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1. Introduction

An asymptotic behavior of the probabilities of Erd6s—Rényi random graph first-order
properties is studied in the article. In this section we briefly describe the history
of the problem and introduce necessary definitions. At the end of the section we
formulate our main result.

Let N € N, 0 < p < 1. Denote the set of all undirected graphs without loops
and multiple edges with a set of vertices Vy = {1, ..., N} by Qy = {G = (Vy, E)}.
The Erdds—Rényi random graph (see [1], [3], [6], [9]) is a random element G(N, p)
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of Qy with a distribution Py, on Fy = 29 defined as follows:
N —
Py,(G) = pIEI(l _ p)(z) 2l

The random graph with given p = p(N) obeys zero-one law with a class of

properties C if for any property C' € C either lim Py ,(C) =0or lim Py,(C) = 1.
N—00 N—oo

The class of the first-order properties is the most studied class in this area.
Such properties are expressed by first-order formulae (see [2], [4]). These formulae
are built of predicate symbols ~, =, logical connectivities =, =, <, V, A, variables
z,Yy, ... and quantifiers V,3. Symbols x,y, x;... express vertices of a graph.
The relation symbol ~ expresses the property of two vertices to be adjacent. The
symbol = expresses the property of two vertices being coincident. We denote by
P a class of functions p = p(N) such that the random graph G(N, p) obeys the
zero-one law with the class £ of all first-order properties. In 1969 Y. V. Glebskii,
D. I. Kogan, M. I. Liagonkii and V. A. Talanov in [8] (and independently in 1976
R. Fagin in [7]) proved that if

Va >0 N®min{p,1—p} — o0, N — o0,

then p € P. Moreover in 1988 S. Shelah and J. H. Spencer (see [11]) expanded
the class of functions p(N) «that follow the zero-one law». They proved that the
functions p = N"*, a € R\ Q, a € (0,1), are in P. Surely p=1—- N> € P
when @ € R\ Q, a € (0,1).

If « is rational, 0 < o < 1 and p = N~ then G(N, p) does not obey zero-one
law (see [1]).

Denote by £*, £L* O L, a class of all properties expressed by formulae
containing infinite number of conjunctions and disjunctions. A class £3°, £3° C L™,
containing all properties expressed by formulae with quantifier depths bounded by
the number k, in the frame of zero-one laws was considered by M. McArtur in 1997
(see [10]). M. McArthur obtained zero-one laws with the class £3° for the random
graph G(N, N~%) with some rational o from (0, 1]. As for these rational « the
random graph G(N, p) does not obey the zero-one law with the class £, it seems
natural to consider the class £ = £ N £7°. In 2010 (see [14], [15]) we proved that
if k>3, a € (0,1/(k—2)) the random graph G(N, N~%) obeys zero-one law with
the class L. We also proved that when oo = 1/(k—2) the random graph G(N, N~%)
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does not obey the zero-one law with this class. This result led us to the following
question. Do probabilities Py -4 of all properties from £, converge?
Let us state the main result of the article.

1
THEOREM 1. Letk >3, p=N"% a= 7 For any property L € L}, there exists
lim Py,(L).

N—oo

We give a proof of Theorem 1 separately for the case kK = 3 in Section 4
and for the case k > 4 in Section 8. This proof (for the last case) is based on
a number of statements from Section 6 and Section 7. The mentioned statements
are proved in Section 9. The main statement is Lemma 1 which is related to the
Ehrenfeucht game (see Section 3). It plays a key role in proofs of zero-one laws and
other statements on first-order properties. We introduce all necessary constructions
in Section 5 which is divided into 4 subsections. We describe its structure in the
end of Section 2 which is devoted to some important and well-known theorems on
extensions of small subgraphs in the random graph.

2. Distribution of small subgraphs

For an arbitrary graph G denote by v(G) and e(G) the number of its vertices and
e(G)
v(G)

of G. The graph G is called balanced if for any subgraph H C G the inequality
p(H) < p(G) holds. The graph G is strictly balanced if for any subgraph H C G the
inequality p(H) < p(G) holds.

Let us describe a problem studied by J. H. Spencer in 1990 (see [1], [12]).
Consider graphs H, G, H,G. Let V(H) = {z\, ...z}, V(G) = {=z\,..., 11},
V(fl) =A{Z, ..., Tr}, V(é) ={%,..5},HCG HC G (therefore, k < 1). The
graph G is called a (G, H)-extension of the graph Hif

the number of its edges respectively. The number p(G) = is called the density

{z;,,z;,} € B(G)\ E(H) = {%;,%;,} € E(G) \ E(H).

If
{zi,,z;,} € B(G)\ E(H) < {%;,%;,} € E(G) \ E(H)

then we call G a strict extension. Set

v(G, H) = [V(G)\V(H)|, e(G,H) = |E(G)\ E(H)|.
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Fix an arbitrary o > 0,
fo(G, H) = v(G, H) — ae(G, H).

If the inequality f,(S, H) > 0 holds for any graph S such that H C S C G then
the pair (G, H) is called a-safe (see [1], [9], [12]). If the inequality f,(G,S) <0
holds for any graph S such that H C S C G then the pair (G, H) is called «-rigid
(see [1], [9]). The pair (G, H) is called «-neutral if the following three properties
hold. For any vertex x of the graph H there exists a vertex of V(G) \ V(H) adjacent
to x; fo(S, H) > 0 for any graph S such that H C S C G; fa(G H)=0.

We introduce a definition of a maximal pair. Let HcGcC I' T CK,
|V( )| < |V(G)|. The pair (G, H) is called (K, T)-maximal in T if for any subgraph
T of G such that |V(T)| = |[V(T)| and TN H # T the following property holds.
There is no (K, T)-extension K of T in T\ (5 \ T) such that each vertex of

V(K) \ V(T) is not adjacent to any vertex of V(G ) \ V(T). The graph G is called
(K, T)—maximal in T if for any subgraph T of G such that |V( )| = |V(T)| the
following property holds. There is no strict (K, T)—extension K of T in I'\ (G\ T)
such that each vertex of V(K)\ V(T is not adjacent to any vertex of V(G) \ V(T).

Let o € (0,1]. Let a pair (G, H) be a-safe. Let V(H) = {zi, ..., zx},
V(G) = {zi, ..., z;}. Denote a set of all a-rigid pairs (K;, T;) such that |V(T;)| <
< [V(G)], [V(E)\V(T;)| < r by x18id(r) . Consider a set £eUral () of all @-neu-
tral pairs (K;, T;) such that |[V(T;)| < [V(G)|, [V(K;) \ V(T;)| < 7.

Consider the random graph G(N,p). Let H C G, V(H) = {zy, ..., zx},
V(G) =A{=, ..., 21}, 21, ..., Ty € Vy. Define a random variable N u)(%1, ..., 1)
on the probability space (v, Fy, PN,p) as follows. The random variable as-
signs a number of all (G, H)-extensions induced on the set {Zj,...,Zx} in G
to a graph G from Qy. A graph X is called a subgraph of a graph Y induced
on a set S C V(Y) if V(X) = S and for any vertices z,y € S the proper-
ty {z,y} € E(X) & {z,y} € E(Y) holds. Let us give a formal definition of
Ne.m)(Z1, ..., Tg). Let W C Vy \{Z\, ..., Ty}, |W| = I — k. If there is a numeration
of elements of the set W by numbers k+ 1, k+2, ..., [ such that the graph G|z,
is a (G, H)-extension of a graph G|z,

.....

7} then we set Iy (G) = 1. Otherwme we

,,,,,

set Iyy(G) = 0. The random variable N g)(Z1, ..., Tp) is defined by the equality

N.m)(F1, .. B) = > Iy.
WCVA\{F1 Tk}, (W] =l—k
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THEOREM 2 [12]. Let p = N~%, a € (0, 1]. Let a pair (G, H) be a-safe. Then

lim PNp(V L1y eeny ’.’fk ’N(G,H)(ila N ik) - EN,pN(G,H)(ils veey Ek)’

N—=oo

< eExn,Nig.) (@1 ... h)) —1

for any € > 0. Here Ey, is the expectation. Moreover, Ey N m)(Z\, ..., Tk)) =
= O(NF(GH)),

In fact, the statement of this theorem means that almost surely for any vertices
T1, ..., T the relation

N.u)(Z1, ..., Tx) ~ ExpNe.m)(T1, ..., Th)

holds. In such cases we will use this notation.

In addition to Theorem 2 J. H. Spencer and S. Shelah (see [1], [11]) proved
a result on the number of maximal extensions of subgraphs in random graphs (in
the case of «prohibited» rigid pairs). In 2010 we extended this result by considering
«prohibited» neutral pairs (see [16]).

Let us define new random variables and formulate the corresponding re-
sults. Consider a random variable N(rég}?) (%1, ..., T) such that if G € Qy then

N&g}gr(fl, ’:Ek)[g] is the number of strict (G, H)—extensions G of the graph

,,,,,

the pair (G, H) (K;, T;)-maximal in g. First we formulate a result proved by
J. H. Spencer and S. Shelah in [11].

THEOREM 3 [11]. Almost surely for any vertices T, ..., Ty,

ik id [~ ~ o id [~ ~
(GgH) ( Tiy.es T ) ~ ENp (C:ng) (-'L'l,...,xk),

= ~ id [~ ~
N(G,H)(xla ey .’Ek) ~ ENp (ré;ng) (x ey .’L'k),

d - e aG,
Enp (éng) (@1, ..., Tk) = © (Nf( H)>.
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arneutral
N(G,H),r

that if G € Qy then ﬁg";})ril(il, ..s Z)|G] is the number of strict (G, H)-extensions

Recall a result from [16]. Consider a random variable (Z1, ..., Tf) such

.....

(K;, T;)-maximal in G for any (K;, T;) € xneutral(y),

THEOREM 4 [16]. Almost surely for any vertices T, ..., Ty,
N("ci‘éz’i‘f/(il, ey Tp) ~ EN,pﬁzqg,lg)r,arl(fl, . Tp) = O (Nf”(G’H)) .

