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1. Introduction

Let H be a (commutative and cancelative) monoid. If an element ¢ € H has a
factorization @ = u; -...-uy into atoms u, ..., u;y € H, then k is called the length

of the factorization, and the set L(a) of all possible lengths is called the set of lengths
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of a. For k € N, let Uy(H) denote the set of all m € N with the following property:
There exist atoms uq, ..., Ug, V1, ..., Uy, € Hsuchthat u;-... U =v; ... Up.
Thus Uy(H) is the union of all sets of lengths containing k. Sets of lengths (and
all invariants derived from them, such as their unions) are the most investigated
invariants in factorization theory. The sets Uy(H) were introduced by S.T. Chapman
and W.W. Smith in Dedekind domains (see [14]) and since then have been studied
in settings ranging from numerical monoids to Mori domains, including monoids
of modules (see [3, 6, 10, 18, 24]). Their suprema pi(H) = sup Ux(H) and their
minima Ag(H) = minUy(H) have received special attention. Indeed, the invariants
pr(H) were first studied in the 1980s for rings of integers in algebraic number fields
(see [16, 36]). The supremum over all pi(H)/k is called the elasticity of H, whose
investigation was a key topic in early factorization theory (see [1] for a survey, or to
pick a few from many, see [12, Problem 38| and |2, 8, 11, 13, 32]).

In the present paper, we focus on Krull monoids having the property that every
class in the class group contains a prime divisor. In Section 2 we present the necessary
background and Proposition 4 gathers the present state of the art. Among others, if
H is such a Krull monoid with class group G and 2 < |G| < o0, then U(H) C N
is a finite interval, hence Uy(H) = [A\e(H), px(H)], and its minimum Az(H) can be
expressed in terms of pi(H). Moreover, p(H) depends only on the class group G
and hence it can be studied with methods from Additive Combinatorics. This is the
starting point for the remainder of the paper.

Let D(G) denote the Davenport constant of G and set pi(G) = pi(H). Then,
for every k € N, we have p,;(G) = kD(G) and there is the crucial inequality (see
Lemma 1)

14 kD(G) < paess(€) < kD(G) + | 2D |

In Section 3 we analyze this inequality, formulate two conjectures (Conjecture 1),
and outline the program of the paper in greater detail. Theorem 1 provides a list of
groups for which py;.1(G) equals the upper bound in the above inequality for all
k € N. If G is cyclic, then pyx11(G) equals the lower bound for all k£ € N (this was
proved in [20]). Theorem 2 characterizes all groups G of rank two for which p3(G)
equals the upper bound. This result is based on the recent characterization of all
minimal zero-sum sequences of maximal length in groups of rank two (see Main
Proposition 7 on p. 27).
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2. Unions of sets of lengths in Krull monoids: Background

Let N denote the set of positive integers and set Ny = N U {0}. For real numbers
a,b € R, we denote by [a,b] = {z € Z | a < z < b} the discrete interval.
By a monoid, we mean a commutative semigroup with identity which satisfies the
cancellation law (that is, if a, b, ¢ are elements of the monoid with ab = ac, then
b = c follows). The multiplicative semigroup of non-zero elements of an integral
domain is a monoid.

Let G be an abelian group, and let A, B C G be subsets. Then (A) C G is the
subgroup generatedby A, —A ={—a |a € A},and A+ B={a+b|a € A,b€ B}
is the sumset of A and B. Furthermore, A is a generating set of G if (A) = G, and
A is a basis of G if all elements of A are nonzero and G = @uca{a).

Monoids and Sets of Lengths. A monoid F' is free abelian, with basis P C F' and
we write F' = F(P), if every a € F has a unique representation of the form

a= H p?®@ with vy(a) € Ny and v,(a) =0 for almostall p€ P.
peEP

Let H be a monoid. We denote by H* the set of invertible elements of H and
by q(H) a quotient group of H. For a subset Hy C H, we denote by [Hy| C H
the submonoid generated by Hy. Let a,b € H. We say that a divides b (and
we write a|b) if there is an element ¢ € H such that b = ac. We denote by
A(H) the set of atoms (irreducible elements) of H. If a = u; - ... - ug, where
k€N and u,,...,u; € A(H), then k is called the length of the factorization and
L(a) = {k € N | a has a factorization of length k} C N is the set of lengths of a.
For convenience, we set L(a) = {0} if a € H*. Furthermore, we denote by

L(H)={L(a) | a € H} the system of sets of lengths of H .
Next we define the central concept of this paper. Let £ € N and suppose that

H # H*. Then
U(H) = U L(a)

a€H, k€L(a)

is the union of all sets of lengths containing k. Thus, Uy(H) is the set of all m € N
such that there are atoms vy, ..., U, Vi, ..., Uy With Uy« ... U = V] * ... Upy.
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Finally, we define

pr(H) =sup Up(H) and Ag(H) = min Uy(H).

Krull monoids. A monoid homomorphism ¢: H — F is said to be a divisor
homomorphism if ¢(a) | ¢(b) in F implies that a |b in H for all a,b € H. A
monoid H is said to be a Krull monoid if one of the following equivalent properties
is satisfied (see [23, Theorem 2.4.8] or [31]).

(a) H is completely integrally closed and satisfies the ascending chain condition
on divisorial ideals.

(b) H has a divisor homomorphism into a free abelian monoid.

(c) H has a divisor theory: this is a divisor homomorphism ¢: H — F = F(P)
into a free abelian monoid such that for each p € P there is a finite set £ C H
with p = ged (p(E)).

Let H be a Krull monoid. Then every non-unit has a factorization into atoms,
and all sets of lengths are finite. A divisor theory ¢: H — F = F(P) is essentially
unique, and the class group C(H) = q(F)/q(¢(H)) depends only on H. It will be
written additively, and we say that every class contains a prime divisor if, for every
g€ C(H), thereisa p € P with p € g.

An integral domain R is a Krull domain if and only if its multiplicative monoid
R\ {0} is a Krull monoid, and Property (a) shows that a noetherian domain is
Krull if and only if it is integrally closed. Rings of integers, holomorphy rings in
algebraic function fields, and regular congruence monoids in these domains are
Krull monoids with finite class group such that every class contains a prime divisor
(see [23, Section 2.11]). Monoid domains and power series domains that are Krull
are discussed in [29, 33, 34]. For monoids of modules which are Krull we refer the
reader to |3, 5, 17].

Main portions of the arithmetic of a Krull monoid—in particular, all questions
dealing with sets of lengths—can be studied in the monoid of zero-sum sequences
over its class group. We provide the relevant concepts and summarize the connection
in the next subsection.

Transfer homomorphisms and Zero-sum sequences. Let G be an additively written
abelian group, Gy C G a subset, and let F(G,) be the free abelian monoid with
basis G. According to the tradition of combinatorial number theory, the elements
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of F(Gy) are called sequences over Gy. If S = g;-...-g;, where [ € Ny and
g1, ---, 41 € Gy, then 0(S) = g; + ... + g; is called the sum of S, and the monoid

B(Gy) = {S € F(Gy) | 0(§) = 0} C F(Go)

is called the monoid of zero-sum sequences over Gy (or the block monoid over Gy).
Since the embedding B(Gy) — F(Gy) is a divisor homomorphism, Property (b)
shows that B(Gp) is a Krull monoid. The monoid B(G) is factorial if and only if
|G| < 2. If |G| > 3, then B(G) is a Krull monoid with class group isomorphic to G
and every class contains precisely one prime divisor.

For every arithmetical invariant *(H) defined for a monoid H, it is usual to
write *(G) instead of *(B(G)) (although this is an abuse of language, but there will be
no danger of confusion). In particular, we set A(G) = A(B(G)), L(G) = L(B(G)),
Ur(G) = Ur(B(G)), pr(G) = pr(B(G)), and Ax(G) = Ax(B(G)).

The next two propositions reveal the universal role of monoids of zero-sum
sequences.

ProPOSITION 1. Let H be a Krull monoid with class group G such that every class
contains a prime divisor. Then there is a transfer homomorphism 3: H — B(G). In
particular, for every k € N, we have

Up(H) = Up(G) . Me(H) = Ai(G) . and  py(H) = pi(G) .

PROOF. See [23, Theorem 3.4.10]. O

Whereas the proof of the above result is quite straightforward, there are recent
deep results showing that there are non-Krull monoids (even non-commutative
rings) which allow transfer homomorphisms to monoids of zero-sum sequences.
The proof of part 1 can be found in [41, Theorem 1.1] (see [4] for related results of
this flavor) and part 2 in [24, Theorem 5.8].

PROPOSITION 2.

1) Let O be a holomorphy ring in a global field K, A a central simple algebra
over K, and H a classical maximal O -order of A such that every stably free left
R-ideal is free. Then Uy(H) = Uy(G) for every k € N, where G is a ray class
group of O and hence finite abelian.



8 Alfred Geroldinger, David J. Grynkiewicz, and Pingzhi Yuan [78

2) Let H be a seminormal order in a holomorphy ring of a global field with principal
order H such that the natural map X(H) — X(H) is bijective and there is an iso-
morphism ©: Cy(H) — C,(H) between the v-class groups. Then Uy(H) = Uy(G)
for every k € N, where G = C,(H) is finite abelian.

We need some more notation for sequences over abelian groups (it is consistent
with [23,26,30]). As before, we fix an additive abelian group G and a subset Gy C G.
Let

S=gi-....q =[] 9" € F(Gy),

9€Gy

be a sequence over G, (whenever we write a sequence in this way, we tacitly

assume that [ € Ny and g1,..., g € Gy). We set =S = (—g1) - ... (—g) and
Ve, (S) = > vg(S) for asubset Gy C Go. We call v,4(S) the multiplicity of g in S,
9€G,

S| =1= Z vg(S) € Ny the length of S
geG

supp(S) = {g € G | v¢(S) > 0} C G the support of S,

l
a(S) = Z g; the sum of S, and

i=1

X(S) = { Zgi | @ #1C [l,l]} the set of subsums of S.

il

For a sequence T € F(Gy), we write gcd(S, T) € F(Gy) for the maximal length
subsequence dividing S and T. We write T | S to indicate that T is a subsequence
of S, in which case ST~' = T~'§ denotes the subsequence obtained from S by
removing the terms from T'. The sequence S is said to be

o zero-sum free if 0 ¢ %(S),

e a zero-sum sequence if o(S) =0,

e a minimal zero-sum sequence if it is a nontrivial zero-sum sequence and every

proper subsequence is zero-sum free.

Clearly, the minimal zero-sum sequences are precisely the atoms of the monoid
B(Gy), and they play a central role in our investigations. Now suppose that G is
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finite. For n € N, let C,, denote a cyclic group with n elements. If |G| > 1, then
we have

G=C, @...®C,, , and we set d*(G):Z(ni—l) and D*(G)=d"(G)+1,
i=1

where 7 = r(G) € N is the rank of G, ny,...,n, € N are integers with
1l <mny|...|n and n, = exp(G) is the exponent of G. If |G| = 1, then
r(G) =0, exp(G) = 1, and d*(G) = 0. The Davenport constant D(G) of G is the
maximal length of a minimal zero-sum sequence over GG, thus

D(G) = max{|U| | U € A(G)} € N.

(note that A(G) is finite). In other words, D(G) is the smallest integer £ such that
every sequence S over G of length |S| > £ has a nontrivial zero-sum subsequence.
We denote by d(G) the maximal length of a zero-sum free sequence, and clearly we
have 1+ d(G) = D(G). The next proposition gathers some facts on the Davenport
constant which we will use without further mention. A proof can be found in
[23, Chapter 5].

PROPOSITION 3. Let G be a finite abelian group.
1) DG) < D(G) < |G
2) If G is a p-group or r(G) < 2, then D*(G) = D(G).
3) D(G) = 1 if and only if |G| = 1, D(G) = 2 if and only if |G| = 2, and
D(G) = 3 if and only if G is cyclic of order |G| = 3 or isomorphic to C, ® C,.

Note that 1) is elementary and that 3) is a simple consequence of 1) and 2).
There are more groups G with D*(G) = D(G) (beyond the ones listed in 2)), but
we do not have equality in general (see 25, 40]).

The next proposition gathers the state of the art on unions of sets of lengths.

ProOPOSITION 4. Let H be a Krull monoid with class group G such that every class
contains a prime divisor.

1) If |G| <2, then Uy(H) = {k} for all k € N.
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2) If 2<|G| < o0, then, for all k € N, we have Up(H) = [M\(G), pr(G)] and

4

2k for 7=0

Ap©@)+i(H) = { 2k + 1 Jor j e[l pyi1(G) — kD(G)]

2k+2  for jé€[pu+1(G)—kD(G) + 1,D(G) - 1],

\

provided that kD(G) +j > 1.
3) If G is infinite, then Uy(H) = N>, for all k > 2.

PROOF. 1) is classical, for 2) see [18, Theorem 4.1] and [22, Section 3.1], and 3)
follows from [23, Theorem 7.4.1]. O

Let H be a Krull monoid with class group G such that every class contains a
prime divisor, or any of the monoids in Proposition 2. Then Propositions 1, 2, and
4 show that, for a complete description of the sets Uy (H) of H, it remains to study
the invariants p;(G) of an associated monoid of zero-sum sequences. We proceed
with this goal in mind.

3. The extremal cases in the crucial inequality

We start with a simple and well-known lemma. For convenience, we provide its
short proof.

