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1. Introduction

This paper investigates statistical consistency of rank correlation measures for de-
pendencies between in- and/or out-degrees on both sides of a randomly sampled
edge in large directed networks, such as the World Wide Web, Wikipedia, or Twitter.
These dependencies, also called the assortativity of the network, degree correlations,
or degree-degree dependencies, represent an important topological property of real-
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world networks, and they have received a vast attention in the literature, starting
with the work of Newman [12, 13].

The underlying question that motivates analysis of degree-degree dependencies
is whether nodes of high in- or out-degree are more likely to be connected to
nodes of high or low in- or out-degree. These dependencies have been shown
to influence many topological features of networks, among others, behavior of
epidemic spreading [1], social consensus in Twitter [9], stability of P2P networks
under attack [15] and network observability [6]. Therefore, being able to properly
measure degree-degree dependencies is essential in modern network analysis.

Given a network, represented by a directed graph, a measurement of degree-
degree dependency usually consists of computing some expression that is defined by
the degrees at both sides of the edges. Here the value on each edge can be seen as
a realization of some unknown ‘true’ parameter that characterizes the degree-degree
dependency.

Currently, the most commonly used measure for degree-degree dependencies
is a so-called assortativity coefficient, introduced in [12, 13], that computes Pearson’s
correlation coefficient for the degrees at both sides of an edge. However, this
dependency measure suffers from the fact that most real-world networks have highly
skewed degree distributions, also called scale-fiee distributions, formally described
by power laws, or more formally, regularly varying distributions. Indeed, when
the (in- or out-) degree at the end of a random edge has infinite variance, then
Pearson’s coefficient is ill-defined. As a result, the dependency measure suggested
in [12, 13] depends on the graph size and converges to a non-negative number
in the infinite network size limit, as was pointed out in several papers |5, 8]. The
detailed mathematical analysis and examples for undirected graphs have been given
in [7], and for directed graphs in our recent work [17]. Thus, Pearson’s correlation
coefficient is not suitable for measuring degree-degree dependencies in most real-
world directed networks.

The fact that the most commonly used degree correlation measure has obvious
mathematical flaws, motivates for design and analysis of new estimators. Despite
the importance of degree-degree dependencies and vast interest from the research
community, this remains a largely open problem.

In [7] it was suggested to use a rank correlation measure, Spearman’s rho,
and it was proved that under general regularity conditions, this measure indeed
converges to its correct population value. Both configuration model and preferential
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attachment model [16] were proved to satisfy these conditions. In [17] we proposed
three rank correlation measures, based on Spearman’s rho and Kendall’s tau, as
defined for integer valued random varibles, cf. [11], and we compared these measures
to Pearson’s correlation coefficient on Wikipedia graphs for nine different languages.

In this paper we first prove that, under the convergence assumption of the em-
pirical two-dimensional distributions of the degrees on both sides of a random edge,
the rank correlations defined in [17] are indeed statistically consistent estimators of
degree-degree dependencies. We obtain their limiting values in terms of the limiting
distributions of the degrees.

Next, we apply our results to the recently developed directed Configuration
Model [2]. Roughly speaking, in this model, each node is given a random number of
in- and out-bound stubs, that are subsequently connected to each other at random.
Since multiple edges and self-loops may appear as a result of such random wiring,
[2] presents two versions of the directed Configuration Model. The repeated version
repeats the wiring until the resulting graph is simple, while the erased version merges
multiple edges and removes self-loops to obtain a simple graph.

We analyze our suggested rank correlation measures in the Repeated and Erased
Configuration Model, as described in [2], and prove that all three measures converge
to zero in both models. This result is not very surprising for the repeated model, since
we connect vertices uniformly at random. However, in the erased scenario, the graph
is made simple by design, and this might contribute to the network showing negative
degree-degree dependencies as observed and discussed in, for instance, [10, 14]. Our
result shows that such negative degree-degree dependencies vanish for sufficiently
large graphs, and thus both flavors of the directed Configuration Model can be used
as ‘null model’ for our three rank correlation measures.

By proving consistency of three estimators for degree-degree dependencies in
directed networks, and providing an easy-to-construct null model for these estima-
tors, this paper makes an important step towards assessing statistical significance of
degree-degree dependencies in a mathematically rigorous way.

This paper is structured as follows. In Section 2 we introduce notations, used
throughout this paper. Then, in Section 3, we prove a general theorem concerning
statistical consistency of estimators for Spearman’s rho and Kendall’s tau on integer-
valued data. This result is applied in Section 4 in the setting of random graphs to
prove the convergence in the infinite size graph limit of the three degree-degree
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dependency measures from [17], based on Spearman’s rho and Kendall’s tau. We
analyze both the Repeated and Erased Directed Configuration Model in Section 5.

2. Notations and definitions

Throughout the paper, if X and Y are random variables we denote their distribution
functions by Fx and Fy, respectively, and their joint distribution by Hxy. For
integer valued random variables X, Y and k,l € Z we will often use the following
notations:

Fx(k) = Fx(k) + Fx (k- 1), (2.1)
IHX,y(k, l) = HX,Y(]{I, l) + HX’Y(k -1, l) +
+Hxy(k,l—-1)+Hxy(k—1,1-1). (2.2)

If Z is a random element, we define the function Fxjz : R X Q — [0, 1] by
Fxz(z,w) = E[I {X < x}| Z] (w),

where I {X < z} denotes the indicator of the event {w : X(w) < x}. We furthermore
define the random variable Fx|z(Y) by

Fx2(Y)(w) = Fxz(Y(w), w),

and we write Fx|z(x) to indicate the random variable E[ I {X < z}| Z]. With these
notations it follows that if X’ is an independent copy of X, then

E[I{X <X}|Z] ://I{zgx}dP(z|Z)dP(x|Z):
R R

= [Bl1{x <2} 7] p a12) =

=E[Fxz(X)| 2] .

Using similar definitions for Hx y|z(z,y,w) and Hxyz(X,Y) we get, if (X', Y”)
and (X", Y") are independent copies of (X,Y), that

E[I{X' <X} I{Y"<Y}| Z] =E[Hxyz(X.Y)| Z] .
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For integer valued random variables X and Y, the random variables Fyj z(k) and
Hx viz(k, 1) are defined similarly to (2.1) and (2.2), using Fx|z(k) and Hx y|z(k,1),
respectively.

We introduce the following notion of convergence, related to convergence in
distribution.

DEfiNITION 1. Let { X, }nen and X be random variables and {Z,},cn be a sequence
of random elements. We say that X,, converges in distribution to X conditioned on Z,
and write

(Xl Zpy) =X asn— o0

if and only if for all continuous, bounded h : R — R
E[h(X,)| Zo] = E[R(X)] asn — oo.

Here g denotes convergence in probability. Note that if h is bounded
then E[h(X,)| Z,] is bounded almost everywhere, hence lim E[h(X,)] =
= lim E[E[h(X,)| Z,]] = E[h(X)]. Therefore, (X,|Z,) :;H; implies that
X, n;OOX , where we write = for convergence in distribution. Similar to con-
vergence in distribution, it holds that Definition 1 is equivalent to

Fx,z,(k) 5 Fx(k) asn — oo, forallkcé€Z.

