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Abstract: As in Parts I and II, entire transcendental solutions f of functional equations of type
f(@"2) = Ry(2) f(z) + R;(2) with polynomial coefficients Ry, R are arithmetically investigated.
The values of those solutions and of their derivatives up to a given order at m successive powers of ¢
are considered. The purpose of this paper is to produce lower bounds for the dimension of the K -vector
space generated by 1 and the values mentioned above, where K is the rational or an imaginary quadratic
field. In some cases, we can prove linear independence, even in a quantitative version.
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1. Introduction and results

Let K be the field of rational numbers or an imaginary quadratic field. Let us denote
by Og its ring of integers.

The main aim of the present paper is to generalize earlier linear independence
results on the values of entire functions satisfying a functional equation of the form

f(q"2) = Ro(2) f(2) + Ri(2), (1)

where m € N:={1,2,...}, Ry, R| € K[z] and g € K. It is shown in [5] that f(2)
can be expressed as a linear combination of 1 and certain basic hypergeometric series.
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In [2] and [5], estimates for the dimension of the K -vector space spanned by 1 and
flag™), 0 < p < m, with o € K™ were obtained, and in [9] the corresponding
dimension estimate was presented for 1 and f(”)(a), 0 < o < k, in the case
m = 1. Further, there are several papers considering in particular the special cases
deg Ry = 1 or 2, see the references in [2]| and [9]. Note also that a p-adic analogue
of [5] is given in [4]. The main result of the present paper is the following theorem.

THEOREM 1. Assume that q € K with |q| > 1 is the quotient u/v of u,v € Ok := Ok \ {0},
and let m:= (log|v|)/(log |u|). Suppose that f is an entire transcendental solution
of the functional equation (1) with Ry, R, € K|z|,deg Ry =: £ € N, with f(0) =1 if
R1(0) = 0, and with Ry(0) = ¢~*,t €N, if Ri(0) # 0. Let oo € K* satisfy the condi-

tions Ro(aq™) # 0 for every rational integer j > m. Then we have the dimension
estimate

k—1 m—1
dimg {K +> 3K f(g)(ozq“)} > (1 - n)C(k, £, m),

0=0 p=0

7
where C(1,1,1) := 1 and

Ok, t.m) — km((km + 1)2 — kém) + VA
T Skm(km + 2 + 6m2(k — 1)m)

Jor (k, £, m) # (1, 1, 1) with
A = Em*((km + 1) — ktm)® + 4kfm(km + 1)*(km + 2 + 617> (k — 1)m).

Remarks.
1) We may always suppose tacitly that u, v have only units from O as common
divisors, cf. the beginning of Section 2.
2) The case k = 1,1 = 0 gives us the Main Theorem of [5].
3) In the case m = 1, Theorem 1 improves upon Toépfer’s Theorems 1, 2 and 3
in [10], see Section 6.

4) We shall also show that
km

Clk, £,m) > 60—k -
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In the case of homogeneity of (1), i.e. for R; = 0, we obtain

THEOREM 2. Within the assumptions of Theorem 1, suppose that R, = 0. Then we have

k—1 m—1
aimic { 32 3 K1%ag™) | > (1= 0k £.m),
0=0 p=0
where
~ Km — k¢ k*m — kb)? + 4kl(k + 6m2(k — 1
Bk, 6. m) = m ++/(Km )_+ (k+ 6m2( )).
2£(k+ 61 2(k— 1))
Remarks.
5) Inthe case m = 1, Theorem 2 improves the homogeneous parts of Theorems 1

6)

and 2 in [9].

We also have
- km
C(k, ¢, -1
(ks bom) > e 2= 1/m)

If in the homogeneous case we have k = £ = 1 and i = 0, then the preceding
remark combined with Theorem 2 gives linear independence over K of the m
numbers f(ag "), 0 < p < m. We also notice that the second-named author
with the help of a different method obtained in [11] the K -linear independence
of the m + 1 numbers 1 and f(ag "), 0 < p < m, in the general case of (1)
with k, £, n as before.

Since 6’(2, 1,1) = 1,339..., we can deduce from Theorem 2 (a bit more

than) Borwein’s [1] famous result on the irrationality of the g-logarithmic
o0

function L,(2) := Z 1/(¢" + 2) at every non-zero rational point a ¢ —¢"°,

n=0

Ny := NU {0}, if we assume ¢ € Z, [g| > 1. The reason is that L, is simply
the logarithmic derivative of the g-exponential function

Ey2) = [J(1+2g™.

neNy

The main tool we use when proving Theorems 1 and 2 will be Nesterenko’s dimen-

sion estimate [8] and its generalization to arbitrary number fields due to Topfer [10]

(and others later on). Whereas these dimension estimates led only to qualitative
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results, Topfer and the first-named author showed in [3], [10] the following. Essen-
tially, every time one can deduce from Nesterenko-type estimates linear indepen-
dence of numbers over the algebraic number field under consideration, one can write
down, with not much additional expense, measures of this linear independence. The
corresponding two sufficient criteria, qualitative and quantitative, will be quoted in
Section 2 as Lemmas 2 and 3, respectively.