Let us proceed on to the proof of Theorem 1. An idea of the proof is in the
analysis of the probability of the existence of a wining strategy for the second player
called Duplicator in the Ehrenfeucht game, which is defined in the next section.

3. Ehrenfeucht game

The main tool in proofs of zero-one laws for the first order properties of the random
graphs is a result proved by A. Ehrenfeucht in 1960 (see [5]). In this section we
formulate its particular case for graphs. First of all let us define the Ehrenfeucht
game EHR(G, H, i) on two graphs G, H with ¢ rounds (see [1], [2], [4], [5],
[7-11], [13=15]). Let V(G) = {1, ..., xn}, V(H) = {y1, ..., Ym}- At the v-th step
(1 < v < i) Spoiler chooses a vertex from any graph. He chooses either a vertex
z;, € V(G) or a vertex y; € V(H). At the same round Duplicator chooses a vertex
from the other graph. Let Spoiler choose the vertex z;, € V(G), j, = j, (v < p),
at the p-th round. Duplicator must choose the vertex y; € V(H). If at this round
Spoiler chooses a vertex zj, € V(G), Ju ¢ {j1, .- jﬂ,l}, then Duplicator must
choose a vertex y;, € V(H) such that j, ¢ {J}, ..., jj,_ }. If Duplicator cannot find

such a vertex then Spoiler wins. After the final round vertices x; , ..., z;, € V(G),
Yjs s Yji € V(H) are chosen. Some of these vertices might coincide. Choose all
pairwise distinct vertices: Ty, , ..., Tn,; Yl s s Ynls I < 4. Duplicator wins if and only

if the corresponding subgraphs are isomorphic:

THEOREM 5 [5]. Let G, H be two graphs. Let i € N be some natural number.
Duplicator has a winning strategy in the game EHR(G, H, 1) if and only if for any
first-order property L expressed by a formula with quantifier depth at most © either G
and H satisfy L or G and H do not satisfy L.



243] On the convergence of probabilities 125

4. Proof of Theorem 1 for the case £k =3

From Theorem 2 and Theorem 4 it follows that there exists a set ?ZN C Qp such
that the following property holds. For any G € £~2N, tree X and any Y C G such
that v(X) < 21, v(Y) < 21 there exists an isolated vertex in G\ Y and a component
isomorphic to X in G. Moreover, z\lfl—r& Prp(Qy) = 1.

Let us call a vertex x of a triangle in a graph A extendible in A if there exists
a vertex y in A not from the triangle such that z ~ y in A. The vertex x is
single—extendible in A if there exists a vertex y in A not from the triangle such that
x ~ y in A and there is no vertex z in A such that z #% z and y ~ z in A. The
vertex x is double—extendible in A if there exist vertices y and z in A not from the
triangle such that z ~ y, y ~ z in A and there is no vertex w in A such that z ~ w
in A. The vertex x is triple—extendible in A if there exist vertices y, z and w in A
not from the triangle such that £ ~y, y ~ z and z ~ w in A.

Let A and B be two graphs. Let A contain a triangle with a vertex =z, B
contain a triangle with vertex y. If the vertices £ and y are both single—extendible,
or both double—extendible or both triple—extendible we say that these vertices are
extendible in the same way.

Introduce the following notations. Let AL C Qy be the set of all graphs G
that contain a triangle which have no extendible vertices in G. Let Ai, C Qyp be the
set of all graphs ¢ that contain a triangle which have exactly one extendible vertex
in G. Obviously, this set is the union of 7 disjoint subsets depending on a type of
the extendible vertex (single—extendible but neither double—extendible nor triple—
extendible, double—extendible but neither single—extendible nor triple—extendible
etc.). Denote these subsets by A3(5), 5 € {1,...,7}. Let A3} C Qy be the set of
all graphs G that contain a triangle which have exactly two extendible vertices in
G. Obviously, this set is the union of 49 disjoint subsets depending on a type of the
extendible vertices A3 (j), j € {1,...,49}. Let A% C Qu be the set of all graphs
G that contain a triangle such that all its vertices are extendible in G. Obviously,
this set is the union of 343 disjoint subsets depending on a type of the extendible
vertices A% (5), 7 € {1,...,343}.

Let

QYR = QN AR NAR N AV N A,

where i; € {0,1}, 4 € {0,1,...,7}, i3 € {0,1,...,49}, iy € {0, 1,...,343},
./43\’]0 - QN\Aﬁva i€ {1;2’3’4}> A}\}l - AJIV’ "4'3\?7 = A?V(J)’ i € {2’ 3’4}’
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je{l,...,77'}. Obviously,

O 11,12,13,84
Ov= | ] ay™®n

11,82,13,%4

Let N MeN, i, €{0,1},4,€{0,1,...,7},43€{0,1,...,49}, i, € {0, 1, ...,
343}, G € QUi g e QU Consider the game EHR(G, H, 3).

Let us suppose that two rounds are left and the vertices z,z, € V(H),
Y1, Y2 € V(G) are chosen. Let in the third round Spoiler choose a vertex which is not
adjacent to any of the previous vertices. For example, he chooses the vertex = € G.
Then the pair (Gl(z, 2,2}> Gl{z,.2,}) i 1-safe. As H € Q.. there exists a vertex y in
V(#) such that the graph #|gy, 4, 41 is the strict (Gl(z, 2,.0}> G l{z,.2,}) -€Xtension of
H{y, 4o} - Therefore, Duplicator wins by choosing y. In the next paragraph we return
to the first round and consider different moves of Spoiler. But in all the cases we do
not consider the above mentioned situation of choosing an «isolated» vertex.

Let in the first round Spoiler, for example, chooses the graph G and a vertex x;
in G. Let there be a triangle X = ({z|, 22, 23}, {{z1, 22}, {z>, 3}, {z1, 23}}) in
G and a set I C {I, 2,3} such that each of the vertices x;, i € I, is extendible
in G and each of the vertices x;, 7 € {1,2,3}\ I, is not extendible in G. Then
there is a vertex y; € H such that the following property holds. There is a triangle
Y = ({y1, 2, 43} {{y1, v2}. {v2, w3}, {w1, 23}}) in H and a set I C {1,2,3} such
that each of the vertices y;, ¢ € I, is extendible in H and each of the vertices vy;,
i € {1,2,3}\ I is not extendible in . The vertices x;, y; are extendible in the
same way for each ¢ € I.

Let in the second round Spoiler choose a vertex of a triangle (X or Y) with the
number ¢ € {2, 3}. Then in this round Duplicator also chooses the vertex from the
remaining triangle with the same number. Let, for example, ¢ = 2. At the beginning
of the third round the vertices zi,z; € V(G), y1,y> € V(H) are chosen. These
pairs of vertices are adjacent (x; ~ x,, y; ~ y). Moreover, there exist vertices
x3 € V(G), y3 € V(H) such that z3 ~ x|, 3 ~ Ty, Y3 ~ Y1, Y3 ~ yp. If in the
third round Spoiler chooses either a vertex adjacent to both z; and x, or a vertex
adjacent to both y; and y,, then Duplicator chooses either the vertex y; or the
vertex x3 in the remaining graph and wins. If in the third round Spoiler chooses
a vertex witch is adjacent to only one of the chosen vertices, then Duplicator can do
the same as the vertices x; and y; are either both extendible or both not extendible,

je{L,2}.
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Let in the second round Spoiler choose a vertex outside the triangles X and Y.

Let, for example, Spoiler choose z? € V(G).

— If 2?2 ~ z,, then suppose there is a vertex z € V(G) such that z ~ z,
z ~ a2 In this case p(Glizmuiary) = & > 1. As G € Qy, there is no
such vertex z. If there is a vertex z such that z ~ z2, then the vertex z; is
either double—extendible or triple—extendible in G. Then the vertex y, is either
double—extendible or triple—extendible in 7 as well. Therefore, in H there are
vertices 32, w such that y; ~ y?, y*> ~ w. Duplicator chooses y>. If in the
third round Spoiler chooses the vertex which is adjacent to the vertex chosen
in the first round, Duplicator can do the same by choosing the vertex of the
triangle. If the third vertex of Spoiler is adjacent to the vertex from the second
round, Duplicator can find a vertex with the same property as vertices xi, ¥,

are either double—extendible or triple—extendible.

— If 22 = z, then suppose there is a vertex z> such that z3 ~ z;, z° ~ 22

Therefore, the vertex x; is either double—extendible or triple—extendible in G.
If it is double—extendible (i.e. there is no vertex z which is adjacent to z?),
then the vertex y, is double—extendible in H as well. So, there are vertices
y?,y® in V(H) such that y; ~ 3, y* ~ y*. There is no vertex w € V()
such that ? ~ w. Duplicator chooses . If in the third round Spoiler chooses
a vertex adjacent to both of the chosen vertices in the first two rounds, then
Duplicator chooses either the vertex x> or the vertex 4* and wins. If in the third
round Spoiler chooses the vertex which is adjacent to the vertex chosen in the
first round, Duplicator can do the same by choosing the vertex of the triangle.
If the vertex x; is triple—extendible in G, then the vertex y; is triple—extendible
in H as well. In other words, there are vertices ¥, y>, w in V(#) and z € V(G)

2 ~ z. Duplicator chooses y>. If in the

such that y; ~°, ¥’ ~ %, P ~w, =
third round Spoiler chooses a vertex adjacent to both of the chosen vertices
in the first two rounds, then Duplicator chooses either the vertex z> or the
vertex y°. If in the third round Spoiler chooses the vertex which is adjacent to
the vertex chosen in the first round, Duplicator can do the same by choosing
the vertex of the triangle. If Spoiler chooses the vertex, which is adjacent to
the second vertex, the Duplicator chooses either the vertex z or the vertex w
and wins.