LEMMA 1. Let G be a finite abelian group with |G| > 3, and let k,l € N.
) k+1< pp(G) + pu(G) < prra(G).
2) pu(G) = kD(G) and

L4 KD(G) < prscr(©) < D(G) + | 2| (3.1)

In particular, if D(G) = 3, then py+1(G) = kD(G) + 1.

3) If pas1(G) > m for some m € N and | > k, then py1(G) > m+(I—k)D(G).
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PRrROOFE.

1) By definition, we have p,,(G) > m for each m € N and hence k+1 < pi(G) +
+ pi(G). Since Uk(G) + U(G) C Up11(G), it follows that

pe(G) + pi(G) = sup Up(G) + sup Uy(G) < sup Uy 11(G) = pr+1(G) -

2) A simple counting argument shows that px(G) < kD(G)/2; furthermore, if
G k
U=g-... 9o € A(G), then (-U)*U* = HiDz(1) ((—9:)g:)", whence

kD(G) < p(G) and thus py(G) = kD(G) (details can be found in [22,
Theorem 2.3.1]). Using this and 1), we infer that

(2k + 1)D(G)

1 +kD(G) = pi(G) + pau(G) < pa+1(G) < >

Clearly, D(G) = 3 implies that equality holds in both inequalities above.
3) By 1) and 2), it follows that

p2+1(G) 2 pak11(G) + p2i-1)(G) > m + (I — k)D(G) . O

Our starting point is the crucial inequality (3.1). We conjecture that cyclic
groups are the only groups where equality holds on the left hand side, whereas, for
all noncyclic groups, there is a k* € N such that equality holds on the right hand
side for all £ > k*. We are going to outline this in greater detail (see Conjecture 1
and Corollary 1).

PROPOSITION 5. Let G be a finite abelian group with D(G) > 4.

1) If there exist U € A(G) and Sy, S, € F(G) such that
U= SIS2 s |U| = D(G) and E(S]) U E(_SQ) 7& G \ {0} ,

then p3(G) > D(G) + 1.

2) If G is cyclic, then the property in 1) does not hold and py;.1(G) = kD(G) + 1
for each k € N.
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3) The following conditions are equivalent.

a) Thereis a k* € N such that
) D(G)
paw+1(G) = K'D(G) + [TJ

b) There is a k* € N such that

D(G
pu+1(G) = kD(G) + L%J for every k > k" .

PrROOE.

1) Let S, S,, and U have the above property. Then we choose an element
gEG\ (2(S1) UX(=5,) U{0}) .

Since g ¢ 3(S)), the sequence (—S))g is zero-sum free and U,=(-S5))g -
(0(S1) — g) € A(G). Similarly, it follows that Us = (=S,)(—g)(0(S,) + g) €
A(G). Since —(a(S)) — g) = 0(S,) + g in view of 0 = a(U) = 0(S) +(5),
the product UU,U; has a factorization into |S|| + |S,| + 2 = D(G) + 2 atoms
of length 2.

2) Suppose that G is cyclic of order |G| = n. Then [20, Theorem 5.3] implies
that pyr.1(G) = kD(G) + 1 for each k € N (see [22, Theorem 5.3.1] for a
slightly modified proof). Clearly, every U € A(G) of length |U| = |G| has the
form U = ¢g" for some g € G with ord(g) = n. Thus there are no S| and S,
with the given properties.

3) (@) = (b) Ifl €N, then Lemma I implies that

(K*+1)D(G)+ [@J > pakr +1)+1(G) 2 par 11 (G) +pu(G) =
- (k*D(G)+ [@J ) +ID(G)=(k"+1)D(G)+ [@J :

(b) = (a) This is obvious. O
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CoNJECTURE 1. Let G be a noncyclic finite abelian group with D(G) > 4. Then
the following two conditions hold :

C1. There exist U € A(G) and S, S, € F(G) such that

U:Spgz, |U| = D(G), and E(SI)UE(—Sz) #G\{O}

C2. There exists some k* € N such that

D(G
p+1(G) = kED(G) + [%J foreach k> k".

In Proposition 6, we show that Conjecture C1 holds for groups G with
D(G) = D*(G). All results of the present paper support Conjecture C2. In partic-
ular, Theorem 1 provides groups satisfying C2 with k* = 1, and Theorem 2 shows
that C2 need not hold with k* = 1.

We start with some consequences of the above conjecture. The Characterization
Problem is a central topic in factorization theory for Krull monoids (we refer to
[23, Sections 7.1-7.3] for general information, and to [7, 27, 37, 38] for recent
progress). The Characterization Problem studies the question whether or not the
system of sets of lengths of a Krull monoid, which has a prime divisor in every class,
determines the class group. Thus, if G and G’ are two finite abelian groups with
D(G) > 4 such that L(G) = L(G’), does it follow that G and G’ are isomorphic?
The answer is affirmative (among others) for groups of rank at most two, and there
are no counter examples so far. Corollary 1 offers a simple proof in case of cyclic
groups which relies only on the pj(-)-invariants.

COROLLARY 1. Suppose that Conjecture C1 holds.

1) Let H be a Krull monoid with finite class group G such that every class contains
a prime divisor and suppose that D(G) > 4. Then the following statements are
equivalent

(@) G is cyclic.
(0) pas1(H) = kD(G) + 1 for every k € N.
(¢) ps(H) =D(G) + 1.

2) Let G be cyclic with D(G) > 4. If G' is a finite abelian group with L(G) = L(G'),
then G = G'.
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PRrROOFE.

e By Proposition 1, it suffices to consider py(G) for all k¥ € N. The implication
(a) = (b) follows from Proposition 5, statement2), and (b) = (c) is

obvious.

(c) = (a) If G would be noncyclic, then C1 and Proposition 5, statement 1)
would imply that p3(G) > D(G) + 1.

e Suppose that L(G) = L(G'). Then

D(G)=p2(G)=p2(G')=D(G') and D(G')+1=D(G)+1=p3(G)=ps(G").

Thus 1) implies that G’ is cyclic, and since |G| = D(G) = D(G') = |G|, G
and G’ are isomorphic. O

For Conjecture C1 and for Corollary 1, the assumption D(G) > 4 is crucial. By
Proposition 3, the groups C3 and C, @ C, are the only groups (up to isomorphism)
whose Davenport constant is equal to three. The group C, @ C, does not satisfy C1,
p3(C2,@®C,) = 4 (in contrast to Corollary 1, statement 1)), and £(C3) = L(C,®C3)
(see [23, Theorem 7.3.2]).

The only groups G with D(G) > D*(G), for which the precise value of D(G)
is known, are groups of the form C‘z‘ @ C,,. We verify Conjecture C1 for them too.

PROPOSITION 6. Let G be a noncyclic finite abelian group with D(G) > 4.

1) Lt G=C,, ®...®C,, where 1 <ny| ... |n, and suppose that there is some
s € [1,7 = 1] such that ng < ngyy = ... =n,. Then p3(G) > D*(G) + n;.

2) If D(G) = D*(G), then Conjecture C1 holds.

3) If G = C5® Cy, with n > 70, then Conjecture C1 holds.

PrROOF. Let {ej,..., e} be a basis of G with ord(e;) = n; for ¢ € [1,7] and

ny|...|n..Seteg =€ +...+e 1.
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1) Let
Uy=el ' el e+ e,
Up = (—e)" ™ oo (—eamy)™ T (—es + )™ T (—egy )™ T

o (—e)" N (—ey — ngey),

U; = <_6S)n571(68 - er)n571(_60 - er)(eo + nser)-

Then the U; are each atoms, and clearly U,U,U; is a product of
1 1 « "
§|U1U2U3| = 5(2D (G) +2n,;) = D'(G) + n,

atoms of length 2. The assertion follows.

We consider the sequence

and distinguish two cases.

First, suppose that n, > 2. We set S| = e’ ! and S, = Sl_lU. Then
—e—...—€_1+e ¢ X(S)) and ) + ... + e — e, & X(S,) because
—e, £ €.

Second, suppose that n, = 2. Then G is an elementary 2-group and r > 3 (as
d(G)>3). We set S|=eje; and S, =e3-...-e,.€p. Then e;+e3¢X(S)UL(-S5,).

Suppose that ord(e;) = ... = ord(ey) = 2 and ord(es) = 2n with n > 70. If
n is even, then D(G) = D*(G) by [15, Theorem 5.8], and the assertion follows
from 2. Suppose that n is odd. Then D(G) = D*(G) + 1 by [15, Theorem 5.8].
By [28, Theorem 4], the sequence

U= (e1 +es)(ex+es)(es +es)(es + es)(eo — e1)(eq — e2)(eg — €3) -

(e0 — €4+ €5)”"*(—es)
is a minimal zero-sum sequence of length |U| = D(G). We set

S| = (60 — €4 + 65)2n_3(—65) and S, = Sl_]U
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Then the element e; + e, + e3 — 2es € X(S)), and we assert that its inverse—
namely e; + e; + e3 + 2es = ey — ey + es—does not lie in 3(S,). If there
would be a subsequence T of S, with o(T) = e; + e; + e3 + 2es, then we
would have |T'| = 2. But none of the subsequences of S, of length two has sum
e; + e; + ez + 2es, a contradiction. O

4. Inductive Bounds

It is the aim of this section to prove the following result which confirms Conjecture C2
(with k* = 1) for the groups G having the form below and satisfying D(G) = D*(G).

THEOREM 1. Let H be a Krull monoid with finite class group G such that every class
contains a prime divisor. Suppose that G = C;! & ... ® Cy. where 1 <mn; |...|n,
and s; > 2 for all i € [1,7]. Then

s (8) > D'G) 4 | 2] 4 (- )D(G)  forevery k2 1.

(
2
In particular, if D(G) = D*(G), then py11(H) = kED(G) + [@J Sorevery k> 1.

Theorem 1 has the following straightforward consequences. Let n > 2. It is
known that D(C}) = D*(C%) for r € [1,2] and if D(C%) = D*(C%) holds for some

r > 3, then D(C%) = D*(C%) for all s € [1,7]. The standing conjecture is that
D(Cr) = D*(C%) for all r € N.

COROLLARY 2. Let G=C',, where n>2 and r> 1, and suppose that D(G)=D*(G).
Then, for every k > 1, we have

kED(G) + 1 r=1
sz+1(G) =

ProoFE. For r = 1, this follows from Proposition 52). For r > 2, it follows from
Theorem 1. O
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COROLLARY 3. Let G =Cq & ...® Cy be a p-group where qy, ..., q, are powers
of a fixed prime and s, ..., S, € N>,. Then
D(G
pa+1(G) = kD(G) + [%J Jor every k > 1.

PROOF. Since G is a p-group, we have D(G) = D*(G) by Proposition 3, and hence
the assertion follows from Theorem 1. O

We start with the preparations for the proof of Theorem 1. Let G be a finite
abelian group. The inequality p;(G) > w means there are Uy, U, U, Wy, ..., W, €
€ A(G) with

U1U2U3:W1'...'Wp and pzw (41)

For each W;, where i € [1, p], we may write W; = T;,T;,T; 5 with the T; ; | U,
subsequences such that [?_, T; ; = U; for each j € [1, 3]. There may be multiple
ways to do so. If there is a way to do so with |T; ;| < 1 for all ¢ and j, then we
say that the factorization (4.1) is weakly reduced. Let W] be the sequence obtained
from W; = T; ,T; ,T; 3 by replacing each nonempty T; ; with the sum of its terms.
Likewise, let U;- be the sequence obtained from U; = Hf:] T; ; by replacing each
nonempty T; ; with the sum of its terms. The sequence X = [[/_, |W}| € F(Z) is
called a spread for the factorization (4.1), and it depends on the T;; (so a given
factorization (4.1) may have multiple spreads). It is readily seen that if U € A(G)
is an atom and T | U is nontrivial, then the sequence UT 'o(T), obtained by
replacing the terms from 7' with their sum, is also an atom. Hence the W] and
U; are atoms with UjUU; = Wy - ... W), a weakly reduced factorization having
|W;| <3 for all 4. Thus, when p3(G) > w, we may always assume our factorization
(4.1) is weakly reduced. We say that p3(G) > w with spread X € F({1,2,3}) if
there exists a factorization (4.1) having spread X, in which case, per the argument
above, we may also assume there is a weakly reduced factorization having spread X.

If 1 € supp(X), then some W;, say Wy, has W| = Ty ; for some j, implying
that the zero-sum sequence W = T ; is a subsequence of U;. As Uj is an atom, this
is only possible if W, = T ; = U;, which forces all other T; ; with ¢ # 1 to be empty
in view of []%_, T;; = U;. In particular, |W!| < 2 for all ¢ when 1 € supp(X),
meaning we cannot have both 1, 3 € supp(X). From this, we see that we have three
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mutually exclusive possibilities for a spread X:
1 €supp(X) or supp(X)={2} or 3 € supp(X).

Note there is a spread X with 1 € supp(X) precisely when W, = U; for some
s €[1,p] and t € [1,3]. If 0 € supp(U,U,U3), then 1 will be a term in any spread
X. If supp(X) = {2} and (4.1) is weakly reduced, so that |W;| = 2 for all ¢, then
U; must have a subsequence zy | U; with —z € supp(U,) and —y € supp(U3), with
similar statements holding for U, and U;. When 3 € supp(X), we refer to a W;
with |W!| = 3 as a traversal for the factorization (4.1).