To give here at least one quantitative statement, we claim the following.

THEOREM 3. Within the assumptions of Theorem 1, let us suppose that deg Ry = 1,
Ry =0, g€ Ok, m=2. Then for every € € R there is a constant C € R,
depending at most on q, m, Ry(0), o, €, such that for every A := (Ao, ..., Am_1) € O%
with |A] == max(|Xol, ..., [Am-1]) = C the following inequality holds

> (A7,

m—1
> Auflag™)
pn=0

o) i= 5m-0)(y 17+ demt ).

Remarks.

9) Ifthe hypothesis of Theorem 3 holds and if, moreover, m = 2, then the quotient
f()/f(a/q) is not contained in K, and has irrationality exponent not greater
than 1 +(2) = (3++/5)/2=2,618....

10) Recently Matala-aho [7] obtained very strong quantitative linear independence

o
results for three special functions. The third one (for H(l —tq") within

n=0
the notation of Theorem 1 loc.cit.) gives a measure for 1 and the Egq(ag "),
uw=0,...,m— 1, for our g-exponential function E and every a € K~ \(—qN").

Here not only the number 1 is included, in contrast to our result given above,
but also our exponent t(m) is asymptotically mz, whereas Matala-aho’s one
is linear in m.

Finally, to give some examples of functions of our type f, we first introduce
those studied in [2], namely the infinite product
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and the series

o0

fulz) =D g ™™ H P(zg™™)  (h€N),

J=0

where P € K]|z]| is of exact degree ¢ and P(0) = 1. These functions are special
cases of (1), with Ry(z) = ¢ "™P(¢™z) and Ry(z) = 1 — 60, where § denotes
the Kronecker symbol. Notice that if deg P = 1, then f is actually the g-exponential
function we encountered already in Remark 8. More precisely, fo(z) = Egn(cz), if
P(2) = 1+ cz with ¢ # 0.

More generally, every solution f of the functional equation (1) satisfies

1) = fea ™ [ Bolea ™) + 3 Rie ™ [[ Roea ™ @)

for anyl) A € Ny. This is easily proved by induction on A. To construct more
examples, different than fy, fi,... given above, we take an arbitrary polynomial

Ri(z Z b; JdekK [2] and consider the cases by # 0 and by = 0 separately.
7=0
If by # 0, we use the assumptions of Theorem 1 and define the polynomial

P € K|z] with P(0) = 1 by the equation Ry(z) = ¢ "P(2¢™). Using (2) and letting
A — 00 we get

Zb (27" Fjol2),
where

o0 k—1
Fiu(2) = > ¢ " T Plzg™™).
k=0 =0

Theorem 1 applies to all transcendental functions f of this type, and in particular,
the choice t = hm gives a linear combination

Zb (2q fj+h( 2).

D As usual, empty products and sums are always to be interpreted as 1 or 0, respectively.
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If by = 0, then we have to provide the equality Ry(0) = 1. Defining the polynomial
P(2) by the equation Ry(z) = P(2¢™) and using (2) as above we obtain

f@) = o)+ 3 bilza "V £i(2).

In the case by = ... = b, = 0 the latter equality gives f(z) = fo(2), and Theorem 2
also applies.
Finally, considering the g-exponential function E, mentioned above, we put

Eq,m,v(z) = Eqm(Zq_U), Ve {0, I,....,m-— 1},

and for v := (v, ..., ) € {0, 1, - 1}15 we define
qmv Z) HEqmv]

Then the following functional equation holds:

l
Eymw(q0"2) = Bymo(2) H 1+ 2¢""),
7=1

and we would like to point out that our Theorems 1 and 2 give improvements on
the results of [9] concerning these functions.

For the convenience of the reader, we shall quote in the following section some
lemmas needed in our proofs. Then we describe the main steps of our argument,
which follow the work [5], but now with a more complicated integral construction
in Section 3.