Suppose, finally, there is no vertex z° € V(G) such that z° ~ x|, 3 ~ 2%, If
in G there is a vertex z such that z ~ 22, then in # there is an isolated edge
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y? ~ w (it follows from H € Q ). Duplicator chooses 3. If in the third round
Spoiler chooses 2° ~ x, then the vertices x; and y; are extendible. Therefore,
there exists a vertex y® € V(#) such that y* ~ y,. Vertices y?,y° are not

adjacent, because w is the only vertex which is adjacent to y>. If 3 ~ 2, then
2

b

Spoiler chooses w and wins. If in G there is no vertex z such that z ~ z
then there is an isolated vertex y* in H (as H € Q ). Duplicator chooses 3°.
If in the third round Spoiler chooses x* ~ x|, then the vertices z; and y;
are extendible. Therefore, there exists a vertex y°> € V(%) such that y* ~ y.
Duplicator chooses 3° and wins.

If there is no triangle, containing the vertex x, then we should find a «maximal
local tree» for x; in G. We define this «local tree». Consider the following graphs:

V(Al) = {al, a3z, a3, a4, as, Qg, 07},

E(4)) = {{a1, a2}, {as, a3}, {as, aa}, {ay, as}, {as, ag}, {a1, ar}};
V(4)={a1.a2.05.00.05.06}, E(d)={{a1,a2}.{az.a5}.{as.a4}.{ar.a5}.{as.a6}};
V(43) = {a1, a2, 03, a4, as}, B(43) = {{a1, a2}, {a2, a3}, {as, as}, {a1, as}};
V(44) = a1, a3, a3, a4}, E(As) = {{a1, a2}, {a2, a3}, {a3, as}};

V(4s) = {ar, a, a3, s}, E(4s) = {{a1, a2}, {ar, a3}, {a1, as}};

V(4g) = {a1, a3, a3}, E(4) = {{a1, a2}, {ar, a3}};

V(47) = {a1, a2, 03}, E(47) = {{ar, ax}, {ar, as});

V(4s) = {a1, a2}, E(4g) = {{a1, ar}}.

As H € S~2M, for each 7 € {l,...,8} there exists a component in # which is
isomorphic to (V(A4;), E(4;)). Let the graph G satisfy a property B;(x;) for some
i € {1, ..., 8} which is defined in the following way: there is a subgraph isomorphic
to the graph (V(4;), E(4;)), such that the image of the vertex a; equals x;. Let
¢ : (V(4;), E(4;)) = X be an isomorphism such that X C G, ¢(a;) = z; and
i €{l,...,8} is the maximal number such that G satisfies the property B;(z).
Denote by Y the component in A such that Y = X. Let y; be a vertex of Y
such that the graph Y is a strict (X, ({z}, @))-extension of the graph ({y;}, &).
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Duplicator chooses y;. If in the second round Spoiler chooses the vertex z, € V(G)
such that x| ~ x,, then there is no vertex in G adjacent to both x; and x,. If there are
vertices 2!, 22 € V(G) such that x; ~ z', z, ~ 22, then i € {1, 2, 3, 5}. Therefore,
in Y there are some vertices 7,, w!, w? such that y; ~ y»,y; ~ w', y» ~ w? and
there is no vertex y in H such that y; ~ y, y, ~ y. If there is a vertex z' ~ z;,
but there is no vertex 2> ~ x,, then i € {3,5,7}. Therefore, in Y there are some
vertices 4, w' such that y; ~ y,,y; ~ w', but there is no vertex w? such that
y» ~ w?. If there is a vertex 2> ~ z,, but there is no vertex z! ~ z;, then i € {4, 6}.
Therefore, in Y there are some vertices y,, w? such that y; ~ v, y» ~ w?, but
there is no vertex w' # y, such that y; ~ w'. If in G there are no vertices z', 2°
such that z' ~ |, 2> ~ x,, then i = 8. Therefore, in Y there is a vertex y, such
that y; ~ y,, but there is no vertex w adjacent to either y; or y,. Thus, in the third
round Duplicator wins.

If in the second round Spoiler chooses a vertex x, € V(G) such that x| » x,
then consider the following two cases.

— In G there is a vertex x3 such that x; ~ z3, x, ~ x3. If there is a vertex

z € V(G) which is adjacent to x, in G, then i € {1, 2, 3,4}. Therefore, in Y
there are some vertices ys, y3, w such that y; ~ y,, Y| ~ Y3, Yo ~ Y3, Yo ~ W.
Ifin G there is a vertex x> ~ x|, > # 3, then i € {1, 2, 3}. Thus, in Y there
is a vertex y> ~ y;, > # y3. If in G there is no vertex 2> such that 2> ~ x|,
x? # x3, then i = 4 and, therefore, in Y there is no vertex y> such that
y*> ~ vy, y* # y3. Therefore, Duplicator chooses 3, and wins independently
of the third move of Spoiler.
If there is no vertex z € V(G) which is adjacent to z;, in G, then i € {2, 5, 6}.
Therefore, in Y there are vertices ¥,, y3 such that y; ~ vy, y; ~ Y3, Yo ~ Y3
and there is no vertex w such that y, ~ w. If in G there is a vertex 2> ~ x|,
x? # x5, then i € {2, 5}. Thus, in Y there is a vertex 3> ~ y;, y> # y3. If in
G there is no vertex 2 such that z> ~ z;, > # x3, then ¢ = 6 and, therefore,
in Y there is no vertex y* such that y> ~ y;, y> # y3. Therefore, Duplicator
chooses y, and wins independently of the third move of Spoiler.

— In G there is no vertex 3 such that z; ~ z3, x5 ~ x3. From the definition
of X it follows that there is a vertex z' € V(G) which is adjacent to z; in

2 ~ x, then in # there is an isolated edge y* ~ ¥,

G. If there is a vertex x
(as H € ﬁM). Therefore, Duplicator chooses y, and wins in the third round.

If the vertex x is isolated in G, then there is an isolated vertex y, in H (as
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HeQD u)- Duplicator chooses y, and wins independently of the third move of
Spoiler.

We prove that for any i; € {0,1}, i, € {0,1,...,7}, i3 € {0,1,...,49},
iqg € {0, 1,...,343}, N, M € N and any pair of graphs G € Q""" H € Q};>""
Duplicator has a winning strategy in the game EHR(G, H, 3). One can prove that

21,22,13,%4

there exist limits ]\}grgo P(Qy ) (the proof is similar to the proof of Lemma 2).

Let L be a first order property expressed by a formula with a quantifi-
er depth at most 3. By Theorem 5 for each i, € {0,1}, i, € {0,1,...,7},
i3 € {0,1,...,49}, iy € {0,1,...,343} its truth is the same for all graphs
from ey Q"""
fying the property L is the union of Qf\‘,’iz’i”“, (21,12, 13,%4) € I, for some
IC{0,1}x{0,1,...,7}x{0,1,...,49}x{0, 1, ..., 343}. Therefore, Py ,(An(L))

converges too. Theorem is proved.

. The subset Ay(L) C Qn consisting of all graphs satis-

In the next section, we introduce all the constructions which are necessary for
the proof in the case k > 4. It consists of 4 subsections. The main constructions used
in the proof of Lemma 1 are introduced in Subsections 5.3, 5.4. These constructions
are maximal for all a-neutral and «-rigid pairs that the first player called Spoiler
can build during k& rounds. In Subsection 5.2 the notion of a closure [A]s for
a subgraph A of some graph G is introduced. This closure «contains» all a-neutral
pairs. So, in Subsections 5.3, 5.4 graphs containing a maximal number of «-rigid
pairs are constructed. Then closures of such graphs are considered. In Subsection
5.1 all necessary pairs of graphs are defined.

5. Constructions

Let k > 4 be an integer. In what follows we assume o = 1/(k—2). So, we will write
f(G, H) instead of f,(G, H) everywhere below.

5.1. Additional graphs

te{l,...k=2}, 4 €{1, .., k=2}, i € {1, ..., k=2}\{i1}, ..., &z € {1, ..., k=2}\
\ {41, ..., i;_1 }. We use these constructions to define the winning strategy of Dupli-
cator in different cases as it was done in Section 4.

In the following subsections we will use pairs of these graphs. In fact, we are
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1) The graph G, is complete, V(G,) = {zy, ..., xx}, H, is an arbitrary graph on
the set of vertices V(H,) = {z\, ..., Tx_3}.
2) Let

V(H,) ={z1, ..., xp—_3, Tx_>}, FE(H,) — arbitrary;

V(Gz) = V(Hz) U {iEk_l}, E(Gz) = E(Hz) U {{CEl, CEk_l}, ey {xk_z, -Tk—l}}-

3) Let t € {1,...,k—2}, ¢y € {1,...,k =2}, i € {1,....,k =2} \ {i1}, ...,

V(GY) = V(G U{a}},
E(GY) = BE(Gy) U{{z1, 2} }, oo {zio1, 7 13\ {{zi), 23 1
V(G = V(G ) u e

E(GY ") = B(GY " u{{ay, oY, o Lo, 2 Y\ ({23 1)

V(Gs) = V(H) U{Zrr1, Thio, Ty}
V(Gy) = V(Ga) U{aisa}, V(G) = V(Ga) U {hss, 2hps):

E(Gy4) = E(H)) U{{z1, Zts1}s s {Th-a> Tk }> {Z1, Tpin }s ooy {Th-3, Tt}
{z1, Teysts oo {2k-3, Tos b {Zer s T} {Trpns Trast {Trr2, Tras}h
E(G}t) = E(Gy) U{{z\, 9311@+4}’ ooy {Th-3, 56‘11c+4}> {Trt1, $11c+4}, {3, $11c+4}};
E(G3) = E(Ga) U{{m1, xhsa}s ooos {@hos, Thrad {m1, Bags}s oo {@hos, Trgs}

2 2
{Zhs1s $k+4}: {Zht1, Thys) {l‘k+4, Thys))

.....

where t € {1,...k—2}, iy € {1,..,k—2}, in € {1,...,k =2} \ {i1},
it € {1, ... k—2}\ {1, ..., 41}, are different.