LEMMA 2. Let G = G, @ G, be a finite abelian group where G,,G, C G are
nontrivial subgroups with D(G,) < D(G,). Then p;(G) > 2D(G,) + D(G,) — 2 with
spread X € F({2, 3}) having v3(X) = 1.

PROOF. Let
V=uvy...-v4c) € AG) and W=wy-... wye,) € AG,)

be atoms with maximal lengths |V|=d(G)+1=D(G) and |W|=d(G,)+1=D(G,).

Since G and G, are nontrivial, 0 ¢ supp(VW). Let V' = v, -... - vq(,) and
W' =w; ... wqeg, and define
d(G»)
U= @+w)VW J[ wi=Vv")Ww')(wo+w),
i=d(Gy)+1
d(Gy) d(G2)
U, = (—wo)(—Vl) H (vi —w;) H (—w;), and
i=1 i=d(G))+1
d(G1)

Us = (—vo) (W) ] (wi — wy).
i=1
It is easily seen that Uy, Uy, U; € A(G) are atoms with (U;(vo+wp) ') (Uz(—wp) ~')-
(U3(—'u0)‘1) having a factorization into atoms of length 2, evidencing that
p3(G) > 14 5(4d(G1) +2d(G,)) = 2D(G1) + D(G) — 2 with (vy +wo) (—wo)(—vo)
the unique traversal. U
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LEMMA 3. Let G = G @ G, be a finite abelian group where G,,G, C G are
nontrivial subgroups such that p3(G) > w, and p3(G,) > w, both hold with respective
spreads X, Y € F({2,3}).

1. Ifv3(X)+v3(Y) > 1, then p3(G) > wy+w,—1 holds with spread Z € F({2, 3})
having v3(Z) = v3(X) + v3(Y) — 1.

2. If supp(X) = supp(Y) = {2}, then p3(G) > wy + wy — 2 holds with spread
Z € F({2,3}) having v5(Z) = 1.

ProoF. Fori € {1,2}, let m;: G = G;®G, — G; denote the canonical projection.

1) First suppose v3(X) =r > 1 and v3(Y) =s > 1. Let V}, V, V5 € A(G)) and
Wy, W), W3 € A(G>) be atoms having weakly reduced factorizations

‘/1‘/2‘/3:XIXPI and W1W2W3:Y1'...'Yp2

with the X; € A(G)), the Y; € A(G,), p; > w; for i € [1,2], and X; and
Y; traversals in their respective factorizations for ¢ € [1,r] and j € [1, s]. In
particular, |X;| =|Y;| =2fori>r+1and j > s+ 1, X, = ajaya; with
a; € supp(V;) for i € [1, 3], and Y} = b byb; with b; € supp(W;) for i € [1, 3].
Let V! = Via; ' and W/ = W;b;! for i € [1, 3]. Now we define

Uy = ViWi(as + b)) = (Via7 ) (Wib7 ) (aqg + by),
Uy = VaWi(as + by) = (Vaay ' )(Wab; )(az + b,)  and
Us = ViWi(as + by) = (Vaa3 ') (W3b3 ') (as + by).

It is easily observed that the U; are atoms. Moreover, V/V;V; = (VI V3) X! =
= X,-...-X,, and WWIW} = (W,WoW3)Y,' = Ys-...-Y,,. Thus U, UU; =
=X5-... X, Y5 ... Y, W with W = (a; + b1)(az + by)(a3 + b3) a traversal
in view of a; + ay + a3 + by + by + b3 = o(X;) + o(Y;) = 0. Moreover,
X5, ..., X, Y, ..., Y, also remain traversals in this factorization, while no
X; nor Y; with 4 > 7+ 1 or j > s+ 1 can be a traversal in view of
|X;| = |Y;| = 2. Thus p3(G) > p1+p2— 1 > w; +w, — | holds with spread Z
having v3(Z) = v3(X) 4+ v3(Y) — 1 > 0, ensuring Z € F({2, 3}) (noted before
Lemma 2).
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Next suppose that either v3(X) > 0 = v3(Y) or v3(Y) > 0 = v;3(X), say
w.l.o.g. the former, so

vi(X)=r>0 and  supp(Y) = {2},

the latter in view of Y € F({2,3}). Let Vi, V5, V53 € A(G,) and Wy, W,,
W3 € A(G>) be atoms having weakly reduced factorizations

‘/1‘/2‘/3:X1Xp] and W1W2W3:Y1'...'Yp2

with the X; € A(G)), the Y; € A(G,), p; > w; for i € [1,2], the X; with
i € [1, r| traversals in their factorization, and |Y;| = 2 and |X;| = 2 for all
i € [1,p2] and j > r + 1. In particular, X| = a,a,a; with a; € supp(V;) for
i € [1, 3]. Since 1 ¢ supp(XY), we have 0 ¢ supp(V,V,VsWW,W3) implying
|Vi|, |W;| > 2 forall i € [1, 3]. Also, as discussed before Lemma 2, there must
be a length two subsequence zy | W, with —z | W, and —y | W;. Now we
define
Ui = (Vie;r Y\Wiz™'y )z — ax)(y + a1 + a2) ,

U, = (Vaa; Y (Wa(=2)"")(a, — ) and
Us = (Vaas ) (Ws(—y) ez — v) .

Obviously, we have U,,U; € A(G) and U; € B(G). Letting S=U,(y+a;+a;) !
and considering m,(S) and m(S) shows that S is zero-sum free, implying that
U, € A(G). Since a;+ay+a; = 0(X;) = 0, we have (y+a,+ay)+(az—y) = 0.
Thus, since (Via;')(Vaay')(Vza3') = (VihV3) X! = X, - ... X, and since
W W,Ws3 has a factorization into p, atoms of length 2, it is now clear that
U,U,Uj; has a factorization using (p; — 1)+ (p2 —2) +2 > w; +w, — | atoms, say

UhLhUs=X,-...- X, 2Z,-...- Z, (4.2)

2

with |Z;] = 2 for all 5. Hence p3(G) > p; + p» — 1 > w; + w, — 1. Moreover,
each X; with i € [2, r] remains a traversal for (4.2), while this cannot be the
case for X; with j > r+ 1 nor any Z; as |X;| = |Z;| =2 for j > s+ 1 and
all 4. Thus (4.2) has a spread Z with

vi(Z) = v3(X) — 1 = v3(X) + v3(Y) — L.



91]

On products of k atoms I 21

If v3(X) > 2, this shows 3 € supp(Z), whence Z € F({2,3}) as discussed
before Lemma 2. On the other hand, if v3(X) = 1, then all atoms in the
factorization (4.2) have length 2. Thus, since |U;| = |V;| + |W;| — 1 > 3 for all
j € [1, 3], we see that none of these atoms of length two can equal some U,
meaning 1 ¢ supp(Z) for any spread Z for (4.2), also explained above Lemma
2. In this case, supp(Z) = {2}, completing the proof of Part 1.

Suppose supp(X) = supp(Y) = {2}. Let V;, V5, V5 € A(G,) be atoms such
that V1V, V3 has a weakly reduced factorization into p; > w; atoms of length
2 and let W, W,, W; € A(G;) be atoms such that W, W, W5 has a weakly
reduced factorization into p, > w, atoms of length 2. As explained before
Lemma 2, we may assume there is a length 2 subsequence xy | W with
—z | W, and —y | W3 and a length 2 subsequence ab | V, with —a | V; and
—b | V3. Now we define

Ui = (Vi(=a) H(Wie™'y )z — a)(y)
U, = (Vaa” '™ )(Wa(-2) ") (a — x)(b) and
Us = (Va(=b) ) (Ws(-y) ) (=b—y).

Obviously, we have U; € A(G) and U, U, € B(G). Letting S = U;y~! and
considering m,(S) and m(S) shows that S is zero-sum free, implying that
U, € A(G). Likewise, letting T = U,b~! and considering m((T) and m,(T)
shows that T is zero-sum free, implying that U, € A(G). Let ¢; =y, c; = b
and ¢; = —b — y. Since V;V,V; and W;W,W; both have factorizations into
atoms of length 2, it is now clear that (U Cl_l)(Uzcz_l)(U3C3_1) has a factorization
into (p; —2) + (p2 —2) + 1 = p; + p» — 3 atoms of length 2, which together
with the unique traversal c;c;c;3 gives a factorization of U, U,Us into p; + p; —2
atoms, showing that p3(G) > p; + p» — 2 > w; + w, — 2 holds with spread Z
having v3(Z) = 1, ensuring Z € F({2, 3}) (noted before Lemma 2). O

LEMMA 4. Let G = C3 with n > 2. Then p3(G) > D*(G) + L@J with spread
X € F({2,3}). Moreover, v3(X) = 1 if D*(G) is odd, and supp(X) = {2} if D*(G)

is even.

PROOF. Let {ej, ey, e3} be a basis of G and for i € [1, 3], let m;: G={(e;) D (es)®
@ (e3) — (e;) denote the canonical projection. Note that D*(G) =3n—2=nmod?2.
We handle two cases.
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CASE I: n is odd.
Then D*(G) = 3n — 2 > 7 is odd. We define
U =e""es (e +e+e3)" e with
cp =2e +2e +e3,

Uy =(—e)" ey (e — ey — 63)(n_1)/2(61 - 62)(”_1)/202 with

n+1

c=-e —e+ e; and

Us; = (—63)n_1(—62)n_1(—61 —e) — €3>(n_1)/2(—61 + 62)(n_1)/203 with

n—3

c3=—e —e + es.
Clearly, U; € B(G) for i € [1, 3]. Considering 73(Uyc;"), m(Uscy ') and m (Usc3 ),
we infer that the sequences U;c; ! are zero-sum free for every i € [1, 3]. Therefore,
we have Uy, U,, U; € A(G), and it is now easily seen that (Uyc; ') (Usc, ') (Usc; ')
has a factorization into atoms of length 2, which together with the unique traversal
cicycs shows that p3(G) > 1+ (9n —9)/2 = D*(G) + L%J holds with spread X
having v3(X) = 1, so that X € F({2, 3}) as noted before Lemma 2.
CASE 2: n is even.

Then D*(G) = 3n — 2 > 4 is even. We define

Ui=el et (er+er+e3)" " (2e; +ex+e3)(er +2ex+es3),

Uy=(—e))" 'eb  (—e1—es—e3)* ' (e1 — ey +e3)”* 7 (—2e; —es—e3) -

(e —ey+2e3) and
Us=(—e3)""'(—e))" ' (—e1—es—e3)"* ' (—es +es—e3)"* ! (—e; — 26— e3) -
(—e;+ey—2e3).

Clearly, U; € B(G) for i € [1, 3]. Considering 73(U;), m,(U,) and 7(Us), we infer
that Uy, U,, U; € A(G). By construction, U;U,Us has a factorization into atoms of
length 2, say UylhUs = Z, - ... Z1y,p,p,» implying that p3(G) > %|U1U2U3| =
=3(3n-2)/2 =D*G) + Lmj. Moreover, since |U;| = 3n —2 > 2 = |Z;] for
all ¢ and j, we see that 1 ¢ supp(X) in any spread X, whence supp(X) = {2},
completing the proof. U
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PROOF OF THEOREM 1 By Proposition 1, we have pi(H) = pi(G) for all k> 1. By
Lemma 1, statement 1) and Lemma 1, statement 2), it suffices to prove the assertion
for kK = 1. By hypothesis, G can be written in the form

G=Ch &..0Ck ,

where {m1,...,my} = {ny,...,n.} with t; € {2, 3}. We proceed by induction
on « to show that p3(G) > D*(G) + L%J holds with spread X € F({2, 3})
with v3(X) = 1 when D*(G) is odd and with supp(X) = {2} when D*(G) is even,
which will complete the proof.

Since ny | ... | n, with {mq,...,my} ={ny,...,n,}, we have

D*(G) =d*(Ch,) +d"(C2, @ ...® Cl )+ 1 = D*(K) + D*(L) - 1,

where K = Ch, and L= Ch, ® ... ® Cis,. If t; = 2, then D*(K) = D*(C2,,) =
= 2m; — 1 is odd and Lemma 2 implies that p3(K) = p3(C%,) > 3m; —2 =
=(Q2m—-1)+ Lzm—é_lj = D*(K)+ L%J with spread X having v3(X) = 1, so that
X € F({2,3}). If t; = 3, then Lemma 4 implies that p3(K) = p3(C;,,) > D*(K)+
+ [%J with spread X € F({2, 3}). Moreover, v3(X) = 1 if D*(K) is odd, and
supp(X) = {2} if D*(K) is even. This completes the base case when a = 1. Thus
we may assume « > 2, in which case the induction hypothesis ensures that

D*(K)
2

D*(L)

pa(K) > D" () + | .