In this paper we use a continuization principle, applied for instance in [11],
where we transform given discrete random variables in continuous ones. From here
on we will work with integer valued random variables instead of arbitrary discrete
random variables.

DEfiNITION 2. Let X be an integer valued random variable and U a uniformly distrib-
uted random variable on |0, 1) independent of X. Then we define the continuization
of X as

X=X+U.
We will refer to U as the continuous part of X. We remark that although we

have chosen U to be uniform we could instead take any continuous random variable
on [0, 1) with strictly increasing cdf, cf. [4].
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3. Rank correlations for integer valued random variables

We will use the rank correlations Spearman’s rho and Kendall’s tau for integer
valued random variables as defined in [11]. Below we will state these and rewrite
them in terms of the functions F and H, defined in (2.1) and (2.2) respectively. We
will then proceed, defining estimators for these correlations and prove that, under
natural conditions, these converge to the correct value.

3.1. Spearman’s rho

Given two integer valued random variables X and Y, Spearman’s rho p(X,Y)
is defined as, c.f. [11]

pX,Y)=3P(X<X,Y<Y")+P(X<X.,Y<Y") +

X, y<Y")-1),

where (X', Y’) and (X", Y") are independent copies of (X, Y). We will rewrite this

expression, starting with a single term:

+P (X<
+P(X <X, Y<Y")+P (X<

PX<X,Y<Y)=E[I{X<X}I{Yy<Y"}] =
=1-E[I{X' <X}]-E[I{Y"<Y}] +
+E[I{X <X} I1{Y"<Y}] =
=1 - E[Fx(X)] - E[Fy(Y)] + E[Fx(X)Fy (Y)].

If we do the same for the other three terms and use (6.3) we obtain,
p(X,Y) = 3E[Fx(X)Fy(Y)] - 3. (3.1)

Since, given two continuous random variables X' and ), Spearman’s rho is
defined as

p(X,Y) = RE[Fx(X)Fy(Y)] -3,

Lemma 7 now implies that
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3.2. Kendall’s tau

For two continuous random variables X and ), Kendall’s tau 7(X,)) is
defined as

T(X,Y) =4E[Hy y(X,Y)] — 1.
Given two discrete random variables X and Y, Kendall’s Tau can be written as, c.f.
[11] Proposition 2.2,

7(X,Y)=E[Hxy(X,Y)] - 1. (3.3)

Similar to Spearman’s rho we obtain, using Lemma 7, that
(X,Y) = 7(X,Y). (3.4)

Hence applying the continuization principle from Definition 2 on X and Y preserves
both rank correlations. We remark that (3.2) and (3.4) were obtained for arbitrary
discrete random variables, using a different approach, in [11].

3.3. Convergence for Spearman’s rho and Kendall’s tau

Let {X,}nen and {Y}, }nen be sequences of integer valued random variables.
If (X,,Y,) = (X,Y), for some integer valued random variables X and Y, then
li_r)lgo E|Fx, (Xn)Fy, (Yn)] = E[Fx(X)Fy(Y)] which implies that li_1>1.3o (X, Y,) =
n: p(X,Y). The next theorem generalizes this to the setting of t}:Le convergence of
(Xn, YnlZ,), of Definition 1.

THEOREM 1. Let { X, }nery {Yntnen be sequences of integer valued random variables
for which there exist a sequence {Z,}nen of random elements and two integer valued
random variables X and Y such that

(Xn, Yol Z,) = (X,Y) asn— .

Then, as n — 00,
i) 3E[ Fx,z (Xa) Frojz, (Ya)| Z0] =3 5 p(X,Y) and
i) E[Hx, vz, (Xa. Ya)| Za] — 1 5 7(X,Y).
Moreover, we also have convergence of the expectations:
i) lim 3E[Fx, 7, (X0) Fy, 2, (V)] = 3= p(X,Y) and
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iv) lim E[Hx, v,z (Xn, Vo) — 1 = 7(X,Y).

n—00

PROOF. Observe first that since (X,,Y,|Z,) = (X,Y), it follows that for all
k,l€Z,as n— o0,

Fy, z,(k) = Fx(k) (3.5)
Fy,i7,() = Fr() (3.6)
Hy, ,iz,(k.1) = Hxy(k,1). (3.7)

Moreover, these convergence hold uniformly, since X and Y are integer valued.

i) Using first (3.1) and then applying Lemma 7 and Proposition 9 we obtain,

3B Frojan(Xa) P2, (V)| 2] = 3 - o(X.7) | =

= 3 |B[ Fx, 12 (Xa) Froiz, (V)] 2] = EFx(0 A (Y)]| =

b ]E[Fym Wy, 7, (%)

Zn] - E[FX(X)F?(?)} ‘ <

< 12| Fr . (R, ()] 2] - B[ PRy T 2] | +
+12 ‘E Fe(X)Fp(Ya)| 2] - B[Fe(DFp(P)] ‘ <

<12 5up [P 7, (8)F 12,0 — Fe(@Fr(w)] + (38)
+12|B[ FxR) R 2] - B[R )] | (39)

Because the function h(z, y) = Fy(z)Fy(y) is continuous and bounded, (3.9)
converges in probability to 0. For (3.8) we observe that

‘FX"‘Z" (055,12, W)~ Fel0) 5 ) ’ = ‘F’?leZn(x)FmZn (¥)~Fx, 7, (@) Fy(y) ‘ i
+ ‘F)?n\Zn(x)F?(y)_F)’Z(ZE)F?(y) ‘ <

<|Fy, 12,0~ Fo )| +| Fx, 2, (0) - Fx(a)|
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It now follows that (3.8) converges in probability to 0, since the convergence
(3.5) and (3.6) are uniform.

ii) Here we again use Lemma 7 and Proposition 9, now combined with (3.3) to

obtain,

= |E [, 212 (X Vo) Z0]) = ElHxr (X, V)| =

4 ‘E | Hx,5,12,(%0 Vo)

Zn] - E[Hy(y(f(, ?)H <

<4 ‘E[Hy(nynlzn(f(n,?n) +

Z,| —E| Hy (X, V)

Zn}

Zn} - E[Hﬁ(f{, 17)]‘ <

<4 sup Hgﬂyn‘zn(x, y) — HS{,?(% y)‘ +
z,yeR
+4|E [H)}’?(X;n’ ?n) Zni| —E [H)?,?(X’ }7)] ‘

The former term converges in probability to 0 because (3.7) holds uniformly,
and for the latter this holds since h(z,y) = Hzg(z,y) is continuous and

bounded.
Since both E[ Fx, z,(Xs)Fv,12,(Yn)| Z,] and E[Hx, v,iz,(Xn, Yn)| Z,] are
bounded a.e. we obtain iii) and iv) directely from i) and ii), respectively. O

4. Rank correlations for random graphs

We now turn to the setting of rank correlations for degree-degree dependencies
in random directed graphs. We will first introduce some terminology concerning
random graphs. Then we will recall the rank correlations given in [17] and prove
statistical consistency of these measures.