Let t € {1, k—2}, iy € {1,k =2}, 4r € {1, k= 22\ {0}, -,
iy € {1, ...,k =2} \ {4, ..., 5;_ }. Consider the set S of all subsets of k — 2

ey
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Gé‘ """ “ and all the (G», Hy)-extensions of graphs Gg‘ """ it|u, u € U. Denote this
union by Gg‘ """ it(U). Note that a union of a graph on k — 2 vertices with its
(G,, H,)-extension is obtained by adding one new vertex adjacent to all its vertices.
Let L{Z it be a set of all subsets of S+ with the cardinality 4.

Let us construct the closure of a graph.

5.2. The closure [A]; in G of a graph A

Let G be a graph. Consider its arbitrary vertices 7y, ..., Tr_3. Consider any
subgraph A C G on a set of vertices V(A) ={a,...,aq}, d > k- 2.

We construct the graph [A]z in k — 1 steps. Let S be a set of all different
subsets of k — 2 vertices from V(A) Set [A]@ —A,G = @

an (G; """ k_z(U) .HQ) extension Q of A|{az| ,,,,, a,_,} in G,. We add only one such
extension to the graph [A]z and for all these extensions we remove extenders from
the graph G 1 (if a graph X is an extension of a graph Y then we say that graph
X\Y is an extender).

Let the first s parts, s < |[S+F=2| — 1, of the first step of the graphs [A]z, G
construction be done. Let us describe the s + 1-th part. Let {a;,...,a; ,} € S,
Uce€ u|5’11,ii 22| . Assume that an (Gé"“’k_z(U), H,)-extension Q of A|{ail
G1 exists. We add only one such extension to the graph [A]@ and for all these

}11’1

extensions we remove the extenders from the graph G 1.

Let the i-th step, ¢ < k — 3, be done. Describe the i+ 1-th step. We divide
this step into |S'-F=2~1
Let {a;,, ..., ai, ,} €S, i1, ..., 92— € {1, ..., k—2} be an ordered collection of

distinct numbers, U be a subset of Lllisl,;;"’i,’jc’zz”' ;- Letan (G?’“"ik’z’i(U ), Hy)-extension

and for all these extensmns we remove the extenders from the graph Gl.

Let the first s parts, s < |Si-#2-i| — I, of the i + 1-th step be done,
{ai,, ...;ai,,} € S. Let 4y, ..., 5,—2—; € {1, ..., k — 2} be an unordered collection of
d1stmct numbers. Let U € Ll“ Wi Assume that an (Gé"""ik‘z"'(U) H,)-exten-

|S’l R i|—s

.....

[A] and for all these extensions we remove the extenders from the graph G1
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Describe the final k — 1-th step. Let {a;,...,a;_,} € S. Assume that there
exists a (G,, H,)-extension @ of A|{ai1 oy} N G 1. We add only one such extension
to the graph [A]s. The graph [A]5 is constructed.

Let us note that for the graph A there exist several closures in the graph G. All
these closures are isomorphic.

In the following two subsections we construct graphs Xla(ﬁc], s Tko3),
X'lé('x\l, s Tk_3), X;(El), X’;(E]), where [ € {I1,2,3,4,5}, j is from some set J.
The graphs X’é (%) are subgraphs of some graphs @ij which are chosen in such a way
that these subgraphs are «different» in some sense. The graphs XL (551, vy Tp_3) are
subgraphs of the graph G and built as [ grows from 1 to 5. The graph X (xl) is
the union of the graphs Xl (a:l, T, .. wk ,) over some sets of vertices T, ..., 55%73

of the graph sz. Finally, graphs X a(51, vy Tp3), X j(fl) are the unions of the

closures of some subgraphs of )?lé(’x], ey Th=3)s )?;(ZEI) respectively.

5.3. Graphs XL(Z1, ..., Tk-3), Xa(@1, .n Te—3), L € {1,2,3,4,5}

Assume that the graph G considered in the previous subsection is an arbitrary
graph that does not contain subgraphs W with v(W) < k* and p(W) > k — 2.
We consider this restriction because of the following reasonings. As mentioned in
Section 2 the constructions we build should contain a maximal number of rigid
pairs. Without a restriction on the density of subgraphs in G the number of such
pairs in G can be arbitrarily large. We choose the number k — 2 as in the random
graph G(N, p) there are no subgraphs W with v(WW) bounded by a fixed number
and p(W) > k — 2.

The aim of this section is to construct graphs X%(EEI, oy Th3), )?55(51, oy Th3)s
which include all «different moves of Spoiler» after the first £ — 3 moves (the vertices
Z1, ..., T3 are chosen). Its definition is rather complicated. Thus, we construct it
in five steps and start from graphs Xé(ﬁ:‘], vy Tk_3), )?é(ﬁ:‘l, ey Th_3).

We construct the subgraph X 16(551, ..., Tx_3) of the graph G by adding to the
graph G |{51 ,,,,, Trs) IS (G1, H))-extensions by the following rule. Consider all pairs of
(G1, Hy)-extensions (A, B) of @|{5l & 4} I G such that (E(A)\E(@“gI ,,,,, 3 3)N
N (E(B) \ E(a|{5] ,,,,, #..})) 7 @. If such pairs exist (we say that extensions from

.....

such pairs are infersecting) we take their union and denote it by )?16(’151, vy To3).
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Suppose that the number of all the (G, H)-extensions such that there exist
other (G, H;)-extensions which intersect them is greater than 2(k — 3)(k — 2). Let
us prove that p()/%(i], e Tpo3)) > k= 2.

Let us reconsider the construction of the union )?16(51, ..., Tx—3). Here we
assume that the extensions are added step by step. At each step we add either an
extension of intersecting extensions added earlier or an intersecting pair of extensions
which does not intersect extensions added earlier. Let v; be the number of vertices
added at the i-th step. Let h > (k — 3)(k — 2) be the number of steps. Then

(k—=2)(vi +...+vp)+h

>k —2.
V4.t t+k—3

Therefore, p()/%(’x\] y-e»Tk—3)) >k—2. Thus, the number of intersecting (G, H;)-ex-
tensions is not greater than 2(k — 3)(k — 2).

If in the graph G there is no intersecting (G1, Hy)-extensions of G l(Z1,. 75}
we set

Let

XE(@1, s Bros) = [XE@E 1 Brs) e

Consider a set M of all pairs ([ M|z, é’\|{5l ,,,,, % s})> where M isan (G, H;)-ex-

tension of the graph G (31,3} IN G without vertices of the graph X ‘a(fc\], s Tp=3) \

.....

\ @l{gl ,,,,, %, 5} Choose from the set M a collection of non-isomorphic pairs

(IMilg, Gliz,...53))s - (M7 ]G, Gliz,...55))s

such that 7 is maximal (we call two pairs of graphs (A;, By), (4>, B,), with
V(A) = {al,...,al}, V(4) = {al,..,a2}, V(B)) = {a},....,ak}, V(B =
= {a?,...,a%}, m < n, isomorphic if {ag,ajl-} € E(A) \ E(B)) & {af,a?} €
€ E(Ay) \ E(By)). Let

XZ(®1, o Brs) = [Mi]g U ... UM, |5 U X5(E1, ... Bis),

XA(@1y s Bro3) = My U UMy UXG(@, ..o, Bg3)

Similarly to the case of intersecting (G, H;)-extensions, the number of exten-

ders of strict (G4, H;)- and (G2, H;)-extensions of §|{§l & 4} In G which have

,,,,,
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common vertices with other such extenders is less than or equal to 2(k — 3)(k — 2).
Let W, be the union of all such extensions. Set W, = [W,]5,

X%(§1v~--a§k—3):W2UX2§(§l7 JTro3), X (ml, mk_3):W1U)?za(il,...,ik_3).

Consider a set M of all pairs ([M]g, §|{§l ,,,,, #cs}), Where M is (G}, Hy)- or
(G2, Hy)-extension of the graph a|{5] ..... Z 4} in G \ (W, \ §|{§] ,,,,, %, ,}) having no
vertices from V(X (1;1, <oy Tk=3) \ Gl{z,...7 5})- Choose non-isomorphic pairs

([Ml]an G|{51 ,,,,, @4})5 ) ([M‘fz]@: G|{5| ,,,,, @4})

from the set M in such a way that the number 7, is maximal. Set

X&@1, s Thos) = X

(&1, Th3) UM ]g UL UMy g,

—~

XE@1s o Bo3) = X5(@rs s Br3) UM U U M,

For each vertex = € V(G ) \ V(X4 (Zy, ..., Tx—3)) adjacent to less than or equal
to k — 5 vertices of Ty, ..., Tj_3 con31der a set Y(Z) containing Z and all vertices

o~

z' € V(G )\V(X4 (T4, ..., Ty_3)), satisfying the following property. There exists

a vertex 72 € V(G )\V(X4 (Z1, ..., T_3)) such that ' ~ 72, 7' ~ 7, T ~ T,

' ~T;, 7> ~T;, 4 € {l,...k—3}. Let T be a union of sets Y(Z) over all Z such

that
_f(X%(’fl, ey T 3) U GlT @)> X4 ($1, s ’m\k_3)) <0.