] and  pa(L)>D(L) + |

|

with respective spreads X, Y € F({2, 3}).
If D*(K) and D*(L) are both even, then D*(G) = D*(K) 4+ D*(L) — 1 is odd
and supp(X) = supp(Y) = {2}, whence Lemma 3, statement 2) yields

D*(K)
2

D*(L)
2

D*(G) — 1
2

+D*(L) +

p3(G) > D*(K) + -2=D(G)+
with spread Z € F({2,3}) having v3(Z) = 1, as desired. If D*(K) and D*(L)
are both odd, then v3(X) = v3(Y) = 1 and D*(G) = D*(K) + D*(L) — 1 is odd,
whence Lemma 3, statement 1) yields

D*(K) — 1
2

D*(L) — 1
2

D*(@) - 1

p3(G) > D*(K) + 3

+D*(L) + - 1=D"G) +
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with spread Z € F({2,3}) having v3(Z) = v3(X) + v3(Y) — 1 = 1, as desired.
Finally, if D*(K) and D*(L) have different parities, then v3(X) + v3(Y) = 1,
D*(G) = D*(K) + D*(L) — 1 is even, and Lemma 3, statement 1) yields
D*(K D*(L 1 D*(G
p3(G) > D*(K) + # +D*(L) + % 3" 1 =D*(G) + %
with spread Z € F({2,3}) having v3(Z) = v3(X) + v3(Y) — 1 = 0, forcing
supp(Z) = {2}. This completes the induction. When D*(G) = D(G), the needed
upper bound comes from Lemma 1, statement 2) U

5. Groups of rank two

The aim of this section is to prove the following characterization. It provides the first
non-cyclic groups G for which pyy(G) is strictly smaller than the upper bound
kD(G) + [%J for some k € N.

THEOREM 2. Let H be a Krull monoid with finite class group G such that every class
contains a prime divisor. Suppose that G = C,, & Cp,, with n > 1 and m > 2. Then

o) = 0(6) + | 9|

if and only if n=1or m=n=2.

We start with two corollaries providing examples of groups G having rank two
which show that Theorem 2 is sharp in two aspects. Indeed, Corollary 4 shows that
these groups G satisfy

D(G D(G
p3(G) = D(G) + L%J 1 but porsi(G) = kD(G) + L(T)J forall k> 2.
After that, we deal with groups of the form G = C, & C,, where n > 3. Since for
cyclic groups G we have pyr11(G) = kED(G) + 1 for all k£ > 1, groups of the form
C, & Cy, are the canonical first choice for testing Conjecture C2. Indeed, we verify
Conjecture C2 for them and show that there exists an integer k* € N (by Theorem
2 we must have k* > 1 for n > 2) such that

pae+1(G) = kD(G) + L@J for all k > k" .
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Moreover, Corollary 5 provides the first example of a group where, for some odd
k € N, strict inequalities hold in the crucial inequality (3.1).

COROLLARY 4. Let G = C,,, ® Cy,y, with m > 2.
1) If m =2, then py.1(G) = kD(G) + [@J Jor every k > 1.
2) If m > 3, then ps(G) > 2D(G) + (m + 1).
3) Ifme (3,4}, then ps(G) =D(@) + | 22| =1 and pys1(G) = KD(G) +

+ [%J forallk> 2.

PrOOE. Let {ej, e;} be a basis of G with ord(e;) = m and ord(e;) = 2m. Then
D(G) =3m — 1.

1) We define
Ui =ejex(e; + 62)3 , U= el(—ez)3(el —e) and U;= e%(el - 62)2.

Obviously, U;U,U; may be written as a product of 7 which implies that p3(G) =
= D(G) + [%J Now the assertion follows from Lemma 1, statement 3).

2) We define
U =el e (e +e),
Uy =(—e)"'&d" ' (—es +e3)
Us = (e1 4 €)™ '(—e2)™ '(e; +me,) and
U4 = (—61 — 62)2m71(_el + m€2)2(61 — 62).
Then Uy, Uy, Us, Uy € A(G) (note we need m > 3 to ensure Uy € A(G)),

|U\| = |U,| = |Us| = D(G) and |Us| = 2m + 2). By construction, U;U,U3Uy
has a factorization into atoms of length 2, which implies that

|U,U. UU. |
ps(G) > %

=2D(G)+(m+1).
3) Proposition 6, statement 1) and Theorem 2 imply that

D(G) +m < ps(G) <D(G) + | = | -1,
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which is an equality because m € {3, 4}. By Lemma 1, statement 3), it suffices

ps(G) > 20(@) + | 22

to show that

which follows from 2. above because m € {3, 4} ensures L@J =m+1. 0

COROLLARY 5. Let G = C, @ Cy, with n > 3. Then

D@H&<M®<D@H¢gﬂJaw

2
p+1(G) = kD(G) + L@J Jorevery k> 2n—1.

PrOOFE. We have D(G) = D*(G) = 2n + 1. The left inequality follows from Propo-
sition 6, statement 2) and from Proposition 5, statement 1), and the right inequality
follows from Theorem 2.

To prove the second statement, let {e;, e;} be a basis of G with ord(e;) = 2
and ord(e;) = 2n. For i € [1, n], we define

U = e ! (e1 — (i — )ey) (e; +iey) € A(G).

Let
V] = (61 + 62)2n_162€1 € A(G) .
Let W=e,(e; +e3)(e; —2e;). By construction, S = (Uf(—Ul)z) - (U%(—UI)Q)-

(Ul(—Uz)Vl) is a product of 4(n — 1) + 3 = 4n — 1 atoms and SW~! has
a factorization into atoms of length 2. This implies that

SI-3 _ | @n-n@En+)-3_ D(G)

pan-1)1(G) 2 1+ - = (n=ND@)+]| =7

The result now follows from Lemma 1, statement 3). O

The proof of Theorem 2 is based on the recent characterization of minimal zero-
sum sequences of maximal length in groups of rank two, which will be formulated
in Main Proposition 7. The proof of the characterization is obtained by combining
the main results from [19], [21], [35], [39] with a few small order groups handled
by direct computation [9]. The version below is derived from this original in a few
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short lines [7, Theorem 3.1] (apart from (e) and the fact that both parts of (d) hold
when n = 2, which we will deduce from the rest of theorem in the explanations
below). It eliminates some overlap between type I and II in the original statement.

MAIN ProposITION 7 Let G = C,, ® Cyyyy, with m > 1 and m > 2. A sequence S
over G of length D(G) = m + mn — 1 is a minimal zero-sum sequence if and only if
it has one of the following two forms :

1)

ord(ey)
S = e<1>rd(el)—l H (miel + 62),

i=1
where
(@) {e1, e} is a basis of G,
(b) Z1, ..., Tord(e,) € [0, 0rd(e;) — 1] and z, . .. + Tora(e,) = 1 mod ord(e; ).

In this case, we say that S is of type I(a) or 1(b) according to whether ord(e;) = m
or ord(e;) = mn > m.

2)

m—e

S = fim I H(—wz‘fl + f2),

i=1
where
(@) {f1, f2} is a generating set for G with ord(f,) = mn and ord(f;) > m,
(b) e€[l,m—1]and s€[l,n—1],
() z1,...,Tme€|l,m—1|withz)+ ...+ ZTp_e=m— 1,
d) either s =1 or mf) = mf,, with both holding when n = 2, and
(e) either € > 2 or mf; # mf,.
In this case, we say that S is of type I1.

We gather some simple consequences of the above characterization which will
be used without further mention. Let all notation be as in the Main Proposition 7.

It is easy to see that |supp(S)| > 3.

When S has type II, it is always possible to find some f| € G such that {f}, fo}
is a basis for G with ord(f]) = m and f, = f| + a.f, for some o € [1, mn — 1] (see
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[7]). In particular, since mf; # 0 (in view of ord(f;) > m), we have ord(f,) = tm
for some ¢t > 2 with t | n. Moreover, it is now readily checked that, regardless of
whether S has type I or I, every term of S must have its order being a multiple of m.

When S has type 11, it is clear that —z; f; + f, = —z; fi + (1 —az;) f» # f» in
viewof z; € [1, m—1], forany i € [1, m—e]. Likewise, a term —x; fi+ f, = —z; f|+
+ (1 — az;) f, could only equal f; = fi+af, ifz;=m—-1land 1 —a(m—-1)=
= 1 — ax; = amodmn, implying 1 = am mod mn, which is not possible.
Consequently, we see that a term —z; f; + f> can never equal f; or f,. Likewise,

since ord(f,) > 2m, —x; f1+f, = —x;fi+f> is only possible if z; = z; € [1, m—1].

When S has type 11, the condition z;+. ..+ Z,_ = m—1 with z; € [1, m—1]
forces max x; < (m—1)—(m—e—1) = e. Thus we always have z; < e. In particular,
if e=1, then z; =1 forall € [1,m — 1].

When S has type II, then s € [1,n — 1] forces n > 2. Suppose n = 2.
Then s = 1 and ord(f,) = ord(f,) = 2m. Let f; € G be such that {f], fo} is
a basis for G with ord(f]) = m. Let g = zf} + yf» € G with z, y € Z. If y
is odd, then mg = zmf| + ymf, = ymf, # 0, implying ord(g) > m and thus
ord(g) = 2m. On the other hand, if ord(g) = 2m, then 0 # mg = ymf,, implying
y is odd. Consequently, the elements g € G with ord(g) = 2m are precisely those
g=xfi +yfr with z, y € Z and y odd, meaning any g € G with ord(g) = 2m
has mg = mf,. In particular, mf; = mf,. This explains why both conditions of
(d) always hold when n = 2.

If n > 1, then there are at most m — 1 terms of order m in S. Indeed, if S has

type I(a), then all terms of order m are contained in [[;-,(z;e; + e;). However,
m

since mY (z;e; +e;) = me; # 0, they cannot all have order m, meaning there are

i=1
at most m — 1 such terms. If S has type I(b), then it is clear that all terms of the

form x;e; + e, have order mn > m, leaving at most m — 1 of order m, all equal to
e;. Finally, if S has type II, then we have ord(f;) > 2m as remarked above. Thus
only terms contained in [}~ “(—z;fi + f») can have order m, meaning there are
at most m — e < m — 1 such terms

Moreover, if S has type II and contains precisely m — 1 terms of order m,
then we must have € = 1 with each term from [[}*,'(—;f, + f») having order m.
However, since we have x; € [1, €| as remarked above, this is only possible if

S=fm! gn_s)mH(fz — )™ with  ord(f, — fi) =m.
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In such case, {f>, f» — fi} is also a generating set for G with ord(f,) = mn and
ord(f, — fi) = m, which forces {f,, f, — fi} to be a basis for G. Thus S has type

I(b) (taking e; = f, — f; and e; = f>).

In particular, if S had type II with mf, = mf, and € = 1, then S would
also have type I(b). Indeed € = 1 forces z; = 1 for all 4 € [1,m — 1] in view of
z; € |1, €], while each —z; fi + f, = —f1 + f» has order m in view of mf; = mf,
(and the fact that every term of S has its order being a multiple of m). Thus we
would have m — 1 elements of order m, so that the above argument shows that S
has type I(b). This argument is what allows us to assume (e) in Main Proposition 7.
In particular, if S has type Il and n = 2, then € > 2 and m > 3 (as € € [2, m —1]).

The following lemma regarding type Il sequences will be needed in the proof.

LEMMA 5. Let G = C,, & Cy, with n > 1 and m > 2. Suppose S is a minimal
zero-sum sequence over G of length D(G) = m + mn — 1 that is of type II, say

m—e

s=fm B i+ £)

i=1

with all notation as in Main Proposition 7. Suppose T | S is a subsequence with
|T| > 2m— 1. Then T contains a subsequence T\ | T with o(T\) = mf,. Furthermore,
if T has no proper subsequence with this property, then T = "' f$ [ (—zi fi+ f2).-

PrOOFE. Since s € [I,n — 1], we conclude that n > 2. If s = I, then vy, (T) <
< v, (5) = m — 1. On the other hand, if s > 1, then mf; = mf,, in which case
we must also have vy, (T) <m —1else f{* | T will be a proper subsequence whose
sum is mf; = mf,, as desired. Thus we may assume

vi(T)=m—1—-t forsomet € [0,m—1]. (5.1)

Likewise, we must have vy, (T) <m —1else fi* | T will be a proper subsequence
whose sum is m f,, as desired. By re-indexing the —zx; f| + f> appropriately, we may
w.l.0.g. assume

4 m—e
[ (-=ifi + f2) = ged (H(—ﬂvifl + £2), T) ,  where £€[0,m—¢€]. (52)

=1 =1
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Hence, from the hypothesis |T'| > 2m — 1, we deduce that
Vi(T) = |T| - v (T)—£>m+t - L (5.3)

In particular, vy, (T) <m — 1 forces £ >t +1 > 1.
Recall that z; + ...+ Z,,_c = m — 1 with xz; € [1, m — 1] for all 4. Thus

m—e
T +...+txp=m—-1—x with z:= inZm—e—ZZO.
i=0+1

Consequently, if t < z, then the sequence f7* ' Hle(—xi fi + f») contains at
least £ disjoint subsequences each having sum f, and containing precisely one term
of the form —x; f| + f,, while if ¢ > x, then the sequence f"~'™* Hle(—mifl +f2)
contains at least £ — ((m —l-z)—(m-1- t)) = ¢ —t+ x disjoint subsequences
each having sum f, and containing precisely one term of the form —z; f; + f>. In
either case, we have

w|f1””H zifi + f)  with  o(Ri) = fo fori€ [1, ],

where w = min{/,f — t + x}. Moreover, the subsequence R; - ...- R, of
f{”’l’t-Hle(—mifl + f») will be proper unless m—1—t = x;+... 4z = m—1—z,
i.e., unless t = x.

Now, if t < x, then T} = R;-...- Ry f;”’[ is a proper subsequence of T'
(in view of (5.1), (5.2), (5.3) and t # z) with sum o(T}) = mf,, as desired. On
the other hand, if ¢ > x, then T} = Ry - ... - Ry f;"fut is a subsequence of T

(in view of (5.1), (5.2) and (5.3)) with sum o(T}) = mf,. Moreover, it will be
a proper subsequence of T unless t = x = 0 and equality holds in (5.3). From
Z+...+xp=m—1—xz=m— 1, we deduce that £ = m — € in this case (recall
that ¢, + ...+ Z,_ = m — 1 with z; € [1, m — 1] for all ¢), and now

o m 1- tf;n-i-t ZH zfl+f2 f2 H(_xzfl+f2)

completing the proof. U
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We are now ready to proceed with the proof of Theorem 2.