4.1. Random graphs

Given a directed graph G = (V, E), we denote by (DT (v), D_(U))'UEV the
degree sequence where D denotes the out-degree and D~ the in-degree. We adopt
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the convention, introduced in [17], to index the degree type by a, 8 € {+, —}.
Furthermore, we will use the projections ,, 7* : V2 — V to distinguish the source
and target of a possible edge. That is, if (v,w) € V? then m,(v,w) = v and
7*(v, w) = w. When both projections are applicable we will use 7. For v, w € V we
denote by E(v, w) = {e € E|m.e = v, m*e = w} the set of all edges from v to w.
For e € V2, we write E(e) = E(m.e, T*e).

Given a set V of vertices we call a graph G = (V, E) random, if for each
e € V2, |E(e)| is a random variable. Since I {e € E} = I {|E(e)| > 0}, it follows
that the former is also a random variable, cf. [3] for a similar definition of random
graphs using edge indicators. Therefore, when we refer to G as a random element
it is understood that we refer to the random variables |E(e)|, for e € V2.

When G is a random graph, the number of edges in the graph and the degrees
of the nodes are random variables defined by I {e € E} and |E(e)|, e € V2:

|E| = I{ec E}|E(e)],

e€V?

D™ (v) = Z I{(w,v) € E} |[E(w,v)|, vEV,
weV

Dt (v) = Z I{(v,w) € E} |[E(v,w)|, veEV.
weV

Given a random graph G = (V, E) we define a uniformly sampled edge &g as
a two-dimensional random variable on V2 such that

[E(e)|

P(EG = e|G) = |E| .

When it is clear which graph we are considering, we will use £ instead of £g. Let
a, B €{+, -}, k,1 € N and 7 be any of the projections 7, and 7*. Then we define

FG(k) = Fpe(r(eq) (k). (4.1)
HE (k, 1) = Hper, 50,0 copic (ks 1) (4.2)
These functions are the empirical distribution of D*(m(£g)) and the joint empirical

distribution of D*(m,(£g)) and DP(n*(Eg)), respectively, given the random graph G.
The functions F¢ and ’Hg’ﬁ are defined in a similar way as (2.1) and (2.2), using (4.1)
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and (4.2), respectively. In order to keep notations clear, we will, when considering
both projections m, and 7*, always use «a to index the degree type of the sources
and [ to index the degree type of targets. Moreover, we will often write D7
instead of D* (w(&g)).

Now we will introduce Spearman’s rho and Kendall’s tau on random directed
graphs and write them in terms of the functions (4.1) and (4.2). This way we will
be in a setting similar to the one of Theorem 1 so that we can utilize this theorem
to prove statistical consistency of these rank correlations.

4.2. Spearman’s Rho

Spearman’s tho measure for degree-degree dependencies in directed graphs,
introduced in [17], is in fact Pearson’s correlation coefficient computed on the
ranks of the degrees rather than their actual values. In our setting, this definition
is ambiguous because the data has many ties. For example, if the in-degree of
node v is d then we will observe D~ 7*e = d for at least d edges e € E, plus there
will be many more nodes with the same degree. In [17] we consider two possible
ways of resolving ties: by assigning a unique rank to each tied value uniformly at
random, and by assigning the same, average, rank to all tied values. We denote the
ranks resulting from the random and the average resolution of ties by R and R,
respectively. Formally, for a, 5 € {4, —}, we write:

R'me= Y I{Dmf+U;>Dme+U.}, (4.3)
feE

Rire=3"1 {Dﬁw*f +W; > DPrfe + We} : (4.4)
feE

where U, W are independent |V|? vectors of independent uniform random variables
on [0, 1), and

_ 1 1
R'me = S+ > I1{Dnf > D"re} + SI{D"nf = Dme}. (4.5)
fEE

Then the corresponding two versions of Spearman’s rho are defined as follows,
cf. [17]:
123" R, (e)RP*(e) — 3|E| (|E| + 1)?
palG) = —=

|E]’ - |E|
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and
42 R m(e)R w(e) — |E| (E| + 1)
_ eckE
pg(G) == — —3
Var, (R )Var*(R")
where
Var, (R") 4 " R'm.(e)’ - |E| (|E| + 1)?
eckE
and
Var®( 4> R R'nt(e)? — |E| (IE] + 1)2.

ecE

The next proposition relates the random variables p2(G) and P2(G) to the
random variable

B|7¢ (D"r.€) 74 (D'n'e) ‘ c|. (4.6)

ProprosITION 1. Let G = (V, E) be a random graph, £ an edge on G sampled
uniformly at random and o, B € {+, —}. Then

) ey Ere R e Lyl ey 72 (') [ 6] < or(ET)

T IR
and
1 Rm.e RPr*e 1
i) — = —E[}'a (D°r,E) 5 (Dﬂw*fj)‘G] +op(|E|™).
|E| 2 Bl 1Bl 4 L°€ ¢ (157
PROOF.

i) Let £ be an independent copy of £ and e € V2. Then it follows from (4.5)

that
R'me 1
I{D%rf>D" 7re}+ I{D%nf=D"re}=
|E| 2|E| ZIEI 2|E|
1

=14 -— ==Y I{D*rf<Dme}+I{Drf< Dme— 1} =

2(E| 2IEI -
—1+L—1Z(I{D%f<pa7re}+1{p%f<1)“ e—1}) BN _

2(El 2 - - |E|

fev?
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11
14— — - S(I{D*rf< D"
g 2%;2({ mf<Dimer+

+I{D°nf<D%re—1})P(&'=f|G) =
=1+ L - 1 (FS (D“me) + Fg (D%me — 1)) =

2B 2

1
=1+ 75| 2}"G( “re). (4.7)

Using a similar expression for (Eﬂﬂ'*e) /|E| we obtain,

an*e Eﬁn*e B

1
IEIZ |E| |E|
bl rape b Yosps ) o
|E|Z( 2|E| 2.7:G(D 7r*e)>(1+2|E| 2.7-'G(D7re) =

b ape BRI P
E[(H— 7 ZFG(D ms)) (1+ 2| ZJ:G(D ™ 5))‘0] :

Rearranging the terms yields

—a_ =p
E ZR|;|*6 R|g| °_ %E[]—"@f (D°m.£) 7 (Dr'e) ‘ G|+
+1- %]E[]—"g (0°m.) + 74 (D'r'€) | 6] +on (IB1"). (48)

Since the sum over all average ranks equals |E| (|E| + 1)/2, it follows that

1 R’rme 1 1
— 14— — ~E[F& (D"ne)| G] ,
* 5 = I % T agE T e (Dl el
from which we deduce that
E| F¢ (D*me)| G] = 1. (4.9)

The result now follows by inserting (4.9) in (4.8).
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ii) Again, let £ be an independent copy of £ and «, § € {+, —}. For z,y € R,
we write FS(z) = me(x) and similarly Fg(y) = me(y). Then we
have,