Consider also a set M of all pairs
(XE5@1 s Thm3) UGl @z, g st s Xa@1s s Thos))s

where
f(X%(fl’ o "I;k 3) U G|T 2)5 (xl, ceey ’x\k_:;)) = 0

Let ([Ml]a,X“a(ﬁc‘l,...,%‘k_3)),...,([Mﬁ]@,X%('aEl,...,'fk_3)) be non-isomorphic pairs
from M such that the number 73 is maximal. Set

X%(@1, oo, Thos) = [Mi]g U .. UMy ] U XE(E1, oo Br-3) U [Clrugz,...50 0 g

X5(@1s s Bro3) = MU .UMy UXE(@, oo Bo3) U Glruga,,. 3y
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5.4. Graphs X\(@), X\(@y), | € {1,2,3,4,5}

Let @1, @2, ... be graphs satisfying the following properties:
— M2 V(G) 2@ Bishs
— pairs (G1, Gilgz,,..5..})> (G2, Galgz,,..5 5})» - are pairwise non-isomorphic;
— p(X%i(i"‘l, vy Tp_3)) < k — 2 for every i € N;

— there is no such a graph @0 that the graphs @0, G 1 @2, ... satisfy the first three
properties.
As the number of all pairwise non-isomorphic graphs is countable, such a se-

quence exists.
Obviously, the number of vertices in the graphs X 5@ (%1, ..., Tk_3) is bounded by
i

some number which depends on k. Therefore, there exists a finite set {7, ..., ia(k)}
such that pairs

(X%ij(fl, ...,’l\'k_3), Gij|{§1 ,,,,, @H})), ] € {1, ...,a(k)},

are pairwise non-isomorphic. Moreover, for any ¢ €N there exists j€{1,...,a(k)} such
that the pairs (Xséi('fl,...,'fk_3),ai|{5] ,,,,, % ,})) and (Xséi_(il,...,fk_3),@ij|{gl ,,,,, e a})
are isomorphic. '

For any j € {1, ...,a(k)} and [ € {1, 2, 3,4, 5} set

—~

X5(@1, oo Bps) = Xl@j 1y oo Bhes)s X5(@y oo Bpos) = X’@j (1, ey Tp-3).

In the case k = 4 the graphs X}(Z), X'(2), je{l....a(k)}, 1€{1,2,3,4,5},
are defined.

Let k£ > 4. Consider the graph G from Section 5.3. Let Eef{l,...k—4}
be fixed. Let Y, ..., Y? be subgraphs of the subgraph G satisfying the following
properties.

— Foreach i € {1, ...t} there exist j € {1, ..., a(k)} and vertices T}  , ..., T} _;

of the graph G such that Y = X;(’x], e T, &7‘2+1, e Th_5).

— Take arbitrary 4,4, € {1,...,t}, 4 # i, such that Eﬁ‘,iﬁz do not co-
incide for some i € {{+ 1,...k —4}. Let p € {£, ...,k — 4} be such
that for all ¢ € {£ + 1,..., u} the vertices 'm\z:‘,?f? coincide, and the ver-
tices Z,,,, Z,, are distinct. Then f (U Y% Nigpn Y¥) < 0, where
I'={u:Vie{{+1,..,pu} T¥ :@\2‘,55;‘“ F Ty}
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— Pairs (U'elil Yi>G|{§1 ..... Fe 3, e fﬁ)}) ) (UiEI? Yi, G|{il ,,,, Fe By ii}}) are
non-isomorphic for any u € {¢, ...,k — 4} and any 1,4, € {1,...,t} such
that 7, l#xﬂH Here I!' = {u:ViG{f—i—l ,u+1}'\“—"}”},

:{u.Vz€{£~|—l,...,u}:r =, ZU‘HH—J:MH}
If in the graph G there is no subgraph Y**' different from Y',...,¥* and
such that Y, ..., Y**! satisfy the three properties described above, then we denote
Y'U. UY by X3(@1, ..., B). I £ =0 set X3(Z1, ... Be) = Gliz,...5)-

.....

For vertices of graphs Y?, i € {1, ...,t}, we use the notations from the
definition: $2+1’ e Th .

If, in addition, graphs Y, ..., Y satisfy the properties described below then we
say that the graph Xi('fl, ey Tg) I8 (21, ..., T¢)-net in G.

P1 For any 11,22 € {L,..,t}, i # iy, the set V(Yl) N V(Y?) is a subset of
{z1, ..., ¢, x£+1, . a:k S N7 LT m§+1, e B}

P2 For any 41,5, €{1,...,t}, i, #1,, either the sets {fv\é‘+l,...,fv\2‘_3},{ff?+l, 5522 3
do not intersect each other, or there exists u € {£ + 1, ...,k — 4} such
that for any ¢ € {4 1,...,u} the vertices Z;',Z; coincide and the sets

:’EL‘H, e T ), {ZE”H, ..., T2 3} do not intersect each other.

P3 For any iy,14; € {1, ...,t}, i # 9, the set E(Y;, UY;,) \ (E(Y;,) U E(Y;,)) is

empty.

Let us consider the following situation. There exist graphs G! , G? and vertices

=l A1 =2

N 0 P :’Eé such that

— X3,(@),...3) =Y/ U..UY}, X2, (3, ...3) =Y, U..UYS;

— forany i € {1, ..., t} there exists j € {1, ..., a(k)} such that Y] = Xs(xl, .. 55%,
Es\éil, 55213) Yzi:XJS.(?E%, ?Eé,ﬁ:\gil, xZES) for some vertices wgil, 53213,
~,2 ~1,2
m£+l, . fL'k 3

— for any distinct iy, i, € {1, ..., t} there exists u € {§, ..., k — 4} such that

Ai],l _ Aiz,l A’il,2 _ /\’LZ 2 .
xj-i—l - a"j—i-l’ xj-{-] x]+17 J € {6’ s U — 1}5

AZ] 1 Zz 1 Al] 2 Alz 2 .
Lyt 7 qurl’ Lyt ki Zyt1s

— the graph X%, (27, ..., 3}) is an (&7, ..., ) -net in G2.
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In this case we say that the graph Xséz(ﬁs‘f, ,&?2) is a net of the graph
X%, (@1, ..., Bg). Forany i € {1, ..., t}, p € {€+1, ..., k—3} we introduce a notation

~i2 o ~i,1
T, =NETg oz z2,..22(y

Note that the function NET is defined on the set of symbols {:v , 1€ {l,..,t},
p€{€+1,...,k—3}} of cardinality t(k — 3 — £). It means that some vertices from
the set of vertices {Z};', i € {1, ....t}, € {€+ 1, ...,k — 3}} can be equal, but the
corresponding symbols are different. In this cases the function NET assigns a vertex
to several different vertices.

Obviously, the number of vertices in (Z;)-nets for different graphs G is bounded
by some number which depends on k. Therefore, the number of different (Z)-nets
(up to isomorphism) in G for different graphs G with maximal density greater than or
equal to k—2 is finite (maximal density of a graph G equals p™*(G) := r;caé{ p(H)}).
Let X3(%)), ...,Xf%(k)(i?l) be such nets with the following property. For any net
X;3(7;) in G with maximal density greater than or equal to k — 2 there exists
a number j € {1, ...,m(k)} such that the mapping X;(Z;) — X;(Eﬁz) preserving
the vertex order is an isomorphism. Let graphs X3(Z)), ..., Xf%(k)(’:i?l) be ordered
so that maximal densities of the graphs X3(Z1), ..., X%(k) (x)) are equal to k — 2
and the densities of graphs X3 (%)), ..., X, (k)@l) are equal to k — 2. For each

number j € {1, ..., m(k)} let X;(EEl) = le U..u th(j) be a decomposition defined

by properties P1-P3. Let j € {1,...,m(k)}, s € {1,....t(j)}. Denote by i’*
a number from {1, ..., a(k)} such that Y’ = X0.(T, Zv\és, <y By ;) for some vertices
~7,8

zy ,...,'fi’fy For every [ € {1, 2, 3,4} set

Le) - X' (5 5 ~ ~ )it it
X;(T) = XL@, 3 ... wil3) U.. UXij,t()(xl,wé 0, ...,x;fg’),
E —~ < -~ - — E -~ ' t A.,t j
Xé(xl) = Xﬁ,;](xl,x%], . w{cl3) u.. UXﬁj,m(x], w% 0, ...,xﬁc_(g)),

X@) =X0.@,%, .7 )u. VX @, 2, J>>.
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The definition of the graph X 5@ (Z1, ..., T¢) implies that there exists an analogous
decomposition:

(@1 ,....%6,G)
X%(Z1, o Be) = X1 oo By B 1 By o Be)s ooy s (T, ooy Be)).
i=1

Note that any graph G with maximal density p has subgraphs H;, H;,
H, C H,, such that p(H,) = p(H,) = p, the graph H; is strictly balanced,
the pair (H,, H;) is 1/p-neutral chain, and either the pair (G, H,) is 1/p-safe or
H, = G (apair (H,, H)) is called «-neutral chain if Hy O H, and there exist graphs
K, .. K.T,..,T, | with the following properties: H; = K C K, C ... C K, =
=Hy; T; C Ky, i € {1,...,7— 1}; pairs ((K; \ Kj—1) UTi_1, Ti—1), i € {2, ...,7},
are a-neutral; for any i € {2, ..., 7} there are no edges connecting vertices of the
graph K; \ K;_; and vertices of the graph K;_; \ T;_;).

Denote by X} (Z1), X;*(ﬁfl) the corresponding subgraphs of the graph Xj (Z1)
for each j € {1,...,m(k)}. The graph X;(il) is strictly balanced with density
P (X3(Z1)). The pair (X;*(Z1), X;(Z1)) is 1/p™(X;(Z1))-neutral chain. Note
that when j € {1, ..., m(k)} the graphs X3*(Z)), X?(Zv\l) are equal.

Let us prove that the graph X (Z1) contains the vertex  if j € {1, ..., m(k)}.
It is easy to see that in the graph X;f (%) there are at least k — 1 vertices such that
any vertex Z° of them follows the property described below. There exists a number
I € {l1,...,t(j)} such that the vertices T, 55;”, ,Erz\fcig, are adjacent to Z° in the
graph X? (7)) and 7° € V(ij,l (z1, Eé’l, e 55613)) Otherwise, estimating the density
of X; (Z1) containing only k — 2 such vertices, we get

() 4ot () ol 9+ kD4 D=+ () )
2k—5+4+wv

Vot — 4o+ (k—2)+ 2k —2)(k = 3) + (k — 3)(k — 4) > 2(k — 2)(2k — 5)

for some natural numbers v, y1, ..., ¥, such that y; + ... +y, = k — 2.