PROOF OF THEOREM 2. By Proposition 1, we have p3(H) = p3(G). We study p3(G)
and recall that D(G) = D*(G) =m+mn — 1. If n =1, then G = C,,, ® Cy,, and
the theorem follows from Corollary 2. If m = n = 2, then G = C, ® C4, and the
theorem follows from Corollary 4 1). We now assume n > 2 with m > 3 when n = 2.
In particular, D(G) > 7. It remains to show p;(G) < p := [3@J = ij
in this case. Assume by contradiction that there are Uy, U,, U3, Vi, ..., V, € A(G)
such that

DU =Vi-...-V,.

Without loss of generality, we may assume |U,| > |U,| > |Us| and Vi > ... > |V,].
We continue by showing we can assume the following assertion holds true. Note
that |U;| = D(G) — 1 is only possible in Assertion A if D(G) is odd and |V;| = 2.

ASSERTION A. |U;| = |U,| = D(G) and D(G) — 1 < |Us| £ D(G) with the U;
satisfying either

U,=AB, -U,=AC, U,=(-B)C,
D(G
|A| = [%1 and |Vi|=2 or

U] = ABwl, —U2 = AC’U)Q, U3 = (—B)C(’U)z - ’w]),

D(G) -1
|A| = % and |Vi| =3,  where
A =ged(Uy, -U,), B=gcd(Uy,-U;), C =gcd(-U,,Us),
D(G)
|B|:|C|: T and wy, U)QEG

PROOF OF ASSERTION A. We trivially have |U,U,Us| = |U;| + |Us| + |Us| < 3D(G).
Also, |V;| > 2 for each i (as 0 cannot divide any U;, else p < D(G) + 1), implying

p
3D(G) 2 [U\LUs| = [Vi ... V,| = > Vil >2p=2[3D(G)/2] >3D(G) - 1,

i=1

with equality in the latter estimate only possible when D(G) is odd. It follows that,
if D(G) is even, then |U;| = |U,| = |Us| = D(G) with |V;| = 2 for all 4, while if
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D(G) is odd, then either |U;| = |U,| = |Us| = D(G) with |V;| = 3 and |V;| = 2 for
all ¢ > 2 orelse |Uj| = |U,| = D(G) and |Us| = D(G) — 1 with |V;| = 2 for all 3.
When |V;| = 2 for all 4, then S = U,U,U; has a factorization into length 2
atoms. Thus U; = AB, —U, = AC and U; = (—B)C for some A, B, C € F(G).
Since |A|+|B| = |U;| = D(G) = |U,| = |A|+|C], it follows that | B| = |C|. But now
2Bl = |B| + |C| = |U:] € {D(G), D(G) 1}, implying |B| = |C] = | | and

|A| = |U,|-|B| = D(G)—- [@J = {@] . If there is some g € supp(B)Nsupp(C),
then Uz will contain both g and —g. However, since U; is an atom, this is only
possible if |U;] = 2, contradicting that |Us| > D(G) — 1 > 6. Therefore we
instead conclude that supp(B)Nsupp(C) = &, implying gcd(U;, —U,) = A. Similar
arguments show that B = ged(U;, —U3) and C = ged(—U,, Us), completing the
proof of Assertion A in this case. It remains to consider the case when |Vj| = 3 with
|V;| = 2 for ¢ > 2, which is only possible when |U;| = |U,| = |U3| = D(G) is odd.
If some U;, say w.l.o.g. Us, contains two terms from Vi, say g9, | gcd(Vi, Us),
then replacing U; by Uy = Us(g192) '(91 + ¢2) and replacing V; by V| =
= Vi(9192) (g1 + g2) vyields atoms Uj, U,, U; € A(G) having a factorization
UO,Uy = VIV, ...V, with U] = |Uy| = D(G), |U] = D(G)—1and |V{| = |V5| =
= ... =1V,| = 2. These atoms also provide a counter-example to the theorem and
satisfy the previously handled case of Assertion A. Thus we may assume (for the
purpose of proving the theorem) that this does not occur: no length two subsequence
of V; divides any U;. In consequence, precisely one of each of the three terms of
Vi occurs in each U; while (U U2U3)V1_1 has a factorization into length 2 atoms
(in view of |V;| = 2 for 4 > 2). It follows that U, = ABw,, —U, = ACw, and
U; = (—B)C(w;, —w,) forsome A, B, C € F(G), where V| = w(—w,)(w, —wy).
Since |A| + |B|+ 1 = |U;| = D(G) = |U,| = |A| + |C| + 1, it follows that
|B| = |C|. But now 2|B| + 1 = |B| + |C| 4+ 1 = |U;| = D(G) follows, implying
Bl =|C| =29 = | %2 | and |4]=|vi| - |B| - 1=D(G) - 2§~ ~ 1 =29=L.
Suppose there were some g € supp(Bw;) N supp(Cw,). Note w; # w,, else
V1 would contain a length 2 zero-sum subsequence, contradicting that V| is an
atom. Consequently, if g = w;, then w; = g € supp(C), in which case U; contains
the two term subsequence w;(w, — w) of V;, contrary to assumption. Likewise, if
g = w,, then w, € supp(B), in which case U; contains the two term subsequence
(—w,)(wy — wy) of V;, once more contrary to assumption. On the other hand,
if g € supp(B) N supp(C), then U; will contain both g and —g, yielding the
contradiction 2 = |U;| > D(G) — 1 = 6 as argued when |V;| = 2 for all i. So we
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instead conclude that supp(Bw,) N supp(Cw,) = @, implying gcd(U;, —U,) = A.
Similar arguments show that B = ged(U,, —Us) and C = ged(—U,, U;), completing
the proof of Assertion A. U

We continue the proof of Theorem 2. In view of Assertion A, we see that we
can apply Main Proposition 7 to U; and —U, to characterize the possible structures
for U; and —U,. Since the roles of U; and U, are symmetric, this gives us six cases.

CASE 1: U, and —U, are both of type I(b), say

mn

U=el"'[[(miei +e) and U= """ [[wifi + £,
i=1 i=1

where {ej, e;} and {f;, f,} are bases for G with ord(e;) = ord(f;) = m and
ord(e;) = ord(f,) = mn > n.

Let H = (e;, f1). Since ord(e;) = ord(f;) = m, we conclude that H is
isomorphic to a subgroup of C2,. In particular, D(H) < D(C?%) = 2m — 1. Since
m, n > 2 with n > 3 when m = 2, we have |B| = |C| > D(G)_l = m”+2m_2 >m.
Likewise |A| > G) L' > m. Any element of the form ze; + e, or yf + f>, where
x, y € Z, has order mn > m = ord(e;) = ord(f;) and thus cannot be equal to e,

nor f;. Since |A| > m + 1, we conclude that A must contain a term from U; of
the form xe; + e,, which must, by the previously mentioned order restriction, be
equal to a term from —U, of the form yf; + f,. Hence f, — e; € H. But now it
is clear that difference between any two terms of the form z'e; + e, and ¥/ fi + f>,
where 2/, y € Z, must also be an element from H.

Ife; = fi, then H 2 C,, and D(H) = D(C};,) = m. Inthiscase, B = b;-.. .-by

consists entirely of terms of the form xe; + e, while C = ¢, -...- ¢, consists entirely
of terms of the form yf, + f,, where £ = |B| = |C| > m + 1. Consequently,
(=by+c1)-... - (=by + cn) € F(H) is a sequence of m = D(H) terms from

H, meaning (—B)C contains a nontrivial zero-sum subsequence of length at most
2m < 2¢ = |B|+|C| < |Us|. But this contradicts that U; is an atom with (—B)C' | Us.
Therefore we may now assume e; # fi.

In view of e; # f| and the previously mentioned order restriction, neither e,
nor f; can be a term from A. Thus every term equal to e; in U; must be contained
in B except possibly one such term equal to w;. Likewise, every term equal to f; in
—U, must be contained in C' except possibly one such term equal to w,. It follows
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that m —2 < v, (B) <m—1and m —2 < v (C) < m — 1. Consequently, in view
of |[B| = |C| > m + 1, there must be subsequences b, - b, | B and ¢; - ¢; | C with
each term b; of the form b; = x;el + e, and each term c; of the form ¢; = yg fith.
Moreover, if v, (B) = vy, (C) = m — 2, then there exists a third term b; from B
also of the form b; = ze; + e; and a third term c¢; from C also of the form
cs =Ysfi+fasothat by-by-b3 | Band ¢;-¢c;-c3 | C. Observe that v, (C) < m—1,
as well as v, (B) < m — 1, is only possible if U3 = (—B)C(w; — w,).

If ve,(B) = v4,(C) = m — 1, then (—e))™ ' fI""' (b +¢|) € F(H) is a
sequence of terms from H of length 2m — 1 > D(H), meaning (—B)C contains
a nontrivial zero-sum subsequence of length at most 2m < 2¢ = |B| + |C| < |Us].
But this contradicts that Us is an atom with (—B)C' | Us.

If Ve, (B) = v (C) = m — 2, then (—e))" 2f"2(=b; + c1)(=by + )
(—bs + ¢c3) € F(H) is a sequence of length 2m — 1 > D(H), meaning (—B)C
contains a nontrivial zero-sum subsequence, contradicting that Us; is an atom since
Us; = (—B)C(w; — wy).

If ve,(B) = m — 1 and v{,(C) = m — 2, then (—e))™ 'f*(=b; + ¢|)-
(=by + ;) € F(H) is a sequence of length 2m — 1 > D(H), meaning (—B)C
contains a nontrivial zero-sum subsequence, contradicting that U; is an atom since
U; = (—B)C(w; — wy).

If ve,(B) = m — 2 and v, (C) = m — 1, then (—e))™ 2f7""'(=b; + ¢|)-
(=by 4+ ) € F(H) is a sequence of length 2m — 1 > D(H), meaning (—B)C
contains a nontrivial zero-sum subsequence, contradicting that Us; is an atom since
U; = (—B)C(w; — w;), which completes CASE 1.

CASE 2: U, and —U, are both of type I(a), say

m m
U=e""'[[(wie: +e) and - U= """ [[wifi + ).
i=1

i=1

where {e|, e;} and {f|, f,} are bases for G with ord(e;) = ord(f;) = mn > m
and ord(e;) = ord(f,) = m.

Since m, n > 2 with n > 3 when m = 2, we have mn—1 > w = % >
> |A|. If ey = fy, then ged(Uy, —U,) = A implies |A| > v, (U;) = mn — 1,
contrary to what we just noted. Therefore e; # f;. On the other hand, since

Ve, (U1) = vy, (=U) = mn — 1 > 2@ > D(@) - |A| = |U)| - |A] = U] - |4,
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we must have ey, f; € supp(A). It follows that
es=yfi+f, and fi=xe +e, forsomezx, y€Z.

Since U, contains at most m terms not equal to e, we deduce that v, (A4) >|A|—m>

D(G)-1
e

of a term in —U, other than f; being m — 1, we have

m:%mn— %—1. However, since e; # f; with the highest multiplicity

Vel(A) < Vyf|+f2(_U2) <m-—1.

Hence 4mn — 2 — 1 < v,,(4) <m— 1, implying n < 3.

Suppose n = 3. Then D(G) = 4m — 1 and equality must hold in all estimates
used to derive n < 3 above. In particular, |A| = %, forcing the case corre-
sponding to |Vi| = 3 in Assertion A, and all m terms of U; not equal to e; must
be contained in A. Arguing as in the previous paragraph, we must also have

1 m
Emn - 7 - 1 S |A| —-—m S Vf](A) S V$€|+82(U1) S m — 17
implying n < 3. Once more, equality must hold in all these estimates, meaning all

m terms of —U, not equal to f; must be contained in A. Consequently,

Us = (-B)C(w; —w;) = (—e))™ ' fi" 7 (fi —e)) =

= (=€) (ze; + €)™ ((z — 1)es +e).

Since o(U;) = 0, we see that x = 1mod 3, and now it is easily noted that
(—ep)™(xe; + ey)™ is a proper zero-sum subsequence of Uj, contradicting that Us
is an atom. So we may instead assume n = 2.

Since n = 2, it follows that D(G) = 3m — 1 and m > 3. Recall that
e, = yfi + f» and f; = ze; + e;. Thus, since ord(e;) = ord(f;) = 2m, we
conclude that £ and y are both odd, whence

me; = myf) = mf; = mze; with ord(me;) = ord(mf,) = 2. (5.4)

If v_¢,(=B) > m and vy, (C) > m, then (—e;)™ f{"* is a zero-sum subsequence of
U; (in view of (5.4)) of length 2m < 3m —2 = D(G) — 1 < |Us|, contradicting that
U; is an atom. Therefore we may assume either v_., (—B) < m or vy, (C) < m, say
wl.o.g. v_. (—B) < m (the role of e, in U is identical to that of f; in —Uj).
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As noted earlier, v, (A) < m — 1. Consequently, if |V;| = 2, then v_,,(-B) =
= V¢, (U1) = V¢, (4) > 2m — 1 — (m — 1) = m, contrary to our assumption above.
Thus we must have |Vi| = 3, which is only possible (in view of Assertion A) if
|Us| = D(G) = 3m — 1 is odd. Thus 2 | m and m > 4.