2. Some preliminaries

First of all, we explain why we may always suppose the assumptions on u, v made in
Remark 1 (after Theorem 1) are satisfied, even if this is not needed for our proofs.
Indeed, if we have v = wu,v = wv with a non-unit w € O, and if we put
n = (log [v'|)/(log |u'|), then 1 > % >n >0, whence 1 —n > 1 — 7. Thus, our
lower bounds for the dimensions in Theorems 1 and 2 become unnecessarily worse.
With the convention that w, v have only units as common divisors, we have n = 0
if and only if ¢ € Ok (under the general hypothesis on g).
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Next, we quote from [5] two simplifications we can make for our proofs

of Theorems 1 through 3. The first one is merely notational:
it is enough to consider the case o = 1.
More essential (compare, e.g., (20) below, where deg R; enters via the definition
of Ry in (5)) is the second one saying that, without loss of generality,
it is enough to prove Theorem 1 under the extra condition deg R; < £ = deg Ry.

Before formulating our first lemma, we briefly discuss our assumptions on f,
namely, f(0) = 1 if R;(0) = 0, and Ry(0) = ¢ ',t € N, if R;(0) # 0. In view
of (1) the first part implies Ry(0) = 1, whence we always have Ry(0) = ¢~ with
t € Ny, and ¢t = 0 if and only if R;(0) = 0.

Next, writing (1) in the form

4 4
F(Qz) = Ro(2) f(2) + Ri(2) with Q:=¢", Ro(2) = Z a;7, Ri(z) = Z b,

we note that a; # 0, and ag = Ry(0) = q_t with ¢ € N, as we saw a moment ago.

Entering now with the Taylor series
[o9]

f2) =) "

n=0

into (1) as above, we obtain by comparing coefficients

a@ —a)= > ajcej+by (nEN)

1<j<min(¢,n)

with b, := 0 for any n > £. Since Q" # ay for any n € N, we see that all
the ¢, (n > 0) are uniquely determined by ¢y, where ¢y = 1 if by = 0 and
co = bo/(1 — ap) if by # 0 (notice that ay = ¢~" with ¢t > 0 in this case). Thus,
under the hypothesis of Theorem 1, all the Taylor coefficients ¢, of f belongto K, and
the following lemma gives us information on the denominators of these coefficients.

LEMMA 1. Let q and f satisfy the hypothesis of Theorem 1, let Q := q", and let
s € O be such that sRy, sR, € Og|z|. Then, for every n € Ny, one has

¢; [T 5@ - Ro(0)) € Ox[Q] for j=0,1,....n,

or<n
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and the degrees of these polynomials with respect to Q are bounded above by n(n+1)/2.
Here H* means the product without the factor corresponding v =0 if Ry(0) = 1 &
< R1(0) = 0.

PrOOF. This is Lemma 1 in [4]. O

The next Lemma prepares directly the dimension estimates as stated in our
Theorems 1 and 2.

LEMMA 2. Let E be R or C in accordance with K being QQ or an imaginary quadratic
field. Further, let d € N\ {1} and w = (wy, ..., wq) € E*\ {0}. Finally, assume that
there exist Ny € N, 7 € R, an unbounded increasing function F : N — R, and
a sequence (An)n>n, of linear forms over Ok in d variables, such that

(¢) limsup F(N +1)/F(N) <1,
N—oo
(ii) log ||Ayl| < F(N) for every N = Ny,
(i) log|An(w)| = —(7+ o(1))F(N) for every large N > Ny,

where ||Ay|| denotes the euclidean (or 1) norm of the coefficient vector of the linear
Sform Apy. Then the following dimension estimate holds

dimg Kw; + ...+ Kwg > 1+ 7.

PROOF. In the case K = Q, i.e. E = R, this result belongs to Nesterenko [8]. If K
is imaginary quadratic, it is Topfer’s Korollar 2 in [10] combined with his remark
after Korollar 7 that, in case of such particular algebraic number fields, one may
replace the field degree [K : Q] =2 by 1. O

Remark. Very recently Fischler and Zudilin [6] gave a new proof, which even refined
in certain cases Nesterenko’s main result from [8].

Our proof of Theorem 3 will be prepared by the following quantitative version
of Lemma 2, which is taken from [10], Korollar 6. Notice that for K = Q it can
already be found in [3], Korollar 2.

LEMMA 3. Let E, d and w be as in Lemma 2. Assume that there exist Ny, N € N with
Ny < Ny, unbounded and monotonically increasing functions B',G, G, H': N — R,
and, for every N € {Ny, ..., N1}, a linear form Ay over Ok in d variables such that
the following conditions hold for all N = Ny, ..., Ny:

(i) H'(N) < —log [An(w)] < G*(N),
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(i) G"(N) +log||Ayll < G(N),
(iiiy max (log||Ayl|l, G(N + 1) — H (N) + log 2d) < B*(N).