A function ¢(y1, ..., Yk-2) = yi+...+yr ,—4/{i : y; # 0}] achieves its maximal
value on the set Z’i’zﬂ{yl +...+yx—> = k—2} when (yy, ..., yx—2) = (k—2,0, ..., 0).
Therefore,

(k=27 —4+4 (k—2)+2k—2)(k—3)+ (k—3)(k—4) > 2(k—2)(2k - 5).
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A contradiction is obtained. Thus, the vertex Z; is adjacent to k— 1 or more vertices
of the graph X; (Z1). If the vertex T is not a vertex of this graph, then the density
of the graph X ]‘ (1) v X:(@))u{z} is greater than the density of the graph X; (Z1).

In the two following sections we state lemmas which we use in the proof of
Theorem 1 (see Section 8). We prove the lemmas in Section 9.

6. Main lemmas

Let G € Qu, T € Vy, G DY D Glz. We call the pair (Y,Z) j-maximal in G,
where j € {1,...,m(k)}, if Y = X2(2) = X3(%).

Let jjk(N) C Qy be a set of graphs G such that there are a vertex Z and
a graph Y such that the pair (Y, Z) is j-maximal in G. Set

Thw (V) = Oy \ (TF(N) U U Ty (N),

Aj (V) = (ﬁ Jj’:) | v U 7w

t€{ L. (k) \{f1,-... ¢ }
for any distinct ji,...,j5: € {1,...,m(k) + 1}. The following lemma provides

pairs of graphs (G, H ) such that Duplicator has a winning strategy in the game
EHR(G, H, k).

LEMMA 1. For any subset {ji, ..., j:} C {l,...,m(k) + 1} Duplicator has a win-
ning strategy in the game EHR(G, H, k) for almost all pairs of graphs (G, H) from
A (N) x A (M) as N, M — co.

In the following lemma an asymptotic behavior of probabilities of A;?]___ j,(N) is
described.

LEMMA 2. For any distinct jy, ..., j: € {1, ...,m(k) + 1} there exist constants 0 <
<& .5 <1 such that

lim Py (A5, 5, (V) = &y 6.1)

7. Auxiliary lemmas

In this section we give two statements which we use in the proofs of Lemma 1 and
Lemma 2.
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LEMMA 3. Letl be an arbitrary integer. Let ji, ..., ji € {1, ..., m(k)} be some numbers
with repetitions allowed. Let for any i, € {1,...,1} there exist i, € {1,...,1} \ {i}
such that the graphs X;‘-: (zh), X;‘Z () have a common vertex. Then p(X5(Z') U ...
U X;‘l*('fl)) =k —2 if and only if the sets V(X (Z%)) coincide for all i € {1, ...,1}. If
not all of the sets coincide then p(X;*(T') U ... U X' @) > k- 2.

For an arbitrary graph G we set f(G) = v(G) — a - e(G).

LEMMA 4. Let G be a strictly balanced graph, p(G) < k—2. Let R be the number of
all (K, T)-maximal copies of the graph G in G(N, p) for all a-neutral pairs (K, T)
such that v(T) < k>, v(K,T) < k*. Then R converges in probability to infinity. The
fraction % converges in probability to 1 and Ey ,R = O(N/ @),

We prove Lemma 3 and Lemma 4 in Section 9.

8. Proof of Theorem 1 for the case k > 4

It follows from Lemma 1 that there exist sets Qy C Qy, P N,p(fZN) -1, N = oo,
and partitions of these sets Q! ,...,Q‘;\;k), Ufff Q% = Qy, such that for any
i € {1,...,s(k)}, N,M € N and any pair of graphs G € Qi H € ?23\4 Du-
plicator has a winning strategy in the game EHR(G, H, k). Every set Qﬁv is an
intersection of sets A;?l___jt(N) for some ji, ..., j; € {1, ..., m(k)+ 1} with Qx C Q.
Let L be a first order property expressed by a formula with a quantifier depth at
most k. By Theorem 5 for each i € {1, ..., s(k)} its truth is the same for all graphs
from | NeN Qﬁv Lemma 2 provides a convergence of a probability of Qﬁv for any
i € {1,...,s(k)}. The subset Ayx(L) C Qu consisting of all graphs satisfying the
property L is the union of QY;, i € I, for some I C {l,...,s(k)}. Therefore,
Py p(An(L)) converges too. Theorem 1 is proved.

9. Proofs of lemmas

We do not give a proof of Lemma 4 in the paper because it is a simple version of
the proof of Theorem 4 that was proved in [16]. The proof of Lemma 2 is based
on Lemma 3. The proof of Lemma 1 is based on Lemma 4. Therefore, we prove
Lemma 3 first and prove Lemma 2 and Lemma 1 after that.
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9.1. Proof of Lemma 3

Consider some «-neutral chain (G, H) and graphs Ki, ..., K, Ty, ..., T,_,
such that
— H=K CK, C..CK, =G, T, CK;,i€{l,..,r—1},
— the pairs ((K; \ K;—1) UT;—1, Ti—1), @ € {2, ..., r}, are a-neutral,
— for any ¢ € {2, ...,r} the vertices of the graph K; \ K;_, and the vertices of
the graph K;_; \ T;_; are not adjacent.

Suppose that H is a strictly balanced graph with the density p(H) = 1/a. Let
us prove that the graph G is balanced.

Let F be a proper subgraph of G, F; = FNH, F;, = Fn(K; \ K;_y),
i € {2, ...,r}. From the definition of an a-neutral pair it follows that

f(FUTiy,Timy) >0, i€ {2,..,r}.
Obviously,
e(F;U...UF,F,_ U..UF)<eF,UT, ,T; ), i €{2,..,7},

vW(F;U..UF,F_ U..UF)=uF,UT,_,T;), i €{2,..,r}

Therefore,
f(Fl U..u Fl, Fifl U..u Fl) Z O, 1€ {2, ...,’f'}.

Furthermore,
f(F) > f(H)=0

as H is a strictly balanced graph. The last inequality is strict if and only if F| # &.
Finally, we get
(k- 2)f(F) _

p(F) = (k—=2) - o(F)

r

(k=2)(f(F))+ > f(F;U...UF,F,_jU..UF))

=(k-2) - = T <k=-2=p(G).

Therefore, the graph G is balanced.
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For each i € {1, ...,1} denote by Y; the graph le*(fz) We prove Lemma 3
by induction. Consider the case | = 2. Set Y, = Y] NY,. Consider the following
three situations.

1) The set V(X (') NV (Y7,) is not empty. The graph X (z')NY,, is a proper
subgraph of the graph X7 (z').

2) The set V(X (2')) N V(Y] ) is empty.

3) The equality X} (z') NY;, = Xj (Z') holds.
The graph X;l (z') is strictly balanced with the density equal to k — 2. The pair

1, X5 (z')) is an — 2)-neutral chain. Therefore, the graph Y; is balanced.
YX;‘]~1 i 1/(k—2 1 chain. Thereft h h Y; is bal d
Thus, in the first case

f(Y1, X5, (@) UuYi2) <0, f(¥3) =0.

Furthermore, the graph X7 (') is strictly balanced, f(X} (z')) = 0. Therefore,

(X, @) — (@), Y120 X @) _ e(Mian ;@)
v(X;l (x")) — v(X;fl (@), Y1, X;l ")) - oY1, N X;‘f] @) .
So,
f(X; (%1) U Y1,2, Yl,2) S f(X;l (51)’ Yl,Z N X;‘l (51)) <0. (91)

Finally, we get
e(YIUYs) > e(Ys) +e(Y1, X, UY10) +e(X}, (B ) U Y, Yin) > (k—2)v(Y; UT)).
The last inequality is strict due to (9.1). Thus,

p(Y1UY,) >k —2.

Consider the second case: V(X (z')) N V(Y1) = @. From the definition of
an a-neutral chain it follows that v(Y;,) — a - e(Y;,) > 0. Therefore,

e(Y1 U YQ) > e(Yz) + e(Yl, Yl,2) = e(Yz) + e(Yl) — E(Yl’z) >

> (k — 2)(’0(Y2) + U(Yr]) - ’U(Yl’z)) = (k — 2)’0(Y] U Yz)

We get p(Y UY;) >k —2.
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Let finally Y1, O Xj (2'). Then X} (2') = X} (Z%). Actually if Xj (Z') N
= =1 = : =1 = =1))
N X5 (%) ¢ {X} ('), X},(2%), 2} then the pair (X} (z')UX]},(2°),X] (z")) is
a-rigid as the graph X* ) is strictly balanced. This fact is in conflict with
the properties X7 (Z') U X (Z%) C Y, and p(Y2) = p(Xj, (Z')) as the graph Y, is
balanced. In the cases X;‘]( z') C X;‘z( z°), X; (z (@) C X;‘z( z*) we also get rigid pairs
and obtain contradiction. If X7 (Z') N X7} (Z°) = @ then the graph Y3 \ X} (%)
contains the subgraph X;l (') with the density k — 2. This is impossible since
(Y2, X3, (z?)) is a a-neutral chain.
Consider [ > 3 pairs (¥;,7"). Let V(Y)) N V(Yy) # @, V(X (T') #

# V(X;,(@)).

*
]
*
P
(

p(Y1U..UY) > k-2

-1
The graph U Y; NY; is a subgraph of the graph Y;. We have proved that Y] is

=1
a balanced graph Therefore,

-1
p (UYmm) <k-2.

i=1

Thus,
! e l f e HYi +e(Y) —e HYiﬂYl
v e(Ur) e (Un)reon—e(Urn)
) ) G (G

So, the density equals k — 2 if and only if for any graphs Y; ,Y;, with common
vertices X;‘-l_l (V) = X3, (~i2) Forany ¢; € {1, ...,1} there exists i, € {1, ..., [}\{é:}
such that the graphs Yll , Y;, have a common vertex. Therefore, the density equals
k — 2 if and only if the sets V(X (")) coincide for all i € {1,...,l}. Lemma is

proved.

> k- 2.