Applying the above argument when |V;| = 3, we again obtain the contradiction
V_¢,(Us) > m unless v, (A) = m — 1 and w; = e;. It follows that there are at most
|A| — v, (A) = % terms of A not equal to e;. Hence, since f; # e;, we conclude
that vy, (A) < %, implying

m 3
vfl(C)EZm—l—E—I:Em—Z, (5.5)

with equality only possible if w, = f; and w, — w; = f; —e; = (z — 1)e; + e5.
Since v, (A) =m — 1 and w; = e;, we have

m/2

—B=(—e)""! H(—iﬂiel - e),

where we have appropriately re-indexed the terms x;e; + e, in U; so that the first
% terms correspond to those from B. Thus

m/2

Us = (-e)™” (H(_Iiel - 62)) " 0 =

i=1

m/2
= (—e)"" (H(_-'Biel - 62)) (ze1 +€2)" g192

i=1

with wl.o.g. g1 € {f1,y1fi + fo} (by re-indexing the y;f, + f, appropriately) and
g =Wy — W =Wy — €.

If g = fi, let g = g1 = fi = xe; + e,. If g1 # fi, the equality must hold in
(5.5). In this case, let g = g, = f; — e; = (x — 1)e; + e,. Regardless, we see that
g =g; = ze; + e, for some z € {z, x — 1} and j € [1,2]. To avoid a zero-sum
subsequence of

(_el)m_l(—mlel —e))(ze; + €),

which would contradict that Us is an atom, we must have z; ¢ {z,2—1,...,2—(m—1)}
modulo 2m. On the other hand, in view of (5.4), we have o((ze; + €;)™) = mey,
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so that to avoid a zero-sum subsequence of
(—el)m_l(mel + e)"(—z1e1 — er)(2ze; + €3),

which would contradict that U3 is an atom in view of %m — 2 > m, we must have
zig{m+z,m+z-1,...,m+z— (m— 1)} modulo 2m. However, this leaves
no possibilities left for the value of x; modulo 2m, which is a contradiction that
concludes CASE 2.

CASE 3: Either U, is of type I(b) and —Uj, is of type I(a) or else U, is of type I(a)
and —U, is of type I(b), say w.l.o.g. the former with

mn

U= el H(xiel +e) and  —Up=f""! H(yifl + f2),

i=1 i=1

where {e;, e;} and {f;, fo} are bases of G with ord(e;) = ord(f,) = m and
ord(e;) = ord(f;) = mn > m.

Since m, n > 2 with n > 3 when m = 2, we have vfl(—Uz) =mn-—1>
> (D(G)+1)/2 > D(G) — |A| = |U,| — |AJ, implying f, € supp(A). Consequently,
since f; cannot equal e; due to ord(f;) = mn > m = ord(e;), it follows that

fi=ze  +e forsome x € Z.

Let
Yy =V, (B) €0,m—1]. (5.6)

Then v, (A) =m —1—y—e€, where e = 1 if |V}| =3 and w; = e;, and € = 0
otherwise. Since f| # ey, it follows that v (A) < [A| =V, (A) = |[A]—m+1+y+e,
implying

1 1
vfl(C)Zmn—1—6—|A|+m—1—y—625mn+§m—3—y, (5.7)

where § = 1 if |Vj| = 3 and w, = f|, and 6 = 0 otherwise. Moreover, the estimate

on the far right of (5.7) improves by 1 unless w; = e; and w, = f,, in which case

1

wy, —w; = (z— 1)e; +e, is a term of U;. As a result, we see that Us(—B)~! contains

at least %mn + %m — 2 —y terms from e, + {e;), say ¢; - ... - ¢s | Us(—=B)~! with
1 1

s> Emn—i— Em— 2—y and ¢ €e+ {e) forall i. (5.8)
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On the other hand, per definition of y, we see that —B contains |B| — y > %mn +
+ %m — 1 —y terms from —e; + (e;), say by -...-b; | —B with

1 1
t> Emn—i— Sm= l—y and b; € —e; + (e;) forall i. (5.9)

Now e; € (e;) and b; + ¢; € (e;) for all ¢ € [1, min{s, t}|, while D({e,)) =
= D(Cy) = m. Moreover, (mn + sm —2—y)+y > m — 1 in view of
m, n > 2 with n > 3 when m = 2. Consequently, we conclude from (5.6),
(5.8) and (5.9) that U; contains a nontrivial zero-sum subsequence of length at
most 2[%mn + %m -2—yl+y<mn+m-3<D(G)— 1< |U;|, contradicting
that Us is an atom.

CASE 4: U, and —U, are both of type II, say

m—e;

U, = lslmflfgn—m)m-i-m H(_yz‘fl +£) and
i=1
m—ey

-U, = gszilggnisz)mHz H (=291 + 92),

i=1

where {fi, f,} and {g;, g»} are generating sets for G such that ord(f,) =ord(g;) =
=mn>m and ord(f;), ord(g;) >2m, where s;, s, €[1,n—1], €, € € [, m—1]
and y;, z; € [1, m—1] forall ¢, and where y;+. . .+Ym—e, = 21+ .. F2m—e, = m—1.
Moreover, either s; = 1 or mf; = mf, and either s, = 1 or mg; = mg,.

Per the remarks after Main Proposition 7, let {f|, f,} and {g}, 9>} be bases
for G with ord(f}) = ord(g}) = m such that

fi=fitaf, and g =g+ B

for some «, [ € Z. We distinguish two subcases.
CASE 4.1: n > 3.

Since n > 3, we have |A| > |B| = |C| > (mn+m — 2)/2 > 2m — 1. Thus
Vis, p3(A) > |Al = (m —€) > |[A] = m + 1 >m >m — €, implying

{fi. 20 {g1, 92} # @. (5.10)
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Also, applying Lemma 5 to B | U; and C | —U,, we conclude that there ex-
ist subsequences Ty | B and T, | C with o(T}) = mf,, o(T) = mg, and
Ty, |T5| < 2m — 1.

Suppose mf, = mg,, so that o(T}) = o(Ty). Then (—T;)T5 is a zero-
sum subsequence of (—B)C | U;, which contradicts that U; is an atom unless
(—T1)T, = (-B)C = U; with |B| = |C| = |T}| = |T3| = 2m — 1, implying n = 3.
However, in view of the equality conditions in Lemma 5, this is only possible if

m—e€; m—ey

Us=(-B)C = (-fi)" (- )" H (Wifi = f2) - 9" ' g5 H (—zig1 + 92)-

i=1 1=1

In particular, the terms —f;, —f>, g1 and g, all occur in U in view of m > 2 and
€1, € > 1. But then (5.10) ensures that U; contains a zero-sum subsequence of
length 2, contradicting that U; is an atom with |Us| = 4m — 2 > 2. So we instead
conclude that

mfy # mg,. (5.11)

If s > 1 and s, > 1, then mf, = mf, and mg, = mg,, which combined
with (5.10) yields mf; = mf, = mg, = mg,, contrary to (5.11). Therefore we may
w.l.0.g. assume

s5=1 and v, (-U;)=m- L

Since |A| > 2m — 1 > v, (=U,) +m — €,, we conclude that g, € supp(A). Observe
that

9 # fr,

for g, = f, would contradict (5.11). In consequence, we find that
=fi or g =-yfi+[f, forsomeye[l,m—1].

This gives two further subcases.
CASE 4.1.1: g, = —yfi + f, for some y € [1,m — 1].
Now g, # f> as already remarked. Also, g, = —yf, + f» # fi as remarked

after Main Proposition 7. Thus (5.10) ensures that we must have

g=fi or g =f.
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If g; = f1, then f; can have multiplicity at most v, (—U,) =m — 1 in A, meaning
f> must also be contained in A in view of |A| > 2m — 1. By an analogous argument,
if g; = f», then f; must be contained in A. In other words, in both cases, we have

fi, fo € supp(A).

Suppose that g; = f;. Then, as f, € supp(A) but f, # fi = g and f, # g,
it follows that f, = —zg; + g, for some z € [1, m — 1]. Thus

h=—z20+0=-z2fi+g9p=—2f—yfHi +

implying that (z+y) fi = 0 with z+y € |2, 2m —2]. However, since ord(f,) > 2m,
this is not possible. So we instead conclude that

a1 = f.

Now f € supp(A) but g; = f, # fi and g = —yfi + f» # fi as remarked
after Main Proposition 7. In consequence, f; = —zg; + g, for some z € [1, m —1].

Thus

fi+afy=fi=—291+9 = —z2fr+g = —zfr—yfi+fr = —yfi+(1-z—ay) fr,

which, in view of y € [1, m — 1], is only possible if y = m — 1 and
a=1l-z—ay=1-2z—a(m- 1) mod mn.

The above congruence implies that z = 1 — am mod mn, which, in view of

z € [1,m— 1], is only possible if z =1 and am = 0 mod mn. Thus mjf; = m(f;+
af,) =mf, + amf, = 0, contradicting that ord(f;) > 2m for type II.

CASE 4.12: g = f.

If s; > 1, then mg, = mf; = mf,, contrary to (5.11). Therefore

si=1 and vg(U)=m-1.
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Since |A| > 2m — 1 > v4,(=U,) + m — €, we conclude that f, € supp(A4). As
already remarked, we have f, # g,. Consequently,

fr=¢91 or f,=-2z9 +g¢g, forsome z€ [1,m—1].

Observe, however, that the roles of U; and —U, are now symmetric (we have the
same information about —U, that we did about U; before CASE 4.1.1). Thus, if
f» = —2g; + g, for some z € [1, m — 1], then, swapping the roles of U; and —U,,
we fall under the hypotheses of CASE 4.1.1, and the proof is complete by those
prior arguments. So, combined with the subcase hypothesis, we may instead assume

fr=g1 and  fi=g. (5.12)

Now vy (4) <m —1 and vy (A4) = vy (A) <m —1 in view of s, = 55 = 1.
Consequently, since |A| > 2m — 1, we conclude from (5.12) that —yf, + f, =
= —2g91+ g, = —zf, + fi for some y, z € [1, m — 1]. Thus

0=(1+yfi-(1+2H=0+yfi+(al+y -1-2f,
which, in view of y € [1, m — 1], is only possible if y = m — 1 and
0=a(l+y)—1-2z=am—1-zmodmn.

The above congruence implies that z = am — 1 mod mn, which, in view of
z € |I,m — 1], is only possible if z = m — 1 and am = m mod mn. Thus
mg, = mf; = m(f; +af,) = mf,, contradicting (5.11) and completing CASE 4.1.

CASE 4.2: n=2.

Since s;, 8, € [I,n — 1] = [1, 1], we conclude that s; = s, = 1. We also
have m > 3 and €, €; > 2 in view of n = 2 (the latter per (d) and (e) in Main
Proposition 7). Now

m—e€; m—ey

U= i H (—yifi+f) and U, =g/ gyt H (—2ig1 + 92)

i=1 i=1
with ord(f;) = ord(f,) = ord(g;) = ord(g,) = 2m and (as remarked after Main
Proposition 7)

mfi = mf, = mg, = mg,. (5.13)
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Observe that

3 3 3 3 1
-m—-1<]A4|<-m and -m-1<|B|=|C]<-m——.
2 2 2 2 2
If neither f, nor g, is a term from A, then (—f,)™g5" will be a subsequence of
U; which is zero-sum (in view of (5.13)) and has length 2m < 3m — 2 < |U;|,
contradicting that U; is an atom. Therefore

fr €supp(A) or g, € supp(A). (5.14)

We handle several subcases.
CASE 4.2.1: f,=g,.

We may wl.o.g. assume €; < €;. Then vy, (A) = m + € and vy, (B) = 0. As
remarked after Main Proposition 7, we have y; < €; and z; < €, for all 7 and j.
Also, since there are precisely 2m > 3m — 1 — (%m — 1) > D(G) — |B| terms of U,
of the form —z f; + f, with = € [0, m — 1], and since v,(B) = 0, it follows that

yfi — f» € supp(—B) forsome y € [1, €] C[1,m —1].

Now, since vy, (B) = 0, we have vy (B) > |B| —(m —¢€) > 5 —1+¢ > €.
Thus (—f1)Y(yfi — f») is a subsequence of —B. If f, = g, € supp(C), then
(= f1)Y(yf1— f2) f>» would be a zero-sum subsequence of U; of length y+2 < m+1 <
< 3m—2 < |U;|, contradicting that Us is an atom. Therefore we may instead assume
vgz(C) = 0. But now, repeating the prior arguments for —U, instead of U;, we find
that

—2g1+ 9> = —2g1 + f>» € supp(C) for some z € [1, €] C[I,m — 1]

and that vy (C) > |C|—(m—e€;) > F — 1+€,> €. Thus g{(—291+ f2) (= 1) (yf1 - f2)
is a zero-sum subsequence of U of length z+y+2<e€;+€,+2<2m<3m—2<|Us|
(in view of m > 3), contradicting that Us is an atom and completing the subcase.

CASE 4.2.2: f2 =g Oor g, = f] .
By symmetry, we may w.l.0.g. assume

HL=g.