R%m.e
Bl E|

ZI{D mf+Up > Dme+ U} =
feE

- ZI{D mf+Up>Dme+ U} +I{f=¢}=
feE

=1-E[I{D".& +Us < D*me+U}| G| +

[
= 1-F3(D*me+U,) + Tk (4.10)
Using similar calculations we get
Rfm*e ~
B B, _x
=1-F (D’re+ W) + . (4.11)
|E| ¢ /" |E|

Now, using both (4.10) and (4.11), we obtain,

1 Rm.e RPr*e
Z—

Sy
|E|€€E

|E| |E|  |EP

| Z Fg (D%me +U.) Fg (Dﬁw*e + We) +
eckE

1 1 =~ o
i (1 b o) o (B (D% + U+ FA(DP e +10) ) -
ecE

1+%+ﬁ+1€[ (D%r* )Fﬂ(Dﬂn* )’G]Jr

(HE) (e[ (07re) | 6] + B[ B (D7me) | 6] ) -

- el 7 ()| o]+

The last line follows by first using Propositions 8 and 9 to rewrite the conditional
expectations and then applying (4.9). O
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4.3. Kendall’s Tau
The definition for 75(G) is, cf. [17],

5, 2(Ne(G) - Np(G))
@) ="EE=)

where N¢(G) and Np(G) denote the number of concordant and discordant pairs,

respectively, among (D“W*e, Dﬂw*e) . We recall that a pair (Dame, Dﬁw*e) and
(Dem.f, DPn* f), for e, f € E is called (discordant) concordant if

(D%mye — D7, f) (Dﬁw*e - Dﬁw*f) (<0)>0.
Therefore we have, for the concordant pairs,

2 1 o a % *
WNC(G) = e Z I{D m.(f) < D°m,(e), D’n*(f) < D°x (e)} +

e,fEE

+ ﬁ Z I {Daw*(f) > D%, (e), D’n*(f) > Dﬁw*(e)} =
e,feE
=E[#’ (D"me -1, 0% - 1) | 6] +
+1-E[F¢ (0°n.8)|G] - E[F (D'n°€)| 6] +

+E[Hy” (p°me, D're) | 6],

In a similar fashion we get for the discordant pairs
&ND(G) — E[F2 (D, — 1)| G] + E[Fg (Dﬂw*é’ - 1) ‘ G] +
~E|Hy (D*m.€ —1,D'n°€) ’ G|+
~E[ " (p°me, D'n'e 1) | 6]
Combining the above with (4.9) we conclude that
B

7(G) =E[Hg (D°me, D'ne) |G 1+ oe(IE).  (412)
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4.4. Statistical consistency of rank correlations

We will now prove that the rank correlations defined in the previous two
sections are, under natural regularity conditions on the degree sequences, consistent
statistical estimators.

For a sequence {G,},cny of random graphs with |V,| = n, it is common
in the theory of random graphs to assume convergence of the empirical degree
distributions, see for instance Condition 7.5 in [16], Condition 4.1 in [2]. Here,
similarly to [7], we impose the following regularity condition on the degrees at the
end points of edges.

Conclusion 1. Given a sequence {G,}nen of random graphs with |V,| = n and
a, B € {+, —} there exist integer valued random variables D and D®, not concen-

trated in a single point, such that

(ngsn, D’Zﬂ*fﬁn

Gn) = (Da,Dﬂ> asn — 0o,
where &, is a uniformly sampled edge in G,,.

In the previous two sections it was shown that pg(G), p2(G) and Tg(G) on
a random graph G are related to, respectively,

B[ 75 (0°m.€) 4 (D'r'€)| 6] and E[ng” (D°m.e, D'r¢)| 6]

Note that these are in fact empirical versions of the functions appearing in the
definitions of Spearman’s rho and Kendall’s tau, cf. (3.1) and (3.3). The following
result formalizes these observations and states that under Condition 1, pg(Gn),
p2(G,) and 75(G,) are indeed consistent statistical estimators of correlation mea-
sures associated with Spearman’s rho and Kendall’s tau.

THEOREM 2. Let a, 8 € {+, -} and {G,}nen be a sequence of graphs satisfying
Condition 1 such that as n — 00, |E,| 5 . Then, as n — 00,

. P

i) pa(Gn) = p (D, DY),
Lo\ — P p 'Da7 Dﬁ
ii) p(Gn) = ( )

34/Spe (D?) Sps (DP)
where Spa (D) = E[Fpa (D%) Fpa (D® — 1)]

and
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i) 75(Gn) — 7 (D%, DP).
Moreover, we have convergence of the first moments:
v) lim E[of(Gn)] = p (P, D7),
n—oo L
p (0°,D9)

v) lim E|70(Gy)| =

n0 31/Spa (D*) Sps (DP)
and

vi) lim E Tg(Gn)] =T (Do‘, Dﬂ).
n—oo L

PROOF.

i) By Proposition 1 we have that

B«
12 Rom.e Rym™e
P

T :3E[}'§" (D°n.E,) Fa, (DZW*Sn)‘Gn}—i—

+0P(|En|_l)-

From this and the fact that |E,| 5 o it follows that,

5 B 1 Rom.e Rim*e |En| (|E,] + 1)
PG = T |E|Z AR ToAE
n n n n

= 3878, (Dim,&) 72, (Dim'€n) | Gu] =3+ 0 (1B,7) &
E}p (D“,Dﬁ) as m — 00,

where the last line follows from Theorem 1.
ii) From (4.7) it follows that,

_ 2
Rume) _ I+ — 2 I+ — )z (D%me) + Lra (D*re)’
B ) T 2R, 2B,| )7 G\ T T g AT

Therefore,

1 e\’ 1 \* 1
n — (1 “R|Fe (D Enz‘Gn
|En|z<|En|> (14 3my) + el @rmer]a] +
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1 o o o
—~ (1+ m) E[F¢, (D*1E,)| Gn] =
— 14 iﬂ«: [fgn (Dam‘,’n)z‘ Gn] +
~E[F§, (D3n€,)| Gu] + 0p(|Eal ') &
S+ %}E[fpa (Da)z] — E[Fpe (D¥)] asn—o00 =
1

1 o o
=4+ 3ElFpe (D%) Fpe (D* = 1)],

where we used Lemma 6 for the last line. It follows that, as n — 00,

5 E[F® (D®) F* (D° - 1)].

— 2
4 (Rnwe> |E,| (|E,| + 1)2

B 2 \ 1B, AL

Since D* and D? are not concentrated in one point the above term is non-
zero. Now, combining this with Proposition 1 i) and applying Theorem 1, we

obtain

D, PP
ﬁg(Gn) 5 Pl ) as n — 00.
34/Spa (D*) Sps (D)

iii) Combining (4.12) with Theorem 1 yields, as n — 00,

Tg(Gn) =

_E [Hgf (Dgw*gn, D{iw*gn)

Gn] 1+ o (| ) S (D, DP).
(4.13)

Finally, iv),v),vi) now follow from, respectively, i), ii) and iii) since p2(Gy), P2(G,)
and T,’f(Gn) are bounded. O

Comparing results i) and iv) to ii) and v), note that the way in which ties are
resolved influences the measure estimated by Spearman’s rho on random directed
graphs. In particular, resolving ties uniformly at random yields the value correspond-
ing to Spearman’s rho for the two limiting integer valued random variables D% and
DF as defined in [11], in the infinite size network limit.
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5. Directed Configuration Model

In this section we will analyze degree-degree dependencies for the directed Con-
figuration Model (CM), as described and analyzed in [2]. First, in Section 5.1,
we analyze the model where in- and out-links are connected at random, which,
in general, results in a multi-graph. Then we move on to two other models that
produce simple graphs: the Repeated and Erased Configuration Model (RCM and
ECM). By applying Theorem 2, in Sections 5.2 and 5.3, we will show that RCM
and ECM can be used as null models for the rank correlations p, p and 7.