If A is a non-trivial linear form over Oy in d variables, then the following additional

condition
() G(Ni+1) > (d-2)B" (N H+max (G(Ny), B (Ny))+Hog [|Al| +max(0, — log ||w]|)

implies the inequality

A@I > SI1All exp(~G(N; + 1)

3. Construction of linear forms

0

Let again f(z) Z ¢,2" be our entire transcendental solution of (1). For the proof
n=0

of our results, we construct linear forms in 1 and f(”)(qf“ ) with 0 < o < k,

0 < p < m using the integral

1 f(g%2)dz
% LYTM+Bn+1,, i kj’
oy I[i=™ " (2= ¢)

I(N) := (3)

where L > 0, M > 0 and G are integers depending on an integer parameter N, Oy
is a suitable integer satisfying 0 < By < £, k;j = k for O< J< M kj=1for j> M,
and T'(N) is a positively oriented circle: |2| = R > |q|™ with M := M + By + 1.
All these objects will be specified in detail later. Using the residue theorem we get

it
Go—3 j(kj+0;)

~ M
IN)= 35 (e S H<k_1+aj)+

o+oo+...+op=L—1 j=0 Uj
(¢° 1) Lm1to\ 1y (k=140 (-7
+ 7( )7 iwlton) 2
]ZO U+§ 1q] (L+0) o g o; (q] _ qz)kl-i-m
+0A~,:k—l i#j
M M
Gtin —i . Nk
+ 3 @)@ )7 (4)
j=M+1 j

i=0
i£]

where the multiple sums are over all the non-negative o’s satisfying the given
conditions.
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Now iteration of the functional equation (1) with Q@ = ¢ gives for every A € N

A-1 A1 A-1
1@%) = 1) [T Ro(@2) + > Ri(@%2) [] Ro(@"2) =
k=0 k=0 v=k+1
= Ryx(2) f(2) + RiA(2), (5)
and
L f(2) = Ria(@ *2)
f(Q Z) - RO,)\(QiAZ) (6)
These equalities imply
Q1@ = Y ()R @16 + o),
=0
o @A N (T 4 1 o (RI,A(Q/\Z)>(U)
1@ =3 (7)1 (7)) Rir@72))

fFG+j=Mdm—p>0,0< u<m—1, then

g

P =g S (D) RGN R 0

7=0
and if G+ j= —Am — pu < 0, then

—/\mof(a)(q—)\m—u) _

q
(N oy ! )“"T’ . (Rl,xq-mz)y")
;(Jf e )<RO,/\<‘1_)‘mZ) g \Roa(g™™2)

If we now replace f(gj)(qGH) in (4) by the above expressions it becomes clear
that I(N) is a linear form in 1 and f“(qg*), 0 < o0 < k, 0 < p < m, with
coefficients from K.

- (8)

z=qF

Remark. It should be pointed out that for L = 0 the first sum on the right-hand side
of (4) vanishes, whereas in case L > 0 it does not vanish in general independently
of Ry #20 or Ry =0. Only if L =0 and R, =0, then I(N) is a linear form solely
in the numbers f(”)(qf”) with 0 <o <k, 0< pu<m.
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4. Asymptotic evaluation of the integral

According to Lemma 1 in [2], we have the asymptotic equation
log | f|r = pi log’ R+ ps log R+ O(1) )

for every large R, where

14 log |ag| ¢
P = e ld P2 T mioeldl 2 (10)

2m log |q| m log |q|
Furthermore, Lemma 3 in [2] provides that among £ successive Taylor coefficients
of f (with large indices) there is at least one satisfying the asymptotic equation

)
1 =-——+—+40 11
oglenl = =45, T O, (11)
where O(1) is independent of n.
We now consider the integral (3), where we assume that

—[kN], M=mN, G=|-gM] (12)

with a large integer parameter N and real numbers g, h satisfying 0 < g, h <
Further, we assume Sy to be chosen in such a way that n = H := L+ (M + 1)k+ﬁN
satisfies equation (11) (hence ¢y # 0) with O(1) independent of N. With this, we
define

I = gy = T ]{ 1(¢°2)dz

2 . M J k.’
™ le A (1= 55

where R is to satisfy R > |g|™. This leads us to

i N
) = e + ¢ f2)de 1= T - 5"
T o ZH+1 HM (1= L)k
|2=R J=0 %
implying

) it ok

J(N) . GH f f(q€2)dz ‘ 1 - szo( - ;)k] (13)
cH 27m cy zH+1 '

M N
4 =R Hj:o( _q;)k]
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As it is easily seen, we obtain on |z| =