C-

9.2. Proof of Lemma 2

Let us prove the convergence of PN’p(ij(N)) to some number &; for each
j €{l,...,m(k)} as N — oo. The proof is based on three statements. The first
one, Lemma 3, is already proved. The second one is stated and proved in [14]. An
analogue of the third statement is proved there too. Let us introduce some notation.
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Let j € {1,...,m(k)}. Let v; and e; be the numbers of vertices and edges in
the graph X ]5 (%) respectively. Let a; be the number of automorphisms of the graph
X; (@) with the fixed point Z;. Consider all ordered collections of v; vertices of
the set V. Let us define a subset M; of the set of all such collections.

e M; contains all different subsets (M; contains at least one permutation of
every subset of v; vertices in Vy).

o Let (Ez-l, . 5@'%) € M;. Let Y be a graph on the set of vertices {Eil, - Eivj}.

Assume that Y is a strict (X;5 (Z1), G |{51}) -extension of the graph ﬂ{@-, y. Let

1) ... Gy, ~
a graph obtained by permutation of vertices Y| of the graph Y be
by .. by,
a strict (X ]5 (Z1), G |{51}) -extension of the graph ﬁ{@, y. Then the set M; does
not contain the collection (Z;,, Zt,, ..., T1,). Otherwise this collection is in M;.

e In M; there are no collections except the described ones.

Set m; = |M;|. Let us enumerate all the collections from the set M; by
numbers 1, ..., m;. Consider events Bj, ..., Bly,. The event B] is that a subgraph Y;
on the i-th collection from M; and its first vertex form a j-maximal pair. Let A]

] mj .
be an indicator of the event B;. Consider a random variable A; = Y A? equal to
i=1

a number of all j-maximal pairs. We get

Pup(A;=0)=1=> Prx,(B)+ D> Pyny(B NB)+...+
=1

i1,0=1

+-1)" 3T Pap(BlnBLN..NBl)+ . (9.2)

b1502, T =1

The summation is over all different collections with pairwise different numbers. Let
us prove that there exists a number &; such that

lim Py (7 (N) = lim (1= Py, (4; = 0)) = .

.....

is j-maximal under the condition that the graph Y is a strict (X; #)), G lz1)-ex-
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tension of the graph ?|{§]}. Then

a;

Z]: Prp(B)) = Enp(4)) = N(N_ 1) w 1(N)p* ~ M (93)

’Uj—l

ay(Ny= > Py, nB.n..nBl).

11,8250l =1

We use the notation ¢; ~ i, in the following case: the numbers %, %, are from
{1, ..., mj}, | # i3, and the collections from M; numerated by %,, 4, have common
vertices. Denote the sum with intersecting collections of vertices by 7;(n, N). In
other words

al(N) — > Pry(B. N B N..nB]) =ri(n, N).

150250000t Vi FE E{L, 0} iy, Fbry Sty %,

Let Yy, ..., Y, € M; be some pairwise disjoint collections. Let ’f@ be a ver-
tex numerated by t in the i-th collection, ¢ € {1,...,n}, t € {l,...,v;}. Let
yf;(N) be a set of all graphs G from Qp such that for any 7 € {1, ...,n} the pair
(G
that the subgraphs Gly,, ..., Gly, are strict (X;(Ec]), §|{§]}> -extensions of graphs
Gl@tys -+ Gl respectively. Let

i

Y 51) is j-maximal in G. Denote by XT{(N) a set of all graphs G in Qy such

$L(N) = Py (VAN)IXI(N).

Obviously the probability QS%(N ) does not depend on a choice of sets Y, ..., Y,. In
the same way as in (9.3) we get

m;
11,8250l =1 Yi,...Y, €M

N (ijpejy ¢zﬁv) (N = $h(N) (ai)nﬂj(n, N).

. |
a; n.
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If two functions 6, : N — R, 6, : N — R such that ,(N) — 0o, 6,(N) — oo as

. 8,(N) _ . N
N — oo follow the property ]\}I—I;Icl)o nTImm=y — | then we write 61(N) ~ 0,(N).

Let us formulate a statement from [14] (see Statement 3).
PRrOPOSITION 1. Let {a,(N)}nen be a set of functions such that there exists a sequence
of numbers {b, }nen satisfying the property: ¥ n € N a,(N) = b,, N — oco. Let
E b, = b < 00. If for any N € N the series Z a,(N) converges and for every
n=1
s 6 N, NeN

x
then Y a,(N) = b, N = 0.

n=1

For any n € N, N € N the inequality afl(N ) > a) JrI(N) holds. Therefore by
Proposition 1 the convergence

Prp(Jf (V) = &

follows from the following fact. For each n € N

Jim (@ () = . N)) = by(n). (9.4
J\lfljt;o ri(n, N) =rj(n), (9.5)
Z( 1)"(bj(n) +7;(n)) < co. (9.6)

The equality (9.4) follows from a statement similar to Statement 2 from [14].
We do not give here a proof of the statement because the proofs of these two
statements are the same.

PROPOSITION 2. There exists 0 < (; < 1 such that

G (N) ~ & GU(N) ~ (.
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Therefore, bj(n) = aCm Thus, all that remains is to show that equalities (9.5)
and
o]
> (=1)"'ri(n) =0
n=1
hold.

Let z be an arbitrary vertex. Let us define sets Q7 (z),Q%(z) of pairs (@, z),
where @) is a graph, in the following way:

(@Q,z) € 9T < ((v; < v(Q) < nv)A(p(Q) = k—2)A(3 Y, .. Y, (Vie{l,..n}
((V3,2) = (X5(®),2)A(Vir, iz €41,...,n} Vi, N5, D X (2)) AN (Q=Y1U...UY,))),
(Q,z) € Q5 & ((v; <v(Q) <nvj) A (p(Q) >k —2) A3V, ...V,

Vii€{1,...n} (Vi 2 X5 (@) A(Fir €{1,...n} (V;, NY, #2))) A (Q=Y1U...UY,))).

Let (Q,z) € @', ... (Qr, x) € Q' iy, sy € {1,2}, 71, oy 7 EN, Py =
=n. Let ?llU...U?,fl be a decomposition of @;, I € {1, ..., t}, into graphs isomorphic
to XJS. (Z). Let us introduce different collections of vertices from Vy for graphs @,
I € {1,...,t}, in the same way as M; was introduced. The first vertex in a collection is
fixed if and only if (Q;, z) € QY. Forevery l € {1, ..., t} define an event B;(Q;). Its
definition depends on whether (Q;, z) € QY or (@, z) € Q7. If (Q;, z) € Q) then
the event B;(Q;) is that the subgraph induced on the i-th collection is isomorphic
to Q. If (Q,z) € Q) then the event B;(Q;) is that the subgraph induced on
the i-th collection is a strict (Q;, {z})-extension of the first vertex of the collection
and forms with it a j-maximal pair. For any (Q,z) € Q} or any (Q,z) € Q%
there can be a number of different above mentioned decompositions. Therefore, by
Lemma 3 for any Q; € QZ_", i € {1, ...,t}, there exist numbers ¢(Q, ..., @;) > 0
such that

> Z S oa@, ..., Q»ZPN,, £ (@) N...N B, (Qy)) < 7i(n, N)

rtedr=n = (Qe)eQ e i

< N 4@ .. Q ZPN;D i (@DN..NB;,(@r)). (97)

ri4..+ri=n i=1 [;=1 (Qs, x)EQl 150l
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Summations in (9.7) are over iy, ..., 4; corresponding to pairwise disjoint col-
lections.

Let ry,...,7: € N, r{ + ... + r, = n. Consider a vector (I, ...,1;) € {1,2}}
such that al least one of the numbers [y, ..., l; equals 2. Let (Q;, x) € QZ Consider
arbitrary graphs @ Ly eens @t with the following properties.

— Any two graphs among @1, ces @t do not have a common vertex.

— There exist vertices zy, ..., Z; such that (@,, z;) 2 (Q;, x) forany i € {1, ..., t}.

Set V(G) = V(Q1)U...UV(Qy), B(G) = E(Q,)U... UE(Q;). Let Ng be the
number of copies of G in G(N, p). Obviously there exist C(G), u(G) > 0 such that

Ex,Ng < C(G)N"O 4% < o(G)N 9,

Therefore the difference between the upper and the lower bound in (9.7) equals
o(1). The existence of Alrim rj(n, N) follows from the convergence of the lower
—00

bound in (9.7) to a number rj(n) as N — oo. Let us prove this convergence. Let
Ry, ..., R; be pairwise disjoint subsets of Vy, |R;| = |V(Q;)|. Let ¢(Qy, ..., Q:) be
the probability that the graphs induced on Ry, ..., R; form with the first vertices of
Ry, ..., Ry j-maximal pairs under the following condition. For each [ € {1, ..., t}
the graph induced on the [-th collection is a strict (Q;, z)-extension of the first
vertex of this collection. The proof of the convergence of ¢(Qy, ..., Q:), N — 00, is
identical to the proof of Proposition 2. Thus we do not give this proof. The existence
of rj(n) follows from the convergence of p(Q1, ..., Q).

Finally let us prove that i(—l)”rj(n) = 0 when n — oo. It is easy to see

n=I

that

Y>> 4@ Q) Z Prp(Bi,(Q1) N ... N B; Q1))

ritetrn=n =1 (Q;r)e Q) Lseenslt

< ((N> % (’U_J'>" ipe(Q1)+...+e(Qt)<p(Q1, @) < n] —o(l).

a; n! a

Therefore the convergence of PN,,,(jjk(N)) is proved.
Let us consider intersections of the sets ij(N).
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The convergence (6.1) follows from the existence of a limit of the sequence
{PN,p(jj’f(N) N..N Jj’f(N))}NeN for any jy, ..., jt € {1, ..., m(k)}. Indeed, for any
properties A, C' the equality P(ANC) = P(C)—P(ANC) holds. If P(A;N...NAx_1NC)
equals

D I G ) Kl 07 P B I Pl g Ye)

forsome SC{l,...,k—1}, I, C ({1"";’“_1}), os:N* — {0, 1}, then

P(AiN..NANC)=PA;N..NA 1NC)-PA N...N(A,NC))

In other words, the probability P(4; N ...N A, N C) can be written as the finite
sum of the probabilities of some intersections of properties without any negations.
Therefore the existence of a limit of any such intersection implies the existence of
a limit of P(A; N...N AN C).