5.1. General model: multi-graphs

The directed Configuration Model in [2] starts with picking two target distri-
butions F_, F for the in- and out-degrees, respectively, stochastically bounded
from above by regularly varying distributions. We will adopt notations from [2]| and
let v and £ denote random variables with distributions F_ and F'y, respectively. It is
assumed that E[y] = E[£] < co. The next step is generating a bi-degree sequence of
inbound and outbound stubs. This is done by first taking two independent sequences
of n independent copies of v and &, which are then modified into a sequence of
in- and outbound stubs

36) = (D" (). D) .
veV
using the algorithm in [2], Section 2.1. This algorithm ensures that the total number

of in- and outbound stubs is the same, |E| = 3 D*(v), a € {+, —}. Using this
veV
bi-degree sequence, a graph is build by randomly pairing the stubs to form edges.

We call a graph generated by this model a Configuration Model graph, or CM graph
for short. We remark that a CM graph in general does not need to be simple.
Given a vertex set V, a bi-degree sequence @(G) and v € V, we denote by
v, v; for 1 <4 < B“L(v) and 1 < j < ﬁ*(v), respectively, the outbound and
inbound stubs of v. For v, w € V, we denote by {vf — wj_} the event that the
outbound stub v} is connected to the inbound stub w; and by {v;” — w} the

j
event that vf is connected to an inbound stub of w. By definition of CM, it follows

that PP (vZ+ — w]_|35(G)) = 1/|E| and hence P (vZ+ — w|33(G)) = D (w)/|E|.

Dt mee
Furthermore we observe that |Ey,(e)| = > I{(m.e);” — n*e}. Given a random
i=1
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graph G, we denote

where o, 3 € {4+, -}, k, 1€ Nand e € V2.
For proper reference we summarize some results from Proposition 2.5, in [2],
which we will use in the remainder of this paper.

PROPOSITION 2 ( 2], PROPOSITION 2.5). Let D(G,,) be the bi-degree sequence on n
vertices, as generated in Section 2.1 of [2], and k,l € N. Then, as n — 00,

%Zf{f);vzk}f{ﬁ;v:l}ﬂ[@(g:k)IP(v:l),

vEV,
|~ | ~
~S"DfvSE[E] and ~ > D,v>E[y].
n n

vEV, vEV,

Given a random graph G = (V, E), we will use ©(G) as a short hand
notation for its degree sequence (D~ (v), D™ (v))yey- We emphasize that for a graph
generated using an initial bi-degree sequence, the eventual degree sequence D(G)
can be different from f)(G) This, for example, is true for the ECM, Section 5.3,
where, after the random pairing of the stubs, self-loops are removed and multiple
edges are merged.

In order to apply Theorem 2 to a sequence of (multi-)graphs {G,, },cry generated
by CM, we need to prove that

(Dﬁﬂ'*é’n, Dﬁﬂ'*gn

Gn) N (D‘“, Dﬂ) ,

for some integer valued random variables P and D?. For this, it suffices to show
that, as n — 00,

HE (k, 1) = Hopye o, 1),
for all k,l € N. We will prove this by showing that
B| 157k, 1)] G| 5P (D" =k D" =1),

as n — 00, using a second moment argument as follows. Given a sequence {Gy, }nen
of graphs, o, € {+,—} and k,l € N, we will show that the empirical joint
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probability E [E [Ign’ﬁ(k, l)‘ G”H converges to P (D = k, D? = [). Then we will
prove that the variance of E [I?r:ﬂ (k, l)‘ Gn} converges to zero.

We start with expressing the first and second moment of & [Ig_:ﬂ (k, l)’ Gn] , for
CM graphs, conditioned on the bi-degree sequence ’}S(Gn) in terms of the degrees.
We observe that, for a, 8 € {+, —}, e € V2 and k, | € N, the events {D%m,e = k}
and {Dﬁw*e = l} are completely defined by 5(Gn), hence so is L?’ﬂ(k, ). We
remark that, since CM leaves the number of inbound and outbound stubs intact, we
have D(G,) = @(Gn) However, in this section we will keep using hats, e.g. D,

instead of D,,, to emphasize that G,, can be a multi-graph.

LEMMA 1. Let {G,,}nen be a sequence of CM graphs with |V,|=n and o, B € {+,—}.
Then, for each k,l € N,

i) E[E[Igf(k, l)‘ Gn]

and

ii) E[E[I?n’ﬂ(k, z)‘ Gnﬂ 33(Gn)] = (Z 1%P(k, 1)%):0@(1)‘

PrROOE
i)
E[E[Ig;ﬂ(, G, |3 ] 2 |)| D(C)
_ |—1| 19k, DE [ 1B e)l‘ﬁ(Gn)] _
En eV}
| lZIaﬁkl)E ﬁgse[{m T rte} | DG | =
ey i=1
(pire) (Bire)
o.f
;sz (k1) VAT .

(5.1)
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ii) Following similar calculations as above we get,

E[ [ Ok, 1)‘0 ]2 ﬁ(Gn)] -
E[ > 1k Ik, 1)% G| = (5.2)
e,feV? n
1 (0% (0%
A % (Ie P, I (k, 1)
‘ * Z*E[I{W*e = e} I{(r.f)y —>7r*f}‘i‘5(Gn)]>
o (5.3)

We will, for e, f € V2, analyze
Difme D, f

|E |2 Z Z [I{(W*e)j_ — e} I{(m.f); —>7T*f}‘ ﬁ(Gn)] (5.4)

for all different cases, e = f, eN f = &, e, = f, and e* = f*. First, suppose
that e = f. Then (5.4) equals

NN M=} I{j=t} I{i#£s}I{j#1)
= + —= = .
|EP§;§; Bl Bl (1Bl - 1)

Writing out the sums and using that e = f we obtain,

Dir.eDyr*eDim, fD;mf

(5.4) = BB - 1) ’ o
N (f)ﬁmez (DW*e) . (5{ ”*e)A(ﬁ W*e) n (5.6)
Bl [Enl*(1 Bl = 1)
~ 2, . 2 /.
_(Bire) (Bime) (Bime) (Bire)

|EalP(1Bal = 1) B (IE,| 1)
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Since for all kK > 0 and k € {4, —} it holds that

k
1 (A k 1 ~ 1
= E DH’U) < = ( E DH’U> ==,
|En|k+l = n |En|k+1 n |En|

vEV,

we deduce that the terms in (5.6) and (5.7) contribute as op(1) in (5.3), from
which the result for e = f follows. The calculations for the other three cases
for e, f € V> are similar and are hence omitted. U

As a direct consequence we have the following

PROPOSITION 3. Let {Gp}nen be a sequence of CM graphs with |V,| = n and
a, B € {+,—}. Then, for each k,l € N, as n — o0,

’E [E [12°(k0)| 6] 2‘ 5(Gn)] ~E[E[ 1 )] Ga] | D(G)] 2

Now, using the convergence results from [2], summarized in Proposition 2, we
are able to determine the limiting random variables D¢ and D”.