M-|—1 o0

> [[a-1a) > =1d7) =7
J=1 J

=1

7=0

assuming R > IqIMﬂ, whence, for the same z, we get the inequality

Il

J=0

J
l—q— >’y§C
z

for the denominator of the integrand in (13). To prepare a good estimate for
the numerator in this integrand, we note first that

2 AR X
HC+—) [T +1a™) < [T0-+1al™) <2
: J:l

J=0

under the latter assumption on R. Furthermore, using the inequality

‘1?[(1+’wb)—1’ <1j[(1+|’wbl)—1

valid for finite sets of complex numbers w, we establish the inequality

A1) (05

k=0 j=0

1(-2)

on |z| = R. As we just saw, the latter sum is bounded from above by 7; := Z 7"
k=0
. On the other hand, according to Lemma 5(i) in [2], we find

; it
0<H(1+|q—|)—1<7‘|;|

if 2| = R > |¢|""

if R > 7]q)", where 4, == 2|q|/(lg - 1).
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Suppose from now on that R > max(|q], 71)|q|1\7[. Then, in view of (13),

J(N)

CH

27R u

“ 2nRlew| (lg°R)T AR

Supposing furthermore that R is large enough, so that |q|GR is also large and we
can apply (9) to bound | f| ;e from above in (14), we deduce from (14) and (11) that

J(N)

CH

H* pH
—4<r~—~wm+m@w%wmmw%r
P1 2p

— Hlog(|g|°R) + Mlog |q| — log R. (15)

log

Since the latter expression is

H\? H _
pl(log(IqIGR) - 2_p1) +pz<log(|qIGR) - 2—p1> + Mlog |g| — log R+ O(1),

we derive from (15), by putting

H
R:=lq™¢ exp(—), 16
lql W (16)

our final inequality

log ‘M - 1‘ < (M+G)loglg| — £+O(1) = <M+G— TH) log |g| 4+ O(1).
CH 20 /
(17)
By our choices of L, M and G in (12) and by the hypothesis (1 — g)¢ < h+ mk we
shall introduce in Lemma 4 below, we see that the right-hand side of (17) tends to
—o0 as N — 00.
Note that |g|“R is large if N is large, cf. (16). Note also that our choice of R
in (16) guarantees also that R > max(|q|, 'yl)|q|A~4, since (1 — g)¢ < h + mk. Thus
taking (17) into account we get

J(N) = (1 +o(1))cn,

and applying (11) gives us the following asymptotic evaluation of our integral.
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LEMMA 4. Choose L, M and G as above and assume that (1 — g)¢ < h + mk. Then
the following asymptotic equation holds:

|I(N)| _ |q|—(;—Q‘Z(h+mk)2+gm(h+mk))N2+O(N)‘ (18)

5. Denominators

Above we saw that
k—1 m—1

IN) € K+ > D Kf9™).

o=0 pu=0
Our next aim is to find an Q(N) € Ok such that

k—1 m—1

A = QN)I(N) € Ok + > >~ OxfO(g7"). (19)

o=0 pu=0

To this effect we first construct (N) in such a way that Q(N)I(N) has coefficients
in Og|q|, and after that, we multiply away the denominators of the powers of q. As
in [5], our Q(N) will be of the form ©;(N)Q,(N)Q3(N), where ;(N) takes care
of the terms coming from the f(a) (qGH ), 2(N) of pure powers of g, and Q3(N)
of all the others.

To begin with ;(N), let s be as in Lemma 1. Because of (8), we are interested in

-1 A
Rox(@ *2) = Roalq *"2) = [ [ Rol@" M"2) = [ [ Ro(g "™2).
£=0 k=1

Clearly,
A
S)\( H qfnm) RO,)\(Q_)\Z) — EQ,)\(Z)
k=1

is a polynomial in ¢ and z with integer coefficients, and the same holds for

A d Ikm AN _. D
5 (Hq )RM(Q 2) =: R\(2). (20)
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<Ro A(l A2) ) -
(Rie=)”
Ro )\ Z

it follows that

Since

’
z=q "

A 1 (o—T7)
- )\( Zﬁm) ( )
=8 q =
z=q " =1 RO,/\(Z)

_ (ﬁl,xz))“’)
2=qH Ro,)\(z)

(¢ Ror(g™) "™

’
z:q*lt

works as a denominator for f(o) ( Gﬂ) with G+ j = —Am — p < 0. Since here
X < gN + 1/m, the product Q;(N)f© (¢ is, for all possible G + j, a linear
form in 1 and the f(”)( ) with coefficients from Og[q| if we choose

"MW if g = 0

QU (N) = m—1 gN+0(1
O(N)H H RO —Kkm— u Zmnk: ifo<a<1
> gx 1.