Thus we have ji,...,J: € {l,...,m(k)}. The proof of the existence of
nh_{rolo PN’p(jj]f (N)n..n jjlf(N)) and the proof of the convergence of the prob-
ability of one set are the same. Note that if an intersection of {ji, ..., j:} and
{m(k) + 1, ...,M(k)} is not empty, then the probability of the existence of X}*(Z;)
converges due to arguments which are the same as in the case ji, ..., j: € {1, ..., m(k)}.
Therefore it remains to apply Theorem 4. Finally the convergence P N,p(j,% (ki1 (N))
follows from the equality

a1 (N) = Qy \ TE(N) U ..U T (V).

Lemma is proved.

9.3. Proof of Lemma 1

Let S be the set of all a-rigid and a-neutral pairs (K, T) such that v(T) < k?,
v(K,T) < k*. Theorem 3, Theorem 4, Lemma 4 imply the existence of a set

Qpn C Qu such that
lim Qn \ Qn) =
Nl PN,p( ~\ N) 0
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and the following property holds. For any G € ﬁN, r<k,Z,..,z, (K,T) €S
v(W) < K, in G and all possible non-isomorphic (K, T)-maximal in G strictly
balanced graphs W with p(W) < a, v(W) < k*, and there is no copy of a graph
with r < k3 vertices and density greater than «.

If in some rounds a strategy of Spoiler doesn’t depend on the choice between
the graphs G and # then we assume that he chooses the graph G.

Let us prove that for any N, M € N and any pair

(G, H) € (Aj,.;,(N) N Q) x (A5, (M) 0 Q)

Duplicator has a winning strategy in the game EHR(G, H, k).

Let Spoiler choose a vertex T; in G at the first round. Consider the graph
X3 (Z). If pm™(X3(T1)) = k—2 and X}(Z;) is (Z1)-netin G, thenas H € A _;, (M)
there is a vertex 7 in H such that X3(71) is a net of the graph X} (%))
(in the considered case graphs X}(Z;) and Xj,(7;) are isomorphic). Let either
P (X3(Z1)) = k—2 and X}(Z)) be not a (Z;)-net in G or p™(X}(Z)) < k—2.
As H € Qyy in the graph H there is a vertex ¥, such that the graph X% (71) is a net
of the graph Xg (Z1). Duplicator chooses the vertex ¥, at the first round.

Let at the {-th round, £ € {2, ..., k— 3}, Spoiler choose a vertex Z¢ € G. If for
some i € {1, 8%, ..., Te—1, G)}, p € {&, ..., k — 3} vertices T¢ and 5@(51, e Tg1)
coincide then Duplicator chooses the vertex

Ve = NETgn 3. 51 g1 dies (T (T 15 oy Te 1)

Suppose there are no appropriate ¢ € {1, ..., t(Zy, ..., Te—1, G)} and p €
€ {&, ..., k—3}. As H € Q) from the definitions ofXé('fl, ey L), Xg(il, wey L)
it follows that in the graph # there is a vertex Y, such that the graph X% (U1 s Ye) is
a net of the graph Xé (Z1, ..., T¢). Indeed, we want to construct a graph X% @1, - Ue)
such that the pair (X3,(¥1, ..., Je, Hli,... 7.11)) is a-safe. Duplicator chooses the
vertex Y.

Let at the k — 3-th round vertices T, ..., Tx_3 € G, Y1, ..., Yp_3 € H be chosen.
The graphs X3(Z\, ..., Zk3), X3, (1, ..., Yr—3) are isomorphic (it follows from the
ways of their constructions). Let ¢ : Xé(%l, s Tpo3) = X5,(T1, -, k—3) be an
isomorphism.
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The remaining part of the proof is divided into cases. There are some basic
cases such that other cases are similar to them. Thus we list all the cases and give
full proofs for the basic cases only.

1. At the k — 2-th round Spoiler chooses a vertex Ty_, adjacent to X1, ..., Tr_3.

Ifin G there are vertices Z', Z* adjacent to each of the vertices Z, ..., Zy_», then
the vertex Tj_, is in V()?é(il, ..., Tx—3)). Duplicator chooses Ux—2 = ¢(Ty_2).
If at the k — 1-th round Spoiler chooses a vertex from V()?é(%l, s Th=3))
then Duplicator chooses the vertex 3| = ¢(Tx_1) again and obviously wins.
If Spoiler chooses a vertex Tj,_; adjacent to each of the vertices Zi, ..., Tr—»
and there is no vertex T adjacent to Ty, ..., Zx—, then without loss of generality
one can consider Z;_; to be an element of the set Xé (Z1, ..., T_3). Spoiler
chooses the vertex yx—1 = ¢(Tx—1). If at the k-th round Spoiler chooses a ver-
tex Ty, adjacent to k— 2 vertices from Zy, ..., Tx— (say, to vertices Z1, ..., Tx—2),
then in Xé('fl, ..., Tx—3) there is a vertex Z, adjacent to T, ..., Tx_,. Dupli-
cator chooses ¥ = ¢(Z) and wins. Finally, if the vertex Ty, is adjacent to at

.....
.....

.....

cator chooses ¥ and wins. Let the vertex Zr_; be adjacent to at most k—4 ver-
tices from Z, ..., Zx_». Let T', ..., T° be all vertices from G adjacent to at most
k — 2 vertices from Z\, ..., Ty 1 such that pairs (Gl(z, 7,5} Gl@..51}))
i € {1, ..., s}, are non-isomorphic. Consider a subgraph A of G containing
the vertices Z, ..., Zx_1, Z', ..., ° only. The pair (A, G|z, 7. ,}) is a-safe.
As H € Qy, in H there is a strict (A, Gliz,,.. 5 ,})-extension B of the graph
Hl...5 - Let £ 1 A — B be an isomorphism corresponding to this ex-
tension. Duplicator chooses £(Zy_;) and wins. Lastly, let the vertex Zj | be
adjacent to k—3 vertices from 1, ..., Ty_,. If there is a vertex ¥ adjacent to each
of T, ..., 41, then without loss of generality one can consider vertices T_;, T
to be in V(Xé(ffl, ..., Lx—3)). Duplicator chooses a vertex g1 = ¢(Zx_1) and
wins. If Spoiler chooses a vertex adjacent to each of T, ..., Tp—;, then Du-
plicator chooses ¢(Z). Let Spoiler choose a vertex adjacent to k — 2 vertices
from T, ..., Tx—;. We can assume that this vertex is from V(Xé(il, ey Tp=3)).
Therefore, Duplicator wins again.

Let Z;_, be not from V(fé(fl, oy Tp_3)). Let Z',...,Z° be all vertices of
the graph G such that the following properties hold. Each of the vertices
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71, ..., Tx_y is adjacent to each of the vertices Z', ..., Z°. Sets of collections
containing k — 3 vertices from T, ..., Z;_, such that in G there is a vertex
adjacent to them and to Z' are different for all ¢ € {I,...,s}. Consider
a subgraph A of G containing the vertices Zi, ..., Ty 2,2 ,...,Z° and one
(G,, Hy)-extension for each subgraph with k — 3 vertices from 7, ..., Ty, and
one from Z', ..., Z*. Then the pair (4, G|z, 7, ,}) is a-safe. As H € Qy in
H there is a strict (A, G|(z,... 7, ,})-extension B of the graph |z, 7, ,1. Let
¢ : A — B be an isomorphism corresponding to this extension. Duplicator
chooses yy_» = £(Ty_»). Let at the k— 1-th round Spoiler choose a vertex ZT_;
adjacent to each of 7, ..., Ty—». There is such a vertex in B that Duplicator
can win by choosing this vertex. If Spoiler chooses a vertex T;_; adjacent to at
most k — 4 vertices from Zi, ..., T;_,, then obviously Duplicator has a winning
strategy. Finally, let Z;_, be adjacent to k— 3 vertices from T, ..., T_,. If there
is a vertex Z adjacent to each of T, ..., Zj_, then without loss of generality we
can consider vertices Ty, Z to be in V(A). Then there is a vertex g in B,
corresponding to the vertex T;_;. Duplicator chooses this vertex and wins.

2. At the k — 2-th round Spoiler chooses a vertex T , adjacent to k — 4 vertices
from %1, ..., Tp_3.
If in G there are vertices Z', Z2, adjacent to each of Z, ..., Tx_», then ei-
ther the vertices z'!, Z° are in V()?é(?ﬂ'l, ..., Tx_3)), or the vertices Z', 7> are
in V(X4(Z1, ... Tk-3)) \ V(X2(Z1, ..., Tk—3)). Anyway the vertex T, is in
V(Xé('a?l, ..., T_3)). Spoiler chooses Jj_» = ¢(Z)_»). Further choices of Du-
plicator are described in the same manner as for the case 1.
If there are no two vertices adjacent to each other and to each of Ty, ..., ZTj_»,
then further reasonings are identical to reasonings from subcases of the case 1.,

in which we use safe pairs.

3. At the k — 2-th round Spoiler chooses a vertex Z;_,, adjacent to at most k — 5
vertices from 71, ..., Tp_3.
If in G there are vertices Z!, Z°, adjacent to each of Z, ..., Ty—», then the
Verticis Z!, 2 are in one oftEe sets V(X3(Z1, ..., Ek;3)), V(X§(Z, s Thos) \
\ V(X3(Zy, ..., Tho3)), V(XY(Z1, ..., Tioz)) \ V(XE(T), .., Te—3)). Anyway
without loss of generality we can consider the vertex Z;_, to be in V(Xé (z1, ...,
Z-3)). Spoiler chooses Yx—» = @(Zy—,). Further choices of Duplicator are
described in the same manner as for the case 1.
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If there are no two vertices adjacent to each other and to each of Ty, ..., Tj_»,
then further reasonings are identical to reasonings from subcases of the case 1.,
in which we use safe pairs.

Lemma is proved.
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