PROPOSITION 4. Let {Gp}nen be a sequence of CM graphs with |V,| = n and
a, B € {+, —}. Then there exist integer valued random variables D* and D? such
that for each k,l € N, as n — 00,

E[E[I?‘ﬁ(k, z)] Gn] A(Gn)] Ep =kP (Df’ - l) .

ProoF. First let (o, ) = (+, —). Then it follows from Lemma 1 i) that
E[E[ 12k 1)] G, || B(Gn)| =

- 3 1{Blo=n}r{Bru=) B2

v,WEV,

(= ) (o0 5 -
(kz I {D+v - k}) (z > I {D|Ew|_ l})

VeV, " wEV,
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E KPE=K)IP(y=1)
E[¢] E[v]

as n — 00,

where the convergence in the last line is by Proposition 2. The other three cases are
slightly more involved. Consider, for example, (o, 8) = (—, +). Then we have,

E [E [I‘;f(k, l)‘ Gn]

3(Gn)| = (5.8)

We will first analyze the last summation.

I - ~ | o
E,| %Dn(w)I{DIw: l} =5 %\;zwwnl{an:z} I{D;fw: l} RN
gpg[gl)%zp(’)’:z) asn— oo =
PE=DE[H] _
B ¢ =1, (5.9)

where we again used Proposition 2 and E[y] = E[£]. In a similar way we obtain
that, as n — o0,

1
Bl

3 DI {ﬁg(u) - k} EP(y=k). (5.10)

veEV,

Applying (5.9) and (5.10) to (5.8) we get
E [E[I‘;’Jr(k, )| G| @(Gn)] Ep(y=kPE=1).

For the other two cases we obtain, as n — oo,

E[E[IL ()] 6] | B(G)] S KP (¢ =£[)§1]P €=

s[Bl k)6 Bey] 5 FO=HEO=D
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Distributions of D* and D” for a, 8 € {+, —}.

a f P (D™ = k) P (D =1)
+ - kPE=k)/EE] IP(y=1)/E[]
-+  Ply=k P(§=1)

+ + kP(E=k)/E[E] PE=1)

- - P(y=k) LP (y=1) /E[y]

Table 1

The results now holds if we define P* and DP by their probabilities summarized in

Table 1.

O

We end this section with a convergence result for first and second moment of

E [Ig“f(k, z)‘ Gn} .

PROPOSITION 5. Let {Gp}nen be a sequence of CM graphs with |V,|

a, B € {+, =}. Then, for each k,l € N,
i) T}LTOE[E[Ign’ﬁ(k, z)‘ Go|| =P (" =k)P (D" =1),

i) lim E[E[Igf(k, )| G| 2] =P =k)’P (D’ = 1)2,

n—00

and hence, as n — 00, ]E[Ig:ﬂ(k, l)’ Gn] 5 P(D* =k)P (Dﬂ = l) )

PROOFE.

i) Let k,l € N, then, since

E [E [Ig’ﬁ(k, l)’ Gn]

= n and

(5.11)

it follows, using Proposition 4 and dominated convergence, that for each pair

a, B € {+, -}, we have

n—0o0

where D, D? have distributions defined in Table 1.

tim B[] 127k, l)‘ G| =p@* =pr (0’ =1),
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ii) For the second moment we get, using conditioning on ﬁ(Gn),
a,fB 2 a,f PN
limE[E[Ig’ (k, l)’ Gn] ] — 1im E{E{E[Ig‘ (k, l)‘ Gn] ‘@(Gn)H _
n—00 " n—00 "

D 71'eD e\
= lim E (Zlaﬂkl — = ) +op(1)| = (5.12)

n—00 | |2
ecV?

— tim B[B[E[2700] 6] | B6)] +ox0)] - (5.1
- (P(Da:k)IP(Dﬂ:l))z. (5.14)

Here (5.12) follows from Lemma 1 ii), (5.13) is by Lemma 1 i), and (5.14) is
due to Proposition 4, continuous mapping theorem, (5.11) and the fact that
the op(1) terms are uniformly bounded, see proof Lemma 1. The distributions
of D, D? are again given in Table 1.

The last result now follows by a second moment argument. Il

5.2. Repeated Configuration Model

Described in Section 4.1 of [2], RCM connects inbound and outbound stubs
uniformly at random and then the resulting graph is checked to be simple. If
not, one repeats the connection step until the resulting graph is simple. If the
distributions F_ and F; have finite variances, then the probability of the graph
being simple converges to a non-zero number, see [2], Theorem 4.3. Therefore,
throughout this section, we will assume that E[y?], E[¢?] < cc.

Let {G,,}nen be again a sequence of CM graphs, and let S,, denote the event
that G,, is simple. We will prove, in Theorem 3 below, that for a sequence of RCM
graphs of growing size, our three rank correlation measures converge to zero, by
showing that for all a, 8 € {+, —} and k,l € N,

E[Igf(k, 1)’ G, sn] Ep(p®=k)P (Dﬂ - z) ,

as n — 0o, where D* and DP are random variables whose distributions are defined
in Table 1.

First we show that, asymptotically, conditioning on the graph being simple does
not effect the conditional expectation E [E[ 190 (k, l)‘ G } A(Gn)] .
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LEMMA 2. Let {G,}nen be a sequence of CM graphs with |V,,| = n and o, B € {+, —}
and denote by S, the event that G,, is simple. Then, for each k,l € N, as n — o0,

‘E[E[Izﬂk, )| G, ]| B(Gw)] ~E[E[ 127 (k.0 6] @<Gn>]\ﬂo.
Proor. First, we wite
e[ 17k0] e 5] [ Be0] - [2 [0 0] 6] 3@] -
= E[E[I?f’(k, )| G| (;{(ii - 1) @<Gn>H. (5.15)

Next, denote by
Var( [Iaﬁk l)‘ ]

the variance of, respectively E [Ig:ﬁ (k, l)’ Gn] and I {S,}, conditioned on ’)5(Gn)
Then, by adding and subtracting in (5.15) the product of the conditional expectations

P (8,:/D(Gn)
( n)i| (W — 1) ,

Gn)) and Var (I{Sn}| 5(Gn))

2[s[ 270

Following the argument in the first part of the proof of Proposition 4.4 from [2]
we conclude that, P (Sn|®( n)) and P (S,) converge to the same positive limit,
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hence the latter expression in (5.16) is op(1). The result now follows, since by
Proposition 3

Var (E[Ign’ﬂ(k, l)’ Gn]

@(Gn)) — op(1). 0

In the next theorem we show that the conditions of Theorem 2 hold for
a sequence of RCM graphs, and thus obtain the desired convergence of the three
rank correlations, using a second moment argument.