To study ©,(N) and Q3(N), we consider each term in (4). In the first term,
we estimate

i
k -
D (ki +0y)j < SM(M +1) + M(L = 0 +1),
j=0
and therefore
M k
Go = (kj+0)j > =3 M(M +1) = ML+ O(N).
J=0

Moreover, by Lemma 1, for all 0 < o < L, the expression

Co HS(QV - a())

0<v<L

1
becomes a polynomial in Og|Q] of degree not greater than EL(L+ 1) after omitting

the factor corresponding to v = 0 in case ap = 1. (We remind that ay = Ry(0).)
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In the second sum on the right-hand side of (4), the following product appears

M J M—j k-1
H(qj_qz')km:qm1>k/2+<Mf>jk+<MM>j,(Hq_1 Tl0-¢ ) y
lz?:(]) i=1 i=1
j - it
« (e -v-TTa-a)): (Hq““ Sy ILe-dr). e
i=1 i=1 i=j+1

For the pure powers of q, we note that in this case
k . ~ k
I\ L+o+ = (3—1)+k( -j)+M-M gML+5M(M+1)+O(N).

Finally, in the third sum of (4), the following product appears

ﬁ ki g3 MU )+ 3361+ (=) H (H —1)- H (1-¢ )
2

i=j—M i=1

(22)
Furthermore, we have the following inequality

j(L+2(j—l)+M ]>+kTM(M+1) ML+I;M(M+)+O(N).

Note also that the g-binomial coefficient

M J M-j

[T« -/ (I« - v ITw - )

i=1 i=1 i=1
lies in Z[q|. The preceding considerations and (4) imply that we may finally choose

0 (N) = qML+kM(M+1)/2+O(N)’

M+t M+w

Q(N) = (k- 1)1 O - [T o™ 1@ -1

p=1

where w := max(t, £) and ®,, is the nth cyclotomic polynomial.
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Now Q(N)I(N) has coefficients in Og|[q], and next we consider the degree
of these coefficients with respect to g. For this purpose, we note first that the following
estimate holds:

- 1 3
deg Q(N) < EkﬁngzNz + M(kM + L) + = (k — 1)M* + O(N log N).
s

Moreover, in the first multiple sum on the right-hand side of (4), we obtain

i
> (ki +0j)i >

J=0

M(M +1).

N

For all 0 < j < —G, the denominator in the second term of (4) contains, by (21),
the factor

‘ ‘ _ i Mo Nkl M _
Dyt 6o (Tl n[Ta-¢))  (ITw-nIT0-4)
i=1 i=1 i=1 i=1
of degree
k k. . 1 ~ - k
deg D; = 5M(M+1)+§j(j— 1)+]L—|—§(M—M)(M+M+1) > 5M(M+1).

Finally, we have to estimate the difference of the degrees of the numerator and
denominator of the coefficients in the second and in the third terms on the right-
hand side of (4) in the case when j > —G. We shall show that this difference is also
< —kM(M + 1)/2 + O(N).

For the second term of (4) we use (7) and (21), and note that

14 "2 )
5= ((G+3)" =m(G+) = wlp = m)) ~

—SMM A1) = 55— 1) - jL.

deg Ryx(¢™") — deg D; <

By the hypothesis of Lemma 4, we have (1 — g)¢ < h + km. Thus, the right-hand
side of the inequality just obtained is decreasing in the interval -G < j < M, if N
is sufficiently large. Furthermore, we easily see that

k
deg Ry \(¢" ") — deg D; < _EM(M+ 1) + O(N)
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and

k ¢
—S MMM+ 1) > 2—(G+M)2—ML—kM2+O(N). (23)
m
For the third sum in (4) we apply (7) and (22). Let
o J M-j
_ qu+%M(M+1)—§j(j+1)+Mj H (¢ - (H ¢ —1) H (1-¢ >
i=j—-M i=1 =1

Here M < j < M and

deg Roa(q™) — deg By < 5 (G +9~m(G +9)-plp —m) -

k-1 k. I

Again, by the inequality (I — g)¢ < h + km, the right-hand side is decreasing in
the interval M < j < M, if N is sufficiently large, whence
u ¢ 2 2 k
deg Ry x(q ")—deg E; < 2—(G+M) —ML-kM"+O(N) < —EM(M+1)+O(N),
m
where the latter inequality follows from (23).
Combining the above considerations, we establish the following result.