Then vy,(A)=v, (A)=m—1, meaning v, (C)=V,(C)=0 and €,+1>v_g,(—B)>¢.
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Suppose g, = fi. Then vy (A) =v,,(A) =m—1, yielding v,,(C)=vy (C) > €,
and %m > |A] > vy, (A) + vy (A) = 2m — 2, which is only possible if 3 <m < 4
with |A| = 2m — 2 and |V}| = 2. In this case,

m—e€; m—e€y

) [T witi - ) [[ (-2 + £1) | Us.

1=1 i=1

Thus, if €, = €; = m — 1, then [['~ " (v;fi — f2) [1=,(=zif> + f1) is a proper
subsequence of U with sum (m—1)fi— f,—(m—=1)f,+ fi =mfi—mf, =0 (in
view of (5.13)), contradicting that U; is an atom. Therefore we may w.l.0.g. assume
that €; < m — 2. Hence, since €; € [2, m — 1] for n = 2, it follows that m = 4 with
2 <€ <m—2, so that ¢, = 2. Consequently, since y; +y, = m — 1 = 3 with
y; € [1,€1] = [1, 2], we see that wl.o.g. y; = 1 and y, = 2. Likewise, if €; = 2,
then wlo.g. 2y =1and 2, =2, whileife; =3=m—1,then z; =m—1=3. In
the former case, (—2f, + f1)(fi — f2)(2f1 — f2) is a proper zero-sum subsequence of
U; (in view of (5.13) and m = 4), while in the latter case, (—=3f> + f1)(2f1 — f2) fi
is a proper zero-sum subsequence of Us (again, in view of (5.13) and m = 4), both
contradicting that Us is an atom. So we instead conclude that

9 # fi-

Suppose next that f;, g, € supp(A4). In view of g, # fi and g; = f,, this is
only possible if

h=-2g+g=-2H+9 ad g=-yfi+f

for some y € [1,m — 1] and z € [1, m — 1].

Thus

fitah=fi=-zf+tgp=——2Hh-yh+FHh=-yfi+(1-z-ayh.

However, since y € [1, m — 1], this is only possible if y=m —1and 1 —z— ay =
=1-2z—-a(m—1) = amod2m. Hence z = 1 — am mod 2m, which, in view
of z € [I,m — 1], is only possible if z = 1 with am = 0mod2m, implying
mf; = mf| + amf, = 0. Since this contradicts that ord(f,) = 2m > m, we may
now assume

fi ¢ supp(A) or g, ¢ supp(4A).
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Suppose fi ¢ supp(A). Then A | f7~' [T/ (=yifi + f»). If | supp(4)| > 3,
then, since g; = f,, we must have —yfi+f, = —2g1+¢g2 and —y/ f1+f, = -2’91+
for some distinct y, 3 € [1, m — 1] and distinct z, 2’ € [0, m — 1], implying

G-fi+taly-H=w—-y)fi=(=-2)g =(z-2)f.

Thus y = ¥ mod m, which, in view of y, ¢ € [1, m — 1], forces y = ¢/, contrary
to assumption. Therefore we must instead have

| supp(4)| = 2.

Let —yf; + f, be the element of supp(4) \ {f>}, where y € [1,m — 1]. Then
—yfi + f» has multiplicity at least v_yf, 1 7, (4) = [A| = vy, (4) = [A| - (m—1) > F.
Consequently, 5y < V_yr,4+5(A)y < Y1 + ... + Ym—e, = m — 1, which together
with y € [I,m — 1] ensures that y = 1, so that —f; + f, € supp(A4). Since
—fi1 + f> € supp(A) with g; = f, it follows that

—fitfh=—-291+9=—2f»+ 9> € supp(4) for some z € [0, €].

If z =0, then mg, = —mf; + mf, = 0 (in view of (5.13)), contradicting that
ord(g;) = 2m. Therefore we must have z € [1,m — 1|. Then —z9; +g, = —fi + [»

2 Conse-

has multiplicity at least v_,5 14,(A) = V_51(A) = V_yp+5(4) > 5
quently, 5z < V_5 40 (A)z < 21 + ... + Zp—e, = m — 1, which together with
z € [1,m — 1] ensures that z = 1. Thus

~fi+th=-20+g0p=-2H+0=-fr+g.

Hence g, = —fi +2f, and supp(4) = {f>, —fi + fo} ={g91, —91 + 92}
Since f; ¢ supp(A), we have

V_fl(_B) ZVfI(Ul)_ l=m-2, (515)

with equality only possible if |Vij| = 3 with w; = f;. Since f, = g¢; with
Vs, (A) = vy (A) =m — 1, we have

Vo (=B) 2 Vp(U1) = 1 =vp,(4) = € 22

(recall that €;>2 for n = 2). Since go=—f1+25¢{—fi+f2,fr=g1}=supp(4),
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we have
V*f1+2f2(c) = ng(c) > ng(_U2) —-l=m+e-1>2m+1L

Since —yf; + f» = —fi + f> € supp(A4), we know y; = 1 for some k € [1, m —¢€].
If y; =1 for all 4 € [1,m — €], then y; + ...+ Ym—, = m — 1 forces €, = 1,
contradicting that €; > 2 for n = 2. Therefore we may instead assume there is some
y; > 2 with j € [1,m — €]. Then, since y; + ... + ym—, = m — 1 with at least
one yr =y = 1, we conclude that 2 < y; < m — 2, implying

m > 4.

Since supp(4) = {f>, —fi + f»}, we must either have y;f, — f, € supp(—B) or
w; = —y;fi + fo. In the former case,

ifi = L) (=i +26) ()Y (= f2)

is a zero-sum subsequence of U3 of length y;+2 < m < 3m—2 < |U;|, contradicting
that Uz is an atom. In the latter case, |V3| = 3 and we have strict inequality in
(5.15), in which case

()" (=) (= fi +2H)"

is a zero-sum subsequence of U; having length 2m + 2 < 3m — 1 = |Us| (in view
of m > 4), contradicting that U is an atom. So we may now assume

fi €supp(4)  and g, ¢ supp(A).

Since g, ¢ supp(A), we have
m—e; m—e;
Al [ (ag+ 90 = 57 T (22 + 92)-
i=1

1=1

Thus, since f; € supp(A), we have

fi=-xg1+¢=-xf,+g, forsomezx€[l,m—1].
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If supp(4) # {f2, fi}, then —yfi + fo = —2g1 + g, for some y, z € [1,m — 1].
In this case,

—yfi+(l—ay) fr = —yfi+fr = —2g1+ 9 = —zfr+ (@ frt+ f1) = fi+(—2+a)fs.

Thus, since y € [1, m — 1], it follows that y = m — 1 with z — 2z = 1 —am mod 2m.
Since z — z € [-(m — 2),m — 2| (in view of z, y € [I,m — 1]), we conclude
that £ — z = 1 with am = 0 mod 2m. But this means mf; = mf] + amf, = 0,
contradicting that ord(f,) = 2m. Therefore, we instead conclude that

supp(A4) = {f1, fo},

whence V_gg, 4, (A) = vy, (4) = |[A|-Vf,(A) = |[A|-m+1 > T . Thus f| = —zg,+
+ 9= —g1+ g inview of Fx <v_gg40(A)z <2+ ...+ Zpoe, = m — 1 with
x € [1,m — 1]. But this implies mf; = —mg; + mg, = 0 (in view of (5.13)),
contradicting that ord(f,) = 2m, which completes CASE 4.2.2.
CASE 4.2.3: f| = g

In this case, vy (A) = v, (A) =m — 1 and vy, (B) = v, (C) = 0. In view of
(5.14), we may w.l.o.g. assume f, € supp(A). We have f, # f; = g; while we can
assume f, # g, else CASE 4.2.1 completes the proof. Therefore

fr=-xg91+¢=-xfi +g, forsomezx € [l,m—1]. (5.16)

Likewise, if g, € supp(4), then g, = —yf; + f, for some y € [I,m — 1],
implying

Hh=—xfi+g=—-zfi —yfi + fa,

in which case (z + y)f; = 0 with z +y € [2,2m — 2|, contradicting that
ord(f;) = 2m. Therefore we conclude that g, ¢ supp(A). As a result, all elements
in supp(4) \ {g1} have the form —z;g; + g» = —z;f1 + ¢» with z; € [1, m — 1].

Let —zg; + g € supp(A) \ {g1} be arbitrary. Let us show that z > z. If z =z,
this is trivial, so suppose z # z. Then —yf, + f, = —z91 + o = —zf + g» for
some y € [1, m — 1]. In this case, (5.16) implies

—yfi+Hh=—zfi+g=—2fi+@fi+ 1),
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yielding (z—2+vy) fi = 0. Consequently, since ord(f;) = 2m with z—z+y € [—(m—
- D)+2,2m—-1)—-1]=[-m+3,2m — 3], wesee that z =z +y > x + 1,
as claimed.

All terms of A not equal to g; = f; have the form —z;g; + g,. There are at
least |A] — vy, (A) = |A| = m + 1 > 7 such terms all with z; > 2 as shown above.
Consequently, 7z < 2 + ...+ Zm_, = m — 1, which implies x = 1. Hence

h=—-zfi+g=-fi+g,

which yields mf, = —mf; + mg, = 0 (in view of (5.13)), contradicting that
ord(f,) = 2m and completing the subcase.

CASE 4.2.4: {fi, fLi}n{g, ¢} = @.
Let

a; =V_if+,(A) and b =v_j544(A4) forie[l,m—1].

Let

C =

m—e; m—e;

ged (H (—zig1 +92), [ (-wifi + fz)) ‘ :
i=1 i=1

Thus ¢ counts the number of terms of A simultaneously equal to some —y; f; + f>

as well as some —z;g; + g,. In view of the hypothesis {fi, f,} N {91, 9.} = @, we

see that every term of A is either equal to some —y; f1 + f, or to some —z;g; + g».

As a result, the inclusion-exclusion principle gives

m—1 m—1
3
a; + b—c=|A|>-m— 1. 5.17
ZZ:; ; 4] > (5.17)

Note — fi + f» and —g; + g, have order m (in view of (5.13)), meaning {— f| + f2,
g1 + @0 {f1, f, 91, 2} = . Consequently, if —f; + f» occurs in A, then
it must be equal to some —zg; + g, with z € [1, m — 1]. It follows that ¢ > a,.
Likewise, if —g; + g, occurs in A, then it must be equal to some —yf; + f,, so
that ¢ > b;. Averaging these estimates, we obtain

S a; + by
- 2
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Applying this estimate in (5.17) along with the pigeon-hole principle, we conclude
that either

1 3 1 3
—a a;>-m——- or =b b > -m-——,
QT2 %z gm Ty 21+Z’—4 2
=2 =2
and we w.l.o.g. assume the former:
: —&—mil > 3 : (5.18)
—a a; > -m— —. .
2 T
By definition of the a;, we have
m—1
a+ Y 2a; < a+2ay+3as+...+(m—1Day <Y+ +Ymq =m—1. (5.19)
i=2

Combining (5.18) and (5.19) yields

3 a m—1
5m—1§2<?+;ai> <m-—1,

which is a contradiction, concluding CASE 4.

If |U;] = D(G), then it possible to also apply Main Proposition 7 to U; and
(by symmetry) re-index the U; with ¢ € [1, 3] in any fashion. Consequently, if one
of Uy, U, or Us; has the same type from among I(a), I(b) and II, then we may
w.l.o.g. re-index the U; so that U; and —U, have the same type and apply CASE
1, 2 or 4 to yield the desired conclusion (note U; and —U; have the same type).
On the other hand, if Uy, U, and U; have distinct types I(a), I(b) and II, then
we my re-index the U; so that U; has type I(b) and —U, has type I(a), in which
case CASE 3 completes the proof. In summary, the proof is now complete when
|Us| = D(G), so we instead assume

Us| = D(G) — 1.
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By Assertion A, this is only possible if

D(G) + 1

vil=2 j4=="

and

D(G) -1
|B| =|C| = % with D(G) =mn +m — 1 odd,

which we now assume for the final two cases of the proof, where by symmetry we
now assume —U, has type II.

CASE 5: U, is of type I(b) and —U, is of type II, say

m—e€

U =ef! H(l‘iel te) and - Up= fimTl I H(_yifl + f2),

i=1 1=1

where {e;, e,} is a basis for G with ord(e;) = mn > m and ord(e;) = m, where
{f1, f>} is a generating set for G with ord(f,) = mn and ord(f,) > 2m, and where
Yi+...+tYne=m-—1withy, €[I,m—1], e €[l,m—1] and s € [1,n — 1].
Moreover, either s = 1 or mf; = mf,, with both holding when n = 2.

Since |A| > %m > m — 1, we must have f, € supp(A) for some v € [, 2].
Since ord(f,) > 2m > m = ord(e;), we cannot have f, = e;. Thus f, € (e;) +e,.
It is easily noted that any g € (e;) + e, has ord(g) = ord(e;) = mn. Moreover, U,
will also have type I(b) using the basis {e;, g} replacing each x; with z; — a;, where
g = ae; + e;. Consequently, since f, € (e;) + e, for some v € [1, 2], we see that
we may w.l.o.g. assume

fi=ex or fri=e. (5.20)

CASE5.1: n>3
Let us first show that

mf, = me,. (5.21)

If s > 1, then this follows from Main Proposition 7 and (5.20). If s = 1, then
|A| = w > 2m > 2m — 2 (in view of n > 3), whence f, € supp(A). Hence,
by the argument above CASE 5.1, we may wl.o.g. assume f, = e,, implying
mf, = me, in this case as well. Thus (5.21) is established.