THEOREM 3. Let {G,}nen be a sequence of RCM graphs with |V,| = n and
a,B €{+,—}. Then, as n — o0,

p2(G) 50, PGS0 and PG So.

ProoOF. Instead of conditioning on RCM graphs we condition on CM graphs G,
and the event that it is simple, S,. Let k, 1 € N and let D*, DP have distributions
defined in Table 1. Then, for each pair a, 8 € {+, —}, we have

‘E [E[127(6,1)| G, )]

5(Gn>} _P(D*=kK)P (pﬂ _ z)’ <

<[zl 0]c. )

@(Gn)] _E [E [Ig‘f(k, l)’ Gn]

@(Gn)] ‘ +

+ ‘E[E[Igf(k, 1)‘ G| B(Gn)| -p @ =k P (D" =1) ‘

Hence by Lemma 2 and Proposition 4 it follows that, as n — oo,

P

E[E[Igj’(k, 1)] G, sn] ﬁ(Gn)] Ep kP (Dﬂ - l) .

-~

Since E [E [Ig;ﬂ (k, 1) ’ G,, Sn] ”D(Gn)] < 1, dominated convergence and the above

imply that

lim E[E[Ig:ﬂ(k, l)‘ G, Sn]] —P(D* =Fk)P (Dﬂ - l) . (5.17)

n—0o0

For the second moment we have

E [E[Igf(k, | 6. sn]z‘ ﬁ(an)] ~p(* =P (D’ =1)
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< |E[<(fp>{(§”§>2 - 1) E[I;“f(k, 1)‘ Gnr DG || + (5.18)
+ E[E[Igf(k, z)‘c:n}2 @(Gn)] —E[E[I?n’ﬂ(k, z)‘Gn} A(Gn)r +

(5.19)

+ E[ [I“ﬁk l)‘ ] (Gn)]z—IP’(D“:k)2IP’(Dﬂ—l>2 (5.20)

From Proposition 3 it follows that (5.19) converges to zero, while this holds
for (5.20) because of Proposition 4 and the continuous mapping theorem. Finally,

((G83) 1) < (g -1) (v

and B[ 127k, l)‘G <.

since

it follows that

(5.18) gE[ [I“ﬁ(k 1)‘ G] (f@{(‘;i - 1)’5(@)] (1+P(Sn)_1) L)

as n — 0o,

by (5.15), Lemma 2 and Proposition 4.4 from [2]|. Therefore, using (5.11) and
dominated convergence, we get

n—o0o

lim E[E[Igf(k, l)’ G, sn] 2} —P(D* = k)P (Dﬂ - 1)2 . (5.21)
Combining (5.17) and (5.21), a second moment argument now yields that,

E[ 1206, )] Ga,5)] 5P =B)P (D’ =1) asn— o,
The result now follows from Theorem 2 by observing that the random variables D%

and D? are independent and not concentrated in a single point. The latter is needed
so that in case of average ranking we have Sp. (D) # 0, see Theorem 2. O
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5.3. Erased Configuration Model

When the variances of the degree distributions are infinite, the probability of
getting a simple graph using RCM converges to zero as the graph size increases.
To remedy this we use ECM, described in Section 4.2 of [2]. In ECM stubs are
connected at random, and then self-loops are removed and multiple edges are
merged. We emphasize that for this model the actual degree sequence ©(G) may
differ from the bi-degree sequence, SS(G), used to do the pairing.

We will often use results from Proposition 4.5 of [2], which we state below for

reference.

PROPOSITION 6 ( [2], PROPOSITION 4.5). Let G, = (V,,, E,,) be a sequence of ECM
graphs with |V,| =n and k,l € N. Then, as n — oo,

%ZI{D%:k}ﬂP@:k) and %Zl{p‘vzl}ﬂp(yzl).

vEV, veEV,

We will follow the same second moment argument approach as in the previous
section to prove that all three rank correlations, p, p and 7 converge to zero in
ECM. First we will establish a convergence result for the total number of erased in-
and outbound stubs.

For v,w € V and a € {+, —}, we denote by E~“*(v) and E°(v, w), respec-
tively, the set of erased a-stubs from v and erased edges between v and w. For
e € V2, we write E¢(e) = E°(me, m*e).

LEMMA 3. Let {G,}nen be a sequence of ECM graphs with |V,| = n and a € {+, —}.
Then

1
— Z |Ey; “(v)] 50 asn— 0.
nvEVn

PROOF. Let N € N and fix a v € Vi, then for all n > N, |Ey *(v)| < vy, + 1 where
all «y, are i.i.d. copies of . Since by Lemma 5.2 from [2] we have E;;“(v) — 0
almost surely and furthermore E[v] < oo, dominated convergence implies that

. 1 C, O
Jim — %jEHEn ()] =0.
veV,
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Applying the Markov inequality then yields, for arbitrary € > 0,
Z‘; E[|ER *(v)]]
lim P Z|E”‘ ) >e | < lim £ = 0. O
n—00 n—o0 ne
UEV
Since
|E| = |E| - > |E“®(v)| for o € {+,-},
veV
the above lemma combined with Proposition 2 implies that
E
L2 5 E[y] asn — 0. (5.22)

We proceed with the next lemma, which is an adjustment of Lemma 1, where

we now condition on both the bi-degree sequence of stubs as well as the even-

tual degree sequence. We remark that I¢ A (k,1) is completely determined by the
latter while > |E(e)| is completely determined by the combination of the two

ecV?

sequences. Recall that for e € V2, |E(e)| denotes the number of edges f € E with
f = e before removal of self-loops and merging multiple edges and observe that

|B(e)] = |B(e)| — [E(e)].

LEMMA 4. Let {Gp }nen be a sequence of ECM graphs with |V,,| = n. Then, for each

k,1eNand o, € {+, -},

) E[E[1(kD)|G.]|D(G). 26| =
= S 100 (k1) "7’;?2”+0P(1),
ecVy

ecV;?

To obtain this result we need the following Lemma.

o D;f m.eD;, e
(ZI Bk, 1) TR ) + op(1).
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LEMMA 5. Let {G,}nen be a sequence of ECM graphs with |V,,| = n. Then, for each
k,1eNand a,B € {+, -},

nﬂ*eD m*e

ZI“ﬂkl

weve B

PROOF. Since D¥me = D%me + |Ey; “(we

_Zfaﬂkl

ecV?
)|, we have

nmeD e

> 1Pk, 1)

ZIaﬂ(k l) n’lT*eD’iTe_
eevz |En|2 BEVZ |En|2

“H(mae)| B (r"
B2

N (525

By Lemma 3 and Proposition 2 it follows that (5.25) is op(1). For (5.23) we have

Dy m.e|ES (m.e)| Div |En
Iaﬂ(k‘,l) n o <
(;Vnz ' |En|? %; Bl U,GZV |E|
|En”(w)|
< B @l ),
weV, |E|

where the last line is due to > Div= |E’n| The last equation then follows from
veEV,
Lemma 3 and Proposition 2. This holds similarly for (5.24) and hence the result

follows. O

PROOF OF LEMMA 4.

i) By splitting |E,(e)| we obtain,

E[E[ 1870k, )] Ga] | D(Gn), D(Go)]
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EIZI |>|

ecV;?

- :Z: E LZVZ 12 (k, 1)%% ﬁ(Gn)] + (5.26)
B S k) E[IE@I DG DG] . (527)

e€V;?

For (5.27) we have,

S 127, B[ 1Bl B(G), D(Gr)| <

ecV;?
—mz [1E:(0)]|D(Gr), D(Ga)] =

ecV;?

D IES (),

veEV,

IEI

IEI

which is op(1) by Lemma 3 and (5.22). Now, since the conditional expectation
in (5.26) equals (5.1), it follows from Lemma 1 i), Lemma 5 and (5.22) that

tm.eD, e
(5.26) = > 1:P(k, 1) n|%|2 +op(1).
ecVy

i) Splitting both terms |E,(e)| and |E,(f)| for e, f € V;? yields,
a,f 2l ~
E[E[I&; (k)| G| ‘@(Gnm(Gn)] =

El S 126 (e, O 5

2
oo | En|

_ Bl El S Ok DI (R, 1)7|E(e)EllE(f V5

2
|ETL| e’fevrg | n|




78 Pim van der Hoorn (Enschede), Nelly Litvak (Enschede) [460

[ |En(e) || En(f)|

B | D@ 2E)| + (529

+ > BRI (k) E

e,feV? -

1B ()| En(f)]] &

- > 12 DI (k) E % D(Gn), D(Ga) | + (5.30)
e.fevi L " i

- > Pk I (kD) E w D(G,), D(Gn)| . (5.31)
e, feV} L n i

Recognizing the conditional expectation in (5.28) as (5.2), then using first
Lemma 1 ii) and then Lemma 5 and (5.22), it follows that (5.28) equals

(ZI“ﬂ (, z)D n MxeDn e)2+o]p(1).

ecV;? |E |2

It remains to show that (5.29)-(5.31) are op(1). For (5.29) we have

> s | ORI 56,00, <

2
e, fev;2 |E |

< (13 5y 2 B ) o)

by Lemma 3 and (5.22). Since (5.30) and (5.31) are symmetric we will only

consider the latter:

S 1Pk, )IF (k) E

e, feV;2

(5 50) L sl -

B, ) B
(s EOIN B
‘(Z B, )|En|‘ ().

Here, for the last line, we used > E[|En(e)|’ C‘S(Gn)] = |En|, and then
e€Vy
Lemma 3 and (5.22). 0

|ES(HIIEa(e)] | ~
[ Er|°
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A straightforward adaptation of the proof of Proposition 4, using Lemma 4
instead of Lemma 1, yields the following result.

PROPOSITION 7. Let {Gp}nen be a sequence of ECM graphs with |V,| = n and
a, B € {+, —}. Then there exist integer valued random variables D* and D® such
that for each k,1 € N, as n — 00,

E [E [Igf(k, l)‘ Gn}

D(@,), ”D(Gn)] Ep(=k)P (Dﬂ - z) ,

where the distributions of D* and DP are given in Table 1.

We can now again use a second moment argument to get the convergence
result for the three rank correlations in the Erased Configuration Model. We omit
the proof since the computation of the variance follows the exact same steps as
those in Proposition 5, where now, instead of only conditioning on @(Gn), we also
condition on ©(G,) and use Lemma 4.

THEOREM 4. Let {G,}nen be a sequence of ECM graphs with |V,| = n and
a,B €{+,—}. Then, as n — oo,

PG 50, PG B0 and TH(Gy) o0,

This theorem shows that even when the variance of the degree sequences is
infinite, one can construct a random graph for which the degree-degree dependen-
cies, measured by rank correlations, converge to zero in the infinite graph size limit.
Therefore this model can be used as a null model for such dependencies.
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6. Appendix A Continuization

In this appendix we will establish several relations between the distribution functions
of integer valued random variables and their continuizations, using the functions F
and H defined in (2.1) and (2.2), respectively.
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Let X = X + U be as in Definition 2, take k € Z and define I} = [k, k + 1).
Then for x € I,

Fx(z) = (x — k)Fx(k) + (k+ 1 —z)Fx(k - 1). (6.1)
As a consequence, it follows that for x € I,
dFs(z) = (Fx(k) — Fx(k— 1)) dz =P (X = k) dz. (6.2)

These identities capture the essential relations between X and its continuization
X. As a first result we have the following.

LEMMA 6. Let X be an integer valued random variable and m € N. Then,

IE[FX(X')'"} _ Zm: E[FX(X)"FX(X - 1)"”] .

1=0

ProOF. Using (6.1) we obtain,

/ Fo(z)" do — / (z — B)Fx(k) + (b + 1 — ) Fy(k — 1))"

I,

m 1

Z( )FXk)FX( - " /y) y)" " dy =

=0 0

= mi D+ D0(m—i+1)
Z il(m —z)‘ (k) Fx(k = 1) I'(m+2) B

=0

:m+1ZFX A

Combining this with (6.2), we get

[ Z/ 2)"dFy(z) =

keZ

_Z/ z)"P(X =k) dz =

kez §,
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- Xm: E [FX(X)"FX(X - 1)’”*”] . 0

As a direct consequence of Lemma 6 we get

S =E[Fx(®)] = JEIF(X)], (6.3)

relating Fy to Fx. Similar to (6.1), if Z is a random element independent of X,
we get for z € I},

F)”qz(x) = (z - k)Fx;z(k) + (k+ 1 — z)Fx;z(k - 1). (6.4)
Applying (6.4) in a similar way as (6.1) we arrive at an extension of Lemma 6.
The proof is elementary, hence omitted.

PROPOSITION 8. Let X be an integer valued random variable and Z a random element
independent of the continuous part of X. Then

i) IE[FX(X')’ Z] - %]E[]-"X(X)| 7], as.;
i) Py ()”() - %]-'X\Z(X), as.

The following results are extensions of the previous ones to the case of two
integer valued random variables X and Y. We will state these without proofs, since
these are either straightforward extensions of those for the case of a single random
variable or follow from elementary calculations and the previous results.

LEMMA 7. Let X, Y be integer valued random variables. Then,
, - =7 1
) E[Fr(D)F(T)] = sEFEO)F D)),
~ ~ 1
i) E[Hep(X.9)] = 2B (X, V)]

PROPOSITION 9. Let X, Y be integer valued random variables and let Z be a random
variable independent of the uniform parts of X and Y. Then

i) E[ig()?)i?(?)] z] - %E[]—'X(X)]-"Y(Yﬂ 7] as.;

.. oy 1
ii) H)~(,1~/|Z(X’ Y)= ZHX’Y|Z(X’ Y) as.
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