LEMMA 5. If (1 — g)¢ < h+ km, then Q(N)I(N) is a linear form in 1 and f(a)( "),
0 < o<k, 0<pu<m,wih coefficients in Ok|q|. For all N sufficiently large,
the degrees (with respect to q) of these coefficient polynomials are bounded from
above by

1 k 3
D(N) := ElczzngzN2 + EMQ + ML+ (k- 1)M* + O(N log N).

By Lemma 5, we can set in (19)

Q(N) = "M(N).

6. Final proof of Theorems 1 and 2

Within the assumptions of Theorem 1, let us suppose that (1 — g)¢ < h + km,
in order to be able to use the results of Sections 4 and 5. To apply Nesterenko’s
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dimension estimate (Lemma 2) we need an upper bound for ||Ay]|, the ,-norm
of the vector of the coefficients of (19), i.e., of

k—1 m—1

Ay =QN)I(N) € Ok + Z Z Oxf(g™").

=0 pu=0

Obviously, the absolute values of the coefficients of f(a) (¢g”") are bounded from
D) gOM) Note that in the second sum in (4) a bound or order O(N*)

would be enough to take care of summations, binomial coefficients, and derivatives.

above by |u|

By Lemma 4, the same also holds for the ‘constant’ term. Thus, for all sufficiently
large N, we get
m 2
—TyN* log |u| + O(N log N),
20 (24)
Ty := kml*g*+kml+2hi+61 2 (k—1)md.

log [[Ay[| <

By Lemma 4 and by the definition of S~2(N ), we also have

- 1 3
log [Ay| = log(jv| "™ |Q(N)I(N)]) = D(N) log [v] + (Ekzng%;(k—l)ml

D)+ gym(i om) ) ¥ 0g g+ O( oz M) -
— —g <(1 —n((h+ km)* + 20g(h + km) — kmt) — F0> N’ log |u| +
+ O(N log N). (25)

Now Lemma 2 implies the following dimension estimate

k—1 m—1

. ~ h + km)? + 20g(h + km) — kmZ
d K Kf% " s >(1- ( .
e { +2 2 K% )} =) Fomtg® + km + 2 + 62 (6= Dym)

(26)

Here, for all 0 < g < 1, the right-hand side is an increasing function of h in

o=0 p=0

the interval 0 < h < 1, and therefore we are interested in

(14 km)? + 28g(1 + km) — kmé
L(kmlg* + km + 2+ 67 2(k— 1)m)’
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The maximal value of this quotient in the interval 0 < g < 1 is C(k, £, m). Since
C(k, ¢, m) < 1for £ > 1+km, Theorem 1 holds trivially in this case. If £ < 14 km,
then (1 —g)¢ < 1+ km, and we may again use C(k, £, m) as the bound. This proves
Theorem 1.

We note that Remark 3 after Theorem 1 follows immediately from (26), since
the inhomogeneous parts of Theorems 1 through 3 of [9] are obtained by the three
choices h=0,g=0;£=1,h=0,g=1; g = 0, respectively.

As we mentioned at the end of Section 3, to make sure that in the homogeneous
case Ry = 0 of (1) the integral I(N) becomes a linear form in f(”)(q_“ ), 0< o<k,
0 < p < m, without the ‘constant’ term, we have to choose L = 0 & h = 0
(see (12)). Thus, by (26), in this case

bl mol k2m + 20gk — k¢
aimic { S0 KFNG) > (1= e ()

o=0 p=0

if (1 —g)¢ < km. The maximum of the rational function on the right-hand side
in the interval 0 < g < 1 equals é(k, ¢, m). If £ > km, then 5’([6, L,m) < 1,
and Theorem 2 is true, since f(1) # 0 by the assumption that Ry(g?) # 0 for
every integer j > m. If £ < km, then we also have (1 — g)¢ < km, and we can
use 5(19, £, m) as a lower bound. Thus, Theorem 2 is proved. We also see that
the homogeneous parts of Theorems 1 and 2 of [9] follow from (27) by setting
m=1,g=0and m=/¢=1, g= 1, respectively.

By the above considerations, we clearly have C(k, £, m) > 5(k, ¢, m). Further,
after some minor calculations, we see that

N km
C(k, £, m) > L(14-6m2(1—1/k))

— 1 if km > L(1+612(1-1/k)),

and the result is trivially true if km < £(14 6 *(1—1/k)). Thus, Remarks 4 and 6 hold.