Let H = {me,). Then G/H = C?2,. Since n > 3, we have |C| = |B| =
= %’H >2m — 1= D(G/H). Let B' | B be a subsequence with |B'| = 2m — 1



50 Alfred Geroldinger, David J. Grynkiewicz, and Pingzhi Yuan [120

and let B' = €% - by - ... byn_1—4, where v, (B') =t € [0,m — 1]. Then we may
w.l.o.g. assume b; = x;e; +e, fori € [1,2m —1—1t]. Since 2m —1—t<2m—1
and since t < m — 1, it is readily seen that the only way B’ can contain a
nontrivial subsequence T' | B' with o(T) € H = (me,) is if T contains precisely
m terms from by - ... - by, ¢, in which case o(T) = me,. Consequently, since
|B'| =2m — 1 = D(G/H), we conclude that there exits a subsequence 7' | B’ with

o(T)=me;=mf, and |T|<m+t<2m—1.

Moreover, T will be a proper subsequence of B unless n = 3 (so that 2m—1 = |B| =
= |B'| = |T|) and (w.l.o.g. re-indexing the x;e; + e;)

m m
-l H (z;e; +€) with le = 1 mod m.
i=1 i=1

Since |C| > 2m — 1, Lemma 5 ensures that there is a subsequence R | C' with
o(R) = mf, and |R| < 2m — 1. Moreover, R will be a proper subsequence unless
n = 3 and

m—e
C=f""f [ [t + fo).
i=1
Now (—T)R is a nontrivial zero-sum subsequence of (—B)C = Us. Since Us is an
atom, this is only possible if T= B and R = C. Thus n = 3 and

m—e

= (—e)™ ' [[(~mier — ) £ 5 T [ (~uif1 + fo),
i=1

1=1

m m—e

where > z; = 1 mod m and Zyl =m — 1. Since vy, (=U,) = (n —s)m +€ >
1=1

> m+ € > €, we conclude that f> € supp(A), whence (as argued before CASE

5.1) we may w.l.o.g. assume e; = f>. As a result, we see that (—z1e; — e2)(—y; f1 +
+ €2) f{'(—e;)?, where z € [0, m — 1] is the integer such that z + z; = 0 mod m,
will be a zero-sum subsequence of Uz of length 2+ y; + 2 < 2m < 4m — 2 = |Us],
contradicting that Us; is an atom.
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CASE 5.2: n=2.
This is similar to CASE 4.2, we now have ord(e;) = ord(f,) = ord(f;) = 2m,
s=1, €>2, m >4 even (since D(G) =3m — 1 is odd), and

mfi =mf, =me, (5.22)

with

2m m—e

U=e"'|[wei+e) and -Uh=f'fre H(_yifl + f).

i=1 i=1

We handle several subcases.

CASE 5.2.1: e = _fl + f2.
Let t be the number of terms from C of the form —yf;+ f> with y € [1, m—1].
Then, since e; = —f| + f», we see that v, (4) < m — € —t, so that

Vee (=B) > e—1+t. (5.23)

By (5.20), we have f; = e, or f, = e;. In either case, the hypothesis e; = —f| + f>
ensures that f,, f, € (e;) + e;. Thus there are |C| — t = %m —1—1 terms of C
from (e;) + ey, say ¢;-... ¢ | C with ¢; € (e;) + e and £ = 3m—1-t,and

2
there are (by (5.23))

3 3 3
0 = |B|—v_e|(—B)§5m—1—(e—1+t)zim—e—t§5m—2—t

terms of —B from (e;) — e, say by -...- by, | —B with b; € (e;) —e; and £, < ;.
Consequently, (—e;) 1B (b +¢)-...- (b, + co,) € F({e1)) is a sequence of
terms from (e;) = C,, of length |B| = %m— 1 > m = D((e;)). Thus the proper (in
view of ¢; > £,) subsequence (—el)"*EI(’B)bl cootby ey, of (=B)C = Us

contains a nontrivial zero-sum subsequence, contradicting that U is an atom.

CASE 5.2.2: f, € supp(A).
In this case, we may assume

Hh=e

per the argument before CASE 5.1.
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First suppose that e; ¢ supp(A). Then v_, (—B)=m— 1. Since |B|= %m— 1>
>m— 1, there must be some —ze; — e, € supp(—B). If v,,(C) = v£,(C) > 0, then
(—ze; — ey)ex(—eq)?, where z € [0, m — 1] is the integer with z + z = 0 mod m,
will be a zero-sum subsequence of U; of length z+2 < m+ 1< 3m -2 = |U;],
contradicting that Us is an atom. Therefore we instead assume vy,(C) = 0. Thus
m—12>vy(C) >|Cl—(m—¢ =% —1+4+¢€> %, implying € < Z,
there are at least |[C] —m + 1 > % > 0 terms in C of the form —y;f; + e,
with y; € [1,¢] C [1,Z2]. Let —yf; + ey € supp(C) with y € [1, 2] be one
such term. Then f{(—yfi + e:)(—ze; — ey)(—e)?, where z € [0,m — 1] is the
integer such that x + z = 0mod0, is a zero-sum subsequence of Uz of length

and

y+2z+2 < %m—i—l < 3m—2 = |Us/|, contradicting that Us is an atom. So we instead
conclude that e; € supp(A). As a result, since ord(e;) = m < 2m = ord(f;) =
= ord(f,) = ord(e;), we must have

e =—yfi+fr=—yfi+e forsomeye [l e (5.24)

Furthermore, since me; = 0, we conclude from ord(e;) = 2m that y is odd, and
in view of CASE 5.2.1, we can assume y > 3.

Suppose f; € supp(A4). Then f; = ze; + e, for some z € Z. Combining this
with (5.24) yields —e; + e; = yf; = xye; + ye,, which implies y = 1 mod 2m.
Hence, since y € [1, m — 1], we conclude that y = 1, which is contrary to our
above assumption. So we may instead assume f; ¢ supp(A), implying

Vfl(C) =m—1.

Each term of A equal to e; = —yfi + f, = —yfi + e is also equal to
some —y;fi + fo. Thus 3v,, (4) < v (A)y <y +... + Ym—e = m — 1, implying
Ve, (4) < 2L and

2m—-2 . m
V,el(—B) Z ?

3 >
Since v;(C) = m — 1, we find that there are precisely |C| —m +1 = %
terms of C either equal to e, = f, or —y;f1 + e, for some 7. Hence, since
Y1+ ..o+ Yme = m — 1 = vz (C) with the y; € [I,m — 1], we see that we
can find disjoint subsequences T - ...- T, | C with each T; € F(G) a sub-
sequence having o(T;) = e,. There are at least |[B| —m + 1 = 3 terms of
—B of the form —ze; — ey, say by ... by, | —B with b, € (e;) — e, for
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all 5. Now (a(T)) + b1) - ... - (6(Tinp) + bimp)(—e))™? € F({e))) is a subse-
quence of terms from (e;) of length m = D((e;)). Consequently, the subsequence
Ty Top-bi-. . .-bymyp-(—e1)™? of (— B)C = Uj contains a nontrivial zero-sum sub-
sequence of length at most |T}|+...+|Tpn|+m< |C|+m:§m—1<3m—2:|U3|,
contradicting that Us; is an atom and completing CASE 5.2.1.

CASE 5.2.3: f, ¢ supp(A).

Since f, ¢ supp(A), all terms of A not equal to f; are equal to some —y; i+ f>,
and there are at least |A| —m + 1 = 5 4 1 such terms of A. If y; > 2 for all these
terms, then we obtain the contradiction m+2 = (3 +1)2 <y +.. .4+ yp_ = m—1.
Thus —f; + f, € supp(4). If —f, + f, = ze| + e, for some = € Z, then (5.22)
implies 0 = —mf; +mf, = zme; + me, = me,, contradicting that ord(e;) = 2m.
Therefore we instead conclude that — f; + f, = e;, so that CASE 5.2.1 completes
the proof of CASE 5.

CASE 6: U, is of type I(a) and —U, is of type II, say

m

m—e
Uy =e! H(%‘@l +e) and —U,=fi"" gnis)mﬁ H(_yifl + f2),
i=1

i=1

where {e;, e,} is a basis for G with ord(e,) = m and ord(e;) = mn > m, where
{f1, f>} is a generating set for G with ord(f,) = mn and ord(f,) > 2m, and where
Y1+ ..ot Yne =m—1withy, € [I,m—1], e € [l,m—1] and s € [1,n — 1].
Moreover, either s = 1 or mf; = mf,, with both holding when n = 2.
CASE 6.1: n> 3.

Since |A| = w > m, we must have e; € supp(4). If ey = —y;fi + f>
for some y; € [I,m — 1], then we obtain the contradiction |A| < v (4) +
+m < (m—e)+m<2m—1< 2B = |A] (in view of n > 3). Therefore either

e = f1 or e = fz. (525)

Suppose s = 1. If e; = f,, then 5 = [A] > v, (A) = (n— )m + € >
> mn — m + 1, contradicting that n > 3. If e; = f;, then |A| < v, (4) +m <
< v (=Uh) +m =2m — 1 < ™2™ — |A], again in view of n > 3, which is a
contradiction. So (in view of (5.25)) we may instead assume s > 1, whence

mf, = mf; = mey, (5.26)
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where the first equality follows from Main Proposition 7 and the second from (5.25).

The argument is now similar to CASE 5.1. Let H = (me;). Then G/H = C2,.
Since n > 3, we have |C| = |B| = ™t%=2 > 2y — | = D(G/H). Let B' | B
be a subsequence with |B'| = 2m — 1. If v, (B) > m, then B’ will contain a
subsequence T = e]* with o(T) = me,. If v,,(B') < m, then this is only possible if

m m

-1 . _
| | (zie; +e)  with E z; = 1 mod mn,
=1 i=1

in which case it is easily seen that T = B’ is a subsequence of B’ with o(T) = me;.
Since |C| > 2m — 1, Lemma 5 ensures that there is a subsequence R | C' with
o(R) = mf, and |R| < 2m — 1. Moreover, R will be a proper subsequence unless
n = 3 and

m—e

=f'f H(_yifl + f2).
i=1
Now (—T)R is a nontrivial zero-sum subsequence of (—B)C = Us; (in view of
(5.26)). Since Uj; is an atom, this is only possible if T = B’ = B and R = C. Thus
n = 3 and

m m—e

Us = (—e))™ ' [[(~zier — ex) ' f5 [ [(—wif1 + £o).

i=1 i=1

As a result, since vV, (—U,) = (n — s)m +€ > m+ € > m > €, we conclude that
f> € supp(A). Moreover, vy,(A) > m+e€— vy, (C) = m. Hence, as the only term in
U, with multiplicity at least m is e; (recall | supp(U;)| > 3 as remarked after Main
Proposition 7, we conclude that e; = f,, in which case (—e;)(f2) = (—e;)(e)) is a

proper zero-sum subsequence of Us, contradicting that U; is an atom.

CASE 6.2: n=2.
Similar to CASE 5.2, we now have ord(e;) = ord(f,) = ord(f;) =2m, s =1,
€ >2, m >4 even (since D(G) = 3m — 1 is odd), and

mf; = mf, = mey, (5.27)
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with

m m—e

U=e""[[(zie: +€) and -0, =" fir*e H(_yifl + ).

i=1 i=1

Since |A| = %m > m, we must have e; € supp(A). We have three possibilities for
€er.

Suppose e; = fi. Then v, (A) = v (A) =m — 1, implying
Ve (=B)=m

and vf(C) =0. Let T =c¢; ... cp | C be any length m subsequence of C. As
V£ (C) =0, each ¢; = —z;fi + f» = —z;e; + f, for some z; € [0, m — 1] with

0<z=2z14+...42n <Yy +... +Yne=m— 1.

Then o(T) = —zf; + mf, = (m — z)e; (in view of (5.27) and e; = fi), in
which case (—e;)™*T is a zero-sum subsequence of (—B)C = U; of length
m — z+ |T| < 2m < 3m — 2 = |Us|, contradicting that Us is an atom.

Suppose e; = f,. Then ve](A) = vfz(A) =m-+e< |A| = %m, implying
e<
g 2 b

m
v,e](—B):m—l—eZ?—l>O

and vy, (C) = 0. Since vy(A) = m + €, it follows that there are at most
|A|=vy,(C) = 5 —€ terms of A of the form —y; fi + f, = —y; f1 +e1, meaning there
are at least m—e— (%5 —€) = 5 terms of C of this form, say b;-...-by | C with wl.o.g.
bi=—yifi+fi=—yifi+e forie[l, £ and £> T If b; > 2 forall i€ [1,{],
then we obtain the contradiction m < 24 < b;+...+by <y1+...+Ype =m—1.
Therefore we may assume y; = 1 for some ¢ € [1, £], meaning

—f1 + €1 € supp(C).

Since vy,(A) = m+e, there are also at most |A| —m—e = 5 —¢ terms of A equal to

fi, whence vy, (C) > m—1- (%5 —¢€) = 5 —14€ > 0. Hence fi(—e;)(=fi+e;) is
a zero-sum subsequence of (—B)C = U; of length 3 < 3m—2 = |Us|, contradicting
that U is an atom.
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It remains to consider the case when e; = —yf; + f, for some y € [1, m — 1].
Moreover, in view of (5.27) and ord(e;) = 2m, we must have y even, whence
y > 2. Thus 2v¢, (A) <y;+...+ Yme = m— 1, implying v, (4) < m74 But now
%m = |A] < v, (A)+m < m74 + m, which is a proof concluding contradiction. [
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