)

leads to jΛ(ω)j > kΛk�(ψ(m)+ε)
> (

p
m jΛj)�(ψ(m)+ε)

with jΛj and ψ(m) as defined in Theorem 3, which is therefore proved.
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