7. Proof of Theorem 3

Due to the hypothesis of Theorem 3, we can apply our previous assumptions
concerning the special situation k = ¢ = 1, Ry = 0, and v = ¢, v = 1, since
g € Og. As explained before, we have to choose again h = 0, whence we get
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that (24) and (25) reduce to
m
log lAyll < S ToN" loglg| + O(Nlog N)  with Ty =m(g"+1),  (28)
m
—10g|AN(g)|:5(1“1—I‘O)N210g|q|+O(NlogN) with T'j=m(m+2g—1). (29)

Here w denotes the vector (f(1), f(g”'), ..., f(q_(m_l))) € E™, E being as in
Lemma 2. Since we shall be able later to fix g € [0, 1] in terms of m in such a way that

I > (m — l)Fo (30)
(hence T'; > TI'y), we are now in a position to choose functions G*, H*, G, B*

satisfying conditions (i), (ii), (iii) in Lemma 3.
By (29), we first define
G*(N) := —(I'y = [o))N*log |g| + 6, N log N,

H*(N) := —(I'; = Ty)N’log || — 6;Nlog N,

SIERE

where 6; > 0 can be suitably fixed, independently of the parameter N. Thus,
the condition (i) is satisfied. Next, from (28) and the preceding definition of G”,
we can obtain
* m 2
G(N) +log [|Ay]l < T\ N logg| + 6, N log N
if we fix 6, > 0, appropriately. Therefore, the choice
m 2

G(N) := 3F1N log |q| + 6,N log N (31)

satisfies the condition (ii). In view of (iii), we first notice that
m
G(N + 1) — H*(N) +log 2m = 5F0N2 log |g| + (61 + 6;)N log N + O(N),

and this suggests us to fix 65 > 6, + 6, and to choose then

B(N) = %FoNz log |g| + 65N log N.
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Choosing here 6; a bit larger if necessary gives log [[Ay|| < B*(N), see (28). Hence
the conditions (i), (ii), (iii) of Lemma 3 are satisfied, and we fix Ny so large that
all the four functions G*, H", G, B* are monotonically increasing for N > N.

Given now an arbitrary vector A = (Ao, ..., A1) € O with |A|, or equiv-
alently, ||A|| large enough (note that |A| < [|A]] < v/m|A|), we choose N, as
the smallest integer > N, satisfying

G(N;+1)>(m—1)B*(N;) +log||Al| + 64, 04:=G(Np) +max(0,—log||wl]). (32)
That this is possible can be easily seen from the inequality

G(N+ 1) — (m— 1)B*(N) > %(Fl — (m— 1)To)N? log |q| — 65N log N

deduced from the above definitions of G'and B*, where we put 0s5:=(m—1)8;—6, (> 0).
We remind here that we shall finally provide the inequality (30). From the definition
of N; in (32) and from the monotonicity of B* we conclude that

G(Ny) < (m — 1)B*(N,) + log || Al + 64,
which we slightly weaken to
m
TN} log |g] < log ||A]| + 8Ny log Ny, T := 5 Ti=(m=1ry)  (33)

with ¢ a bit larger than 6s;. Notice here that N| becomes large if and only if so
does [|A]l.

Now all the conditions of Lemma 3 are satisfied, so we can estimate from
below the absolute value of the linear form

A@) = Xf(1) + -+ A1 fg ")
with the given A € O% as follows, where we first use (31).
m
log [A(w)] > —log 2-+log [|All - = T'1(N; + 1) log lg|— (N + 1) log(N; + 1) >

m D) mI’y
> log ||A||—3F1N1 log |g|—03N; log N, > | 1 — T log [|A||—67N, log N,.
(34)



105] Arithmetical results on certain g-series, 111 25

Here we applied (33) for the latter inequality, and we put 87 :=6;+8/(1—(m—1)Ty/T).
From (33) one can easily deduce that, given any ¢ € R, there exists a constant
C € R, such that ;N log N; < elog||Al], if ||A]l = C, whence by (34) and
by the definition of ' in (33) we get the inequality

m — 1
(Pl/F()) - (m - 1)

log |[A(w)] > — ( + 6) log [|Al (35)

for such A. Clearly, our last aim is to maximize I';/Ty = (m + 2g — 1)/(¢> + 1)
by choosing g € [0, 1] suitably. An easy computation shows that this quotient is
maximal in [0, 1] if and only if

— B 2
( (m=1) +4_(m_1)>_ (m—12+4+(m—1)

and, for this g, the quotient under consideration becomes

;—;:%(m+(m—l)>,

so that the validity of (30) is obvious. Inserting this in the right-hand side of (35)
leads to

N =

g:

|A(w)| > ||A||—(1/1(m)+e) > (vVm |A|)—(7/1(m)+5)

with [A| and ¥(m) as defined in Theorem 3, which is therefore proved